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Abstract

I'm studying Berkovich geometric
analogs of SYZ fibrations appearing
in the context of what is called
SYZ mirror symmetry. In particular,
I'm interested in affine structures
induced by them. Today, I
introduce my works related to
them. This work is supported by
JSPS KAKENHI Grant Number
JP20J23401.
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e
;[“Hybrid” Geometry]

AG := Algebraic Geometry
CG := Complex Geometry
nA = non-Archimedean

Berkovich Geometry includes nA

Geometry and Hybrid Geometry!



The SYZ mirror symmetry

The SYZ mirror symmetry

[X . (polarized) Calabi-Yau Variety/(Cj <<<<<<<<<<< > [)? : A mirror pair of XJ

L Inv. problem of SYZ fibr'nT

(B,Va, Vg, 9) (B,Va Vs, 9g)

Legendre transform

Def : (polarized) Calabi-Yau variety Def : SYZ fibration

sm. proj. var. X (w/ some ample (X, L) : polL. CY, B: top. sp.

L.b. L) s.t. /\d'mcxﬂk ~ Ox. Q : non-triv. gl. sec. of /\d'm‘cxﬂi,
w : sympl. form corr. to L.
Then f: X — B : SYZ fibration if

Examples '
a wlx, = 0 and
m Elliptic curves m Xp & (St)dime X,

m K3 surfaces D for Yo € BS™ C B, codim(B \ BS™) > 2.
(singular)

Kummer surfaces : singular —= . X — B gives two
m Abelian varieties Kummer surface affine structures Va, . A‘
and one metric g to \V

m K-triv fan'S the base B. Affine structures
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Berkovich Geometry
Berkovich Geometry is a geometry over Banach rings ! '

Table: Comparison of 3 kinds of geometries

[ AG CG BG
points prime ideals points in C" semi-val'ns
pieces affine schemes  zeros of hol. fcn's on C™  Berkovich spectra
topologies O ) ®
str sheaves O O (O)
base field any only C any

Berkovich Analytification

(k, 1l - 1) : commutative unital Banach ring.
X: loc. alg. sch. / k

— XAn : Berkovich analytification

Locally, it is given by

U = SpecA

— UAN:={all semi-val'ns | - |z on A

s.t. |alz < |lall, Ya € k}.

If kK : NAF, then denote X" := XAN,

X2 has many properties that hold in
CG-world, as well.

where where
P, : proj. line/k £ : ell. curve/k



Tropicalization map
k =C((t)) : DVF
G, = spec (kIX{, ..., Xx1)

Then tropicalization map

Trop : Gy,"" — R™ defined by
(—log | X1z, ..., —log | Xnlz) .
Actually, Trop : G;®" — R™ gives
an affine structure to the base R".

e.g.

)

The magenta Lline in (]P’/lc)a” corresponds to the base R of

. ~1l,an
Trop : Gm

Note:

- The tropicalization map Looks Like a retraction.
1,an
m
points of the magenta Line.

— R

- G, C (]P,lc)an and its complement consists of the end

non-Archimedean SYZ fibration

non-Archimedean SYZ fibration

X: sm proj CY var/k = C((t)) of
dim =mn, B : top. sp.

f : X — B non-Archimedean SYZ
fibration if, for Vb € BS™ C B,
where codim(B \ B™) > 2,

3U C BS™ : nbd of b
st FHU) =20 Trop=l(V)
f Trop
U hoLneo. ay

Actually, f : X — B gives an affine

structure to the base BS™, as well.
Note:

- Such an f is obtained each time you take any “minimal
model" X /R = C[[t]] of X.

- Each fiber over b € B5™M is what is called an affinoid
torus and has similar properties to an usual torus (Sl)n.




Hybrid SYZ fibration

Hybrid Geometry

C has the hybrid norm defined by
[2]hyb 1= max{|z|co, 2|0}

Ve <« 1, 34 : Banach ring
JCWP = (C, | - lhyb) S.t. A () =2 De,
where De := {t € C | |t|co < €F}.

Now consider

T : X — De : maximal degeneration
of pol. CY vareties.

Then X : var/ the Banach ring <.
~+ Denote X"WP := XA (wrt «%).
We call it a hybrid analytification of
X.

Properties of hybrid analytification

m 7 induces a continuous map
e - Wb s 7 (o) =2 De.

m XYP\ (vP)=1(0) = X\ m1(0).

B (mP)TL(0) = (X X k)T,
where k = C((t))

Kontsevich-Soibelman Conjecture

m: X* = De \ {0} : max. degen.
fam. of pol. CY varieties (¢ < 1).

- Does an SYZ fibr'n fi : X — 3B
exist for any t € D¢ \ {0}7?

.- Do such f:'s connect to 3 nA SYZ
fibr'n fo : (X* X k)" — Bo
continuously?

Main Theorem (G.-Odaka,’'22)

o X* — De \ {0} : max. degen.

fam. of pol. av’s (resp. K-triv.
fgav's) (e K 1). Set X := X* X o, k.
Then 3fhyb . Ixhydb 4 3B /D, (that
we call hybrid SYZ fibr'n) is a
continuous map s.t.

ft 12 — Bt (if t # 0),

fo : X3 — By nA SYZ fibr'n.
Further, V g-affine structures induced
by ft (Yt € D¢ \ {0}) “coverges" to
the affine structure induced by fo.



