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ABSTRACT. Finite generation of the symbolic Rees ring of a space monomial prime
ideal of a 3-dimensional weighted polynomial ring is a very interesting problem.
Negative curves play important roles in finite generation of these rings. We are
interested in the structure of the negative curve. We shall prove that negative
curves are rational in many cases.

We also see that the Cox ring of the blow-up of a toric variety at the point
(1,1,...,1) coincides with the extended symbolic Rees ring of an ideal of a poly-
nomial ring. For example, Roberts’ second counterexample to Cowsik’s question
(and Hilbert’s 14th problem) coincides with the Cox ring of some normal projective
variety (Remark 2.7).

1. INTRODUCTION

Finite generation of symbolic Rees rings is one of very interesting problems in
commutative ring theory. It is deeply related to Hilbert’s 14th problem or Kro-
necker’s problem (Cowsik’s question [2]). It often happens that the Cox ring (or a
multi-section ring) of an algebraic variety coincides with the extended symbolic Rees
ring of an ideal of a ring. Finite generation of these rings is also a very important
problem in birational geometry.

The simplest non-trivial examples of symbolic Rees rings are

Ry(Pape) = @pa,b,c(">t” C klx,y, 2,1,

n>0
where pg . is the kernel of the k-algebra homomorphism
¢a,b,c : /{J[ZB, Y, Z] — kj[)‘]

given by dape(r) = A% dape(y) = A, dape(z) = X (k is a field and a, b, ¢ are
pairwise coprime integers) and pup.™ = pap k[T, Y, pas. N K[z, y, 2] is the nth
symbolic power. In this case, the extended symbolic Rees ring Ry(Pap.c)[t™] is
the Cox ring of the blow-up Ya,, of the weighted projective surface Xa,,. =
Proj(k[z,y, z]) at the point (1, 1) in the torus. Many commutative algebraists and
algebraic geometers studied them and gave many results ([13], [3], [9], [10], [6], [7],
[17], [18] etc.). Finite generation of Rs(pap.) depends on a, b, ¢ and the characteristic
of k. There are many examples of finitely generated Rs(pap.). Examples of infinitely
generated Rg(pap.) were first discovered by Goto-Nishida-Watanabe [10]. In the
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case where the characteristic of k is positive, it is not known whether R(pap.) is
finitely generated for any a, b, ¢ or not. We say that C' is a negative curve if C is
a curve in Ya,, with C? < 0 such that C' is not the exceptional curve E of the
blow-up 7 : Ya,,. = Xa,,.. Since the Picard number of YA, is two, such a
curve is unique if it exists. Cutkosky [3] proved that finite generation of the Cox
ring of Yy, , . is equivalent to the existence of curves Dy and Dy in Yj, , . such that
DiNDy =0, Dy # E and Dy # E (the defining equations of w(D1) and 7(Dy) satisfy
Huneke’s criterion [13] for finite generation). If Ry(pas.) is finitely generated with
Vabe € 7, we may assume that either Dy or D, coincides with the negative curve
C'. If the negative curve does not exists, one can prove Nagata’s conjecture (for abc
points) affirmatively as in [4]. Therefore the existence of the negative curve is a very
important question.

The aim of this paper is to study the structure of the negative curve. In particular,
the author is interested in the problem whether the negative curve is rational or not.
If there exists a negative rational curve C, it is possible to estimate the degree of
the curve D such that C' and D satisfies Huneke’s criterion for finite generation in
the same way as in [18].

Assume that the negative curve C'in Ya,,  exists. We shall study

Tm(CYNT

in this paper, where T"is the torus in Xa_, . When C.E = r, the defining equation
of m(C)NT in T = Spec(k[v*!, w*!]) is an irreducible Laurent polynomial contained
in (v—1,w— 1)"k[v*, w*!] and the Newton polygon has area less than r%/2 (see
Proposition 3.3). We call such a Laurent polynomial an r-nct in this paper (Defi-
nition 3.1). Remark that C' and 7(C) N'T is birational. The author does not know
any example that C' is not rational.

We shall prove some basic properties on r-ncts in Proposition 3.4.

It is proved that, for each r > 0, there exist essentially finitely many r-ncts. When
r = 1, there exists essentially only one 1-nct ¢; = vw — 1. When r = 2, there exists
essentially only one 2-nct g, = —v?w — vw? + 3vw — 1. When 7 = 3, there exist
essentially two 3-ncts 3 and 3 as in Example 3.2. Let P, be the Newton polygon
of 4. In the case where the characteristic of k is not 2, P, is a tetragon. However,
in the case of characteristic 2, P, is a smaller triangle than this tetragon. This is

a reason why p9710713(3) contains a negative curve in the case of characteristic 2. In
other characteristic, p9710713(3) does not contain a negative curve (see Example 3.5).
The following is the main theorem of this paper.

Theorem 1.1. Let k be a field and ¢ be an r-nct over k, where r > 2. Let P, be
the Newton polygon of ¢. Consider the prime ideal p, of the Ehrhart ring

E(P, )\ =P B kw® | MRt wt

d>0 \ (a,8)€dP,NZ?
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satisfying p, = E(P,,A\) N (v — 1,w — 1)k[v=", w*!][A]. Let Y5, be the blow-up of
Xa, = Proj(E(P,, \)) at the point p,,. Let C, be the proper transform of the curve
Vi(pA) in Xa,. Let I, (resp. B,) be the number of the interior lattice points (resp.
the boundary lattice points) of P,.

Consider the following conditions:

(1) —Ky,, is nef and big.

(2) —Ky,, is nef.

(3) (—Ky%)2 > 0.

(4) Let ay, ay, ..., a, be the first lattice points of the 1-dimensional cones in
the fan corresponding to the toric variety Xa,. We put

Pogy, ={xeR[(xa)>-1(i=12....n)}

Then |P_g, | >1/2 is satisfied.

(5) _KYAW is blg
(6) The Cox ring Cox(Ya,) is Noetherian. *
(7) B, > r.
(8) H(Ya,, Oy, (Ky,, +nCy)) = 0 for n > 0.
9) I, = "1,
(10) The extended symbolic Rees ring R.(p,,) is Noetherian.

(11) C, ~ P} is satisfied.
Then we have the following:

(a)

is satisfied.?
(b) If k is algebraically closed, then (9) is equivalent to (11).
(c) If the characteristic of k is positive, then (10) is always satisfied.

We shall prove this theorem in section 4. Using this theorem, we shall see that
the negative curve C'in Ya , _ is rational in many cases in Remark 4.6. For instance,
if » <4, then C' is rational. If » <5 and ch(k) = 0, C is rational.

1As we shall see in Remark 2.7, Cox(Ya, ) is a extended symbolic Rees ring of an ideal I over
the polynomial ring Cox(Xa,). If CI(Xa,) is torsion-free, then I is a prime ideal. In the case
where the characteristic of k is 0, it holds /T = I.

2We do not have to restrict ourselves to the polygon P, for (1) = (3) = (4) = (5) = (6) =
(10). They hold for any integral convex polygon.
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2. PRELIMINARIES

All rings in this paper are commutative with unity.
For a Noetherian ring A and a prime ideal Q of A, Q" = Q" AgN A is called the

nth symbolic power of Q). When n < 0, we think Q™ = A. We put

Ry(Q) = @,Q"t" C Alt]

R(Q) = @uezQ™t" C AltH]
and call them the symbolic Rees ring of () and the extended symbolic Rees ring of
@, respectively. We know that Rs(Q) is Noetherian if and only if so is R(Q).

Definition 2.1. Let a, b, ¢ be pairwise coprime integers. Let k be a field and S, =
k[x,y, z] be a graded polynomial ring with deg(x) = a, deg(y) = b, deg(z) = c. Let
A be a variable and consider the k-algebra homomorphism

Qba,b,c : Sa,b,c — k[A]
given by ¢upc() = A%, dape(y) = AP, Gapc(2) = A°. Let payp be the kernel of ¢gp .

Remark 2.2. Let Ya,,  be the blow-up of X, , = ProjS,s. at Vi(pap.). (Here
XA, 4. 1s a toric variety with a fan A,y .. We shall define A, in Remark 2.3.) Let
E be the exceptional divisor and H be the pull back of Ox, . (1). Then {E, H} is

a generating set of C1(Yy,, ) ~ Z?. By Cutkosky [3], we have an identification
H'(Ya,,..Oys,, (dH = 1E)) = [pusc",

and an isomorphism of rings as follows:

(2.1) Cox(Ya,,.) = €D H (Ya,,.. Ov,,, (dH-TE)) = B pest" = Ri(Pase)
dreZ rez

Remark 2.3. Consider S,pc, Pabe, Xa YA,,. @s in Definition 2.1 and Re-

mark 2.2.
By Herzog [11], we have

x? oy Z" ¢ ¢ ¢
— — s 1.,U1 S92 U2 u s3, .t3
Papb,ec = [2 ytl Su2 83 - (.CE — Yy z,Yy —xrTz,2 —T7Y )a

where s = sy + 83, t = t; + t3, u = uy + ug, and Iy( ) is the ideal generated by
2 x 2-minors of the given matrix. Here we put v = 25222 /y* w = x%8y'3 /2%, Then
Supelr™ y7t, 27 is a Z-graded ring such that

Sa,b,c[lﬁl;yil; 271]0 — k[?)il, wil]

(cf. the proof of Lemma 3.6 in [18]).
Take integers ig, jo satisfying iga + job = 1. Putting A = 2%y’0, we obtain

Sa,b,c C Sa,b,c[x_lvy_la Z_l] = (Sa,b,c[x_17y_1v 2_1]0) P‘il] = k[vilywila Ail]-

Here suppose

a,b,c?

t3

vwP A\t = xiyjzk € Sabe-
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Then we have d = deg(z'y’2*) = ia + jb + ke > 0 and
1= soax + 38 + igd > 0
Jj=—ta+1t38+ jod >0
k =wusa —uf > 0.
Consider the rational triangle

saa+ 838 + 19 > 0
Pope= <4 (a,8) €ER* | —ta+t38+jo>0
Usx —ufp >0

When s3, t5, u are positive integers®, P, is the following triangle:

uz
U

Thus we have the identification

(2.2) (Sape)d = GB kvew?® | A2

(a,ﬁ)EdPa,b,cﬂZQ

Consider the Ehrhart ring of F,; . defined by

E(Pupe ) =P B | ARt W A

d>0 \ (a,B)€dPy p,NZ?
Thus E(P,p.,A) is isomorphic to S,p. as a graded k-algebra. Let A,;. be the
complete fan in R? with one dimensional cones
R>o(52,53), Rso(—t,13), Rso(us, —u).
Then Proj(E(Fap.e, A)) is the toric variety Xa,,  with the fan A .
Furthermore we have

Pape = E(Pape, )N (v —1,w— 1)k[vil, wH, )\il].

31t Pa,b,c is not a complete intersection, then all of sg, s3, t1, t3, u1, ug are positive by Her-
zog [11]. In the case where p, 4 . is a complete intersection, we can choose positive integers ss3, t3,
2 b,
u after a suitable permutation of a, b, c.



6 KAZUHIKO KURANO

It is easy to see
(2.3) Pape” = E(Pupe, )N (v — 1w — 1) ko, wth AF
for any » > 1. Therefore we have

H(Ya

Oy, (dH —7rE)) = |p"N B || A= [papa,

(a,B)€dP, p,.NZ2

a,b,c? a,b,c

where p = (v — 1,w — 1)k[v, w*l].

Remark 2.4. With notation as in Remark 2.3, we shall calculate the area of P, ;.
here.
Suppose 2% = v*w®\ %, Then the bottom vertex of cuP, ;. is (av, o). Since

x53yt3 — wzt = ,Uaowﬁo+1)\cu’

the point (ag, fp + 1) is on the upper edge of cuP, .

u2
u

(a0,B0+1)

Then the width of cuF, . is

1 L 1 _t3u+33u_cu2
L_m 24w b ab’

Here recall that

a=e((A"), k[A]) = e((7), Sabc/Pape) = fSa,b,c(Sa,b,C/(@ + Pab.e)
= gSa,b,c(Sa,b,C/(x: ytl 2", yt’ Zu)) = tu — t3us,

b = su — s3u; = Sou + Szus and cu = sga + t3b, where e( ) is the multiplicity and
() is the length. Therefore the area of cuP, . is % Thus we know that the area
1

of P,y is Sahe-

Definition 2.5. If an irreducible polynomial f € [pa,b’c(’"')]d/ satisfies d' /1" < Vabe,
we say that f € [p,hb,c(r')]d/ is a negative curve.

If a negative curve f € [pmb,c(’”/)] « exists, then both " and d' are uniquely deter-
mined, and f is also unique up to a constant factor. We denote the proper transform

of Vi.(f) by C (C Ya,,.)- Then C satisfies C? = Z;;C — % <.
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Lemma 2.6. Let k be a field and P be a rational convex polygon (the convex hull
of a finite subset of Q*) in R%. Let A = k[v*t, w*!] be a Laurent polynomial ring
with two variables v, w. Consider the Ehrhart ring

E(P )\ = P kow’ | M C A

d>0 \ (a,8)€dPNZ2

Let dy be a positive integer and put © = 37, scq pruze Cla,p) VWP where co 5 € k
and

(2.4) N, = {(a, B) € Z* | cap) # 0}.
Assume that N, contains at least two elements. Then the following two conditions
are equivalent:
(1) A% is a prime element of E(P, ).
(2) ¢ s irreducible in A and each edge of di P contains an element in N,,.

Proof. Before proving this lemma, we shall give some remarks here. Suppose that
a lattice point (o, ') is in the interior of d'P for some d’ > 0. Then we have

E(P,N)[(v¥w? AX¥)7Y] = AN
and
(2.5) (E(P,A)/(A™)) [(0™w” X)) = (A/pA) [N,

Here remark that both sides are not 0 since N, contains at least two elements. Let
{F1, ..., Es} be the set of edges of P. Putting

pi=ED B kw’ | X EPW),

d>0 \ (a,8)€d(P\E;)NZ?

p; is a prime ideal of E(P, ) of height 1 for i = 1,2,...,s. It is easy to see

(2.6) VvV @¥wf ) =pr NN ps.

First assume (1). Since A% is a prime element, ¢ is irreducible in A by (2.5). If
some F; does not meet N, A% is contained in p;. Since pA% is a prime element,
we obtain p; = (pA%). It is impossible since N, contains at least two points.

Next assume (2). Since ¢ is irreducible in A, the right-hand side of (2.5) is an
integral domain. In order to prove (1), it is enough to show that A%, v w? A\? is
an E(P, \)-regular sequence. Since E(P, ) is a normal domain, we know

Assir) (E(PN)/ (0w 2A)) = (b, b}

by (2.6). Since none of p;’s contains pA™ by (2), v¥'w? A, A% is an E(P, \)-regular
sequence. Since v®w” \? and A% are homogeneous elements, A%, v w? A is an
E(P, \)-regular sequence. O
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Remark 2.7. As in Remark 2.2, the extended symbolic Rees ring R.(pap.) is
identified with the Cox ring of a blow-up of a toric surface. Here we generalize this
identification.

Let XA be a d-dimensional toric variety with a fan A. Let

{RzoaL Rzoaz, ce ,Rzoan}

be the set of the 1-dimensional cones in A. We assume that each a; is in Z¢ such
that the greatest common measure of the components of a; is 1, and ) |, Ra; = RY.
Here remark that a; # a; if ¢ # j. Then we have the exact sequence

a;
ag

Ay,
0+— ClXp) +— Z" " Z%<+—0,

where Cl(Xa) is the divisor class group of Xa.
The morphism of monoids

(2.7) Cl(Xa) «— Z" D (Ng)"
induces the morphism of semi-group rings
E[CH(XA)] «— A= k[z1,29,...,2,] = k[(No)"].

Let I be the kernel of this ring homomorphism. By (2.7), A has a structure of a
Cl(Xa)-graded ring. Then we have an isomorphism A ~ Cox(Xa) as a Cl(Xa)-
graded ring [1].

Let {p1,P2;---,Pr} be the set of minimal prime ideals of I and put

I =T"A, N---NI"A,, N A,

In the case where Cl(Xa) is torsion-free, I is a prime ideal of A and I is the
rth symbolic power of I. If the characteristic of k is 0, then we have I = /T and
M =pnpyn-.-np.

Let YA be the blow-up of Xa at (1,1,...,1) in the torus (k*)™. Then we have an

isomorphism
(2.8) Cox(Ya) ~ R.(I)

as a Cl(Xa) x Z-graded ring.
In the case of Xa,, and Ya,,  in Definition 2.1, Remark 2.2 and Remark 2.3, we
put a; = (s, 83), as = (—t,t3), ag = (ug, —u). Then the morphism (2.7) of monoids

coincides with
(a b c)

Z '+ 7° O (Np)*.
Let I be the kernel of the k-algebra homomorphism k[x, 9, 23] — k[yE!] (21 — 32,
zy Y}, 23+ yf). Then I = pgy. and Cox(Ya,, ) ~ R.(Pase) by (2.8). It is just
the isomorphism in Remark 2.2 given by Cutkosky.
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Suppose a; = (2,—-1), a; = (—2,—1), a; = (0,1). Then the morphism (2.7) of
monoids is

7Zo7L)(2) «— 7° D> (Np)*

such that (1,0,0) ~ (1,1), (0,1,0) — (1,0), (0,0,1) — (2,1), respectively. Letting

+1
I be the kernel of the k-algebra homomorphism k[z1, 2o, 73] — kg%j;] (11 = Y1y2,

Ty 5 Y1, T3 — Yiys), we have Cox(Ya) =~ R.(I). Consider the following k-algebra
homomorphisms f; : k[zy, v, 23] — k1] (21 — y1, 2 — 1, 23 — y3) and fy :
klzy, xe, 3] — k[y1] (x1 — —y1, x2 — y1, 13 — —yi). If the characteristic of k is
not 2, then we have I = Ker(f;) N Ker(fs).

Suppose t > 2 and

ap —1 t t
as t —1 t
as t t -1
ay = 1 0 0
ag 0 1 0
ag 0 0 1
a 1 -1 -1

Then the morphism (2.7) of monoids is

100 ¢t+1 0 0 t
010 0 t+1 0 ¢
001 0 0 t+1 ¢
000 1 1 11

AR Z" D (Np)".

Let I be the kernel of the k-algebra homomorphism k[zq,xs,23,S,T,U, V] —
klay, xo, 23, W] (S + 27W, T s 2P'W, U 257 W, V s (z12923)'W). Then
I is a prime ideal of height 3 and Cox(Ya) ~ R.(I). Roberts [23] proved that
R.(I) is not Noetherian and some pure subring of R/(I) gives a counterexample
to Hilbert’s fourteenth problem if the characteristic of k£ is 0. On the other hand,
R!(I) is Noetherian if the characteristic of k is positive [16].

Let E be the Ehrhart ring of the following tetragon
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and put Xa = Proj(FE). In this case, the 1-dimensional cones are

al 2 —1
am . 1 —1
as - -2 -1
ay -1 3

and the morphism (2.7) of monoids is

( 1 1 11 )

3 =410

7? — Z* > (No)™.

Let I be the kernel of the k-algebra homomorphism k[z1, 29, 23, 24] — k[yit, y3!]
(z1 = y193, 2o — y1ys t, T3 — Y1y, T4 —> y1). Then I is a prime ideal called a
toric ideal. By Example 4.2, we know that R/([) is a Noetherian ring. Let p be a
prime ideal of the Ehrhart ring E C k[vo*!, w*!][)] satisfying p = EN (v — 1w —
1)k[vE! w*t][A]. Then the symbolic Rees ring R.(p) is a pure subring of R,(I).
Therefore we know that R’ (p) is also a Noetherian ring.

3. DEFINITION OF r-NCT AND BASIC PROPERTIES
We define an r-nct and give basic properties of it in this section.

Definition 3.1. Let k be a field and A = k[v*!, w*!] be a Laurent polynomial ring
with two variables v, w. Let r be a positive integer. An element ¢ of A is called
an equation (of a negative curve on a blow-up of a toric surface) with multiplicity r
over k (or simply an r-nct over k) if the following two conditions are satisfied:
(1) ¢ is irreducible in A and ¢ € (v —1,w — 1)"A.
(2) Let N, be the set defined as in (2.4). Let P, be the convex hull of V,. Then
2|P,| < r? is satisfied, where |P,| is the area of the polygon P,.

Example 3.2. Polynomials v — 1, w — 1, ¢; = vw — 1 are 1-ncts over any field k.
The area of P, is 0.
The polynomial

0o = —p1(v—1) —v(w—1)* = —v*w — vw?® + 3vw — 1

is a 2-nct since it is irreducible. For the irreducibility we refer the reader to
Lemma 2.1 in [7]. The area of P, is 3/2.
The polynomial

03 = —po(v — 1) +v(w —1)° = =1 + 6vw — 4v*w + v’w — dvw® + v*w? + vw?®

is a 3-nct since it is irreducible. The area of P, is 4.
The polynomial

Py = —pa(vw —1) = (v = 1)*(w — Ljvw

= — 14 50w — 30*w + v’w — 20w? — v*w? + v*w?
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is also a 3-nct since it is irreducible. The area of P, is 4 if the characteristic of k
is not 2. (The Newton polygon P, depends on the characteristic of the base field.
See Example 3.5 (3).)

If the characteristic of k is not 2, the Newton polygons F,,’s and P, are as follows:

P901 P@z
P<P3 P‘ﬁé

We can inductively construct an r-nct ¢, by
Or = —pp_1(v — 1) + (=) to(w — 1)"

for r > 2 as in GonzédlezAnaya-Gonzalez-Karu [7].

Negative curves are deeply related to r-ncts as follows:
Proposition 3.3. Let S,pc, Pape be the ring and the ideal as in Definition 2.1.
Let dy and 1y be positive integers. Suppose that f € (Sap.c)a, corresponds to oA €
<®(a75)6d1Pa,b’cmZ2 k’vaw5> A under the identification (2.2).*

Then f is irreducible in S, and contained in [Papo"]a, with % < Vabe (that

is, f € [Pape™]a, is a negative curve) if and only if the following four conditions
are satisfied:

(1) ¢ is irreducible in A = k[v*, w*!].

(2) There exists an element of N, on each edge of d1P, .

(3) pe(v—1Lw—1)"A

4Remark that N, is contained in di Py ..
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(4) 2’d1Pa,b,c’ < 7’12.

When this is the case, ¢ is an ri-nct.

Proof. Recall that |P,;.| = 1/2abc as in Remark 2.4. Therefore the condition (4)
is equivalent to % < Vabe. The condition (3) is equivalent to f € [pas.c"]a, by
(2.3).

Recall r; > 0. If either the condition (3) or f € [Pap"]4, is satisfied, N, contains
at least two elements. Then, by Lemma 2.6, A% is irreducible in S, . = E(Pype, \)

if and only if both (1) and (2) are satisfied. O

Here we state basic properties of r-ncts.

Proposition 3.4. Let k be a field and A = k[v, w*!] be a Laurent polynomial ring
with two variables v, w. We put p = (v — 1,w — 1)A. Let r be a positive integer.

(1) A unit element of A is of the form cv®w®, where ¢ € k*, o, € Z. If u is a
unit of A and @ is an r-nct, then up is also an r-nct.
Let £ : A — A be a k-isomorphism such that £(p) = p. Then there exists
(a;j) € GL(2,Z) such that {(v) = v* w2, {(w) = v®>w*??. If p is an r-nct,
then so is ().
(2) Assume that ¢ is an r-nct over k.

(a) We have

(3.1) p’ N @ kvew? | = k.

(o,B)EP,NZ2

(b) The number of P, NZ* is at most @ + 1.
(c) If ¢ is a reducible element contained in p", then P, does not contain N.
In particular, if r > 2, P, does not contain r 4+ 1 points on a line.

(3) Assume that ¢ is an r-nct over k. Then there exists an element ¢ € k* such
that all the coefficients of cp is in the prime field of k.

(4) If v is an r-nct over k, then ¢ & p"1.

(5) Assume that ¢ is an r-nct over k. Let L/k be a field extension. Then ¢ is
also an r-nct over L.

(6) Let NCT, be the set of r-ncts over k. Consider the equivalence relation ~
on NCT, generated by ¢ ~ up and ¢ ~ &(p) as in (1). Then the quotient
set NCT,/~ is a non-empty finite set for each r.

Proof. 1t is easy to show (1). We omit a proof of it.

We shall prove (2) (a). Assume the contrary. Let ¢’ be an element contained
in the left-hand side but not in the right-hand one. Since @A is a prime element
of E(P,,\) by Lemma 2.6, o\, ¢'A is an E(P,, A\)-regular sequence. Take a ho-
mogeneous element h € E(F,, A) such that ¢\, ¢'A, h is a homogeneous system of
parameters of E(P,, A). Since E(P,, \) is a 3-dimensional graded Cohen-Macaulay
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ring, we have
Cep, ) (E(Bp M)/ (A @'A b)) = e ((h), E(Fy, M)/ (@A, ¢'A))
> KE(PW,A)W (E(Pcp’ A)an/(@)" SO/A)E Py, )‘)pw) e ((h), E(Psm )‘)/pgo)
> 7?(deg h),
where £ is the length, e is the multiplicity and p, = E(P,, A)NpA[)]. Here we remark
that the first inequality comes from the additive formula of multiplicities, and the

second one comes from @\, @'\ € p, and e((h), E(P,,\)/p,)) = e((A8"), k[A]) =
deg h. On the other hand, consider the Poincare series

P(E(P,,\),5) =Y dimy E(P,, \),s" =
n>0
where we remark that E(P,, \) is generated by elements of degree 1 over k. Here

f(1) is equal to the multiplicity of E(P,, X), which is 2| P,| by a theorem of Ehrhart
(e.g. see Part II of [12]). Hence we have

f()(1 = 5)*(1 — seh)
(1—s)?
since A, Y\, h is a regular sequence. Substituting 1 for s, we have
Ci(p,) (E(Pps N/ (0A @A, b)) = 2| P,|(deg h) < r*(deg h).

It is a contradiction. Thus the equality (3.1) is proved.’

The left-hand side of (3.1) is defined in @, 5)cp, 22 kv*w? by T(T—;l) linear equa-
tions. Therefore (b) follows from (a).

We shall prove (c¢). If ¢ is a reducible element contained in p”, then k¢ does
not contain ¢ and P, does not contain N¢. Assume that P, contains r + 1 points
on a line. Replacing ¢ by some u(p) as in (1), we may assume that P, contains
(0,0), (1,0), ..., (r,0). (Here recall that P, is a convex polygon.) Then we have
(v—1)" € p" and N(_1y» C P,. It is a contradiction since (v —1)" is reducible for
r>2.

We shall prove (3). Let F' be the prime field of k. The assertion immediately
comes from

P(E(Py, N)/ (@A @A, ), 5) =

(v—1,w—1)"Fp* w*n @ Fo*w? Qp k
(a,8)€P,NZ2

= (v—1,w— 1Dkl wH] N @ kv w® | = k.

(o,B)EP,NZ?

Next we shall prove (4). Suppose that an r-nct satisfies ¢ € p"*. Multiplying ¢
by a unit of A, we may assume that ¢ is a Laurent polynomial over the prime field

®We can also prove (3.1) using intersection theory on the blow-up of Proj(E(P,,\)) at (1,1)
in the torus.
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and the origin is in N,. Assume that the characteristic of k is a prime number p. (In
the case of characteristic 0, we can prove the assertion easier.) If both a and [ were
divided by p for any («,3) € N, then ¢ would be reducible since ¢ is a Laurent
polynomial over the prime field of characteristic p. Therefore we may assume that
there exists (o, f') € N, such that p f o'. Then we have

Oy
0#v——€p'n kvw® | = ke.
# 5o P D kw @
(a,B)EP,NZ?
Here remark that the constant term of vg—f is 0. It is a contradiction since ¢ and
vg—f are linearly independent over k.
We shall prove (5). We have only to show that ¢ is irreducible in L{v*
Assume the contrary and suppose ¢ = 919 in Lfv* w*!]. Then we have
P<P = P1/11 + Pdfzv

where the right-hand side is the Minkowski sum, that is {a+b |a € Py,,b € Py, }.
Suppose

1 wil]‘

wl € (U - 1,11} - 1>T1L[Ui17wi1] \ (U - 1,11) - 1)T1+1L[vi17
Yy € (v—1,w— 1)L wF]\ (v —1,w — 1) Lv*,
Then, by (4), we have r = 1 + ry. Since r? > 2|P,|, we have

S5t = 75 > VIR 2 1Pl + IR

Here the second inequality is called the Brunn-Minkowski inequality. Therefore
either 7# > 2|P,, | or r3 > 2|P,,| is satisfied. Hence we know that some irreducible
divisor ¢’ of ¢ is an 7’-nct for some r’. By (3), we may assume that ¢’ is a Laurent
polynomial over the prime field. It is a contradiction since ¢ is irreducible over k.
We shall prove (6). Since NCT, contains ¢, in Example 3.2, the set NCT,/ ~
is not empty. Any l-nct is equivalent to v — 1. Suppose r > 2. Let ¢ be an r-nct.
If |P,| = 0, then all the points of N,, are on a line and we may assume that ¢ is
a polynomial in v. Then (v — 1)" divides ¢. It contradicts to the irreducibility of
¢. Therefore we have |P,| > 0. Let © be the convex hull of the four points (0, 0),
(v2r2,0), ((v/2 + 1)r2,72), (0,7%). Let P be an integral convex polygon (a convex
hull of a finite subset of Z* with positive area). Then, by (2), r-ncts ¢ with P, = P
are equivalent to each others. Since (2 is bounded, there exist only finitely many
integral convex polygons contained in 2. Therefore there exists a finite subset F' of
NCT, such that any r-nct ¢ with P, C ) is equivalent to one of F'. It is enough
to prove that any integral convex polygon with area less than r?/2 is contained
in Q after an affine transformation ¢ satisfying £(Z?) = Z2. Let P be an integral
convex polygon with area less than 72/2. By an affine transformation preserving the
lattice, we may assume that (0,0) and (aq,0) are adjacent vertices of P, where a;
is a positive integer. Since |P| < r?/2, we may assume that any point (o, 3) in P
satisfies 0 < B < r?. Let (a9, 82) be the other vertex adjacent to (0,0). By a linear

wil],
wﬂ].
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transformation of the form for some a € Z, we may assume (35 > ag > 0.

1 a
0 1
Then any point («, 8) in P satisfies 0 < a. Suppose that P is not contained in €.
Take (ag, f3) € P\ Q. Let £ be the line through (0,0) and (s, #3). The distance of

the line ¢ and the point (s, 3s) is bigger than that of £ and (v/2r2,0). Therefore

2 2 2
|P| > (the area of the triangle (0,0), (ag, £2), (v/2r2,0)) = % > %

It is a contradiction. Therefore we have P C €. O

Example 3.5. (1) The quotient set NCT}/~ consists of the equivalence class
of ¢ in Example 3.2.

(2) The quotient set NCTy/~ consists of the equivalence class of ¢y in Exam-
ple 3.2. In fact, suppose that ¢ is a 2-nct. By Proposition 3.4 (2) (c), P, does
not contain three points on a line. As in the proof of Proposition 3.4 (6),
we may assume that P, has three successive vertices (as, 52), (0,0), (1,0)
where 0 < ap < By < 4. If (a2, B2) = (0, 1), then P, contains (1, 1). Putting
¢=(v—1)(w—1) € p* P, contains N¢. It contradicts to Proposition 3.4
(2) (c). Then we know (g, f2) = (2,3). In this case, ¢ is equivalent to .

In the case of r = 1,2, NCT,/~ consists of the equivalence class of ¢,
and P, is independent of k. Therefore, for » = 1,2, the existence of nega-
tive curves contained in [p,."]s does not depend on the base field k (see
Proposition 3.3).

(3) One can prove that the quotient set NCT5/~ consists of two elements, which
are represented by ¢3 and ¢4 in Example 3.2, respectively. The polygon P,,
is the triangle with vertices (0,0), (3,1), (1, 3).

If the characteristic of k is not 2, then P, is the tetragon as in Example 3.2.

Assume that the characteristic of k is 2. Since the coefficient of vw? in ¢}
is —2, ¢4 is a 3-nct such that P, is the triangle with vertices (0,0), (3,1) and
(2,3). In the case where (a,b,c) = (9,10,13) and ch(k) = 2, there exists a
negative curve f € [pg’lo’lg(s)hoo corresponding to a 3-nct which is equivalent
to ¢4 as in the proof of Theorem 4.1 in [21]. There does not exist a negative
curve in pg1013® if ch(k) # 2.

4. THE COX RING OF THE BLOW-UP OF XA  AND THE SYMBOLIC REES RING
OF THE EHRHART RING E(P,, \)

Let f € [Papc"™]4, be a negative curve and ¢ be an r-nct such that f = pA% as
in Proposition 3.3. Then we have

IPy] < |di Pug| < 13/2.

From the results of GonzdlezAnaya-Gonzdlez-Karu [7], it can be inferred that
R (Pap,c) tends to be finitely generated when |dy Py .| is close to |P,|, and R, (pap.c)
tends to be infinitely generated when |d; P, ;.| is close to r7/2. Therefore it is
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natural to ask:

Is R,(p,) a Noetherian ring?
Here p,, is a prime ideal of the Ehrhart ring E(P,,\) C k[v*!, w*!][)] defined by
Py = E(Pﬂﬁﬂ )‘) N (U —1Lw- 1)k[vi1>wil][>‘]'

We put Xa,,. = Proj(E(Pape, A)) and Xa, = Proj(E(P,, A)), where Agp,. and
A, are the fans corresponding to the toric varieties XA, and Xa,, respectively.
Let Ya,,. (resp. Ya,) be the blow-up of Xa,, . (resp. Xa,) at the point (1,1) in
the torus Spec k[v*!, w*!]. Another reason why we are studying R/ (p,) is that Y,
contains a negative curve that is birational to the negative curve in Ya,, .. We are
interested in the birational class of the negative curve in Ya,, .. (The author does
not know any example that the negative curve in Y, . is not rational.)

We shall prove Theorem 1.1 in this section. Before proving this theorem, we shall
show the following lemma:

Lemma 4.1. With notation as in Theorem 1.1, the following conditions are equiv-
alent:

(i) H(Ya,, Oy, (Ky,, +nCy)) =0 for any n > 0,
HO<YAW OYAw (KYAW + C@)) =0,
C

(vi) I, < "1
If C, ~ Py, then (ii) is satisfied. In the case where k is algebraically closed, the
converse is also true.

Proof. (i) = (ii), (iii) = (iv), (v) = (vi) are obvious.

We shall prove (iv) = (ii). Assume that there exists an effective Weil divisor D
on Yy, that is linearly equivalent to Ky, + C,. By (iv), there exists an effective
Weil divisor D’ such that D = C, + D’. Let m, : Yo, — Xa, be the blow-up at the
point (1,1). Since

Kxa, + (10):(Cp) ~ (mp) (D) = (m)+(Cp) + () (D),
we have
(ro)u (D) ~ Fox, ~ 0
It contradicts to the fact that the left-hand side is a non-zero effective divisor.
We shall prove (ii) = (vi). We have

0=H(Ya, Oy, (Kv,, +Co))=p'n| P k|,
(a,B)EP,°NZ?
where P,° is the interior of P, and p = (v — 1,w — 1)k[v*!, w*!]. Since p"~! is

defined by # linear equations in k[v™!, w*!], the number of P,°NZ? is less than

r(r—1)

or equal to =5—.
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Next we shall prove (iii) < (v) and (vi) = (iv). By Pick’s theorem, we have
2|P,| = B, + 21, — 2.
Since C2 = 2|P,| — r* and Co-(—Ky,,) = By —r, we have
Co(Kyy, +Cp) +2= =By +1+2|P,| —1° +2=2[, —r(r — 1).

It is easy to check (iii) < (v) and (vi) = (iv).

We shall prove (ii) = (i). As we have already seen, (ii) is equivalent to (iv).
Therefore we have Cy,.(Kx,  +nCy) <0 for any n > 0. Since any effective divisor
that is linearly equivalent to Ky,, +nC, has C, as a component, the multiplication
by C,

HO(YAWOYA%, (Ky,, +(n—1)Cp)) — H(Ya,, Oy,, (Ky,, +nCy))

is bijective. Therefore (ii) implies (i).
Next we shall prove (vi) = (v). We may assume that k is algebraically closed.
Remark that

(4.1) W (Oy,, (Kv,, +Cy)) = h*(Oy, (=Cy)) = h'(Oc,).

Since (vi) is equivalent to (ii), we have h'(O¢,) = 0 and C, ~ PP}. By definition,
C,, does not meet the singular points of Y5 . Then, by the adjunction formula, we
have wy, (Cy)|c, = we,. Since (iii) is satisfied, (v) holds.

If C, ~ Py, (ii) is satisfied by (4.1). (ii) implies C, ~ P; when k is algebraically
closed. O

Now we start to prove Theorem 1.1. (1) = (2) is trivially true.

We shall prove (1) = (3) = (4) = (5) = (6) = (10) for any integral convex
polygon P and the corresponding complete 2-dimensional fan A.

(1) = (3) is a basic fact. (Any nef and big Q-Cartier divisor D on a normal
projective surface satisfies D? > 0.)

We shall show (3) = (4). Recall that —Kx, = Di+- - -+ Dy is a Q-Cartier divisor,
where each D; is a toric prime divisor corresponding to each edge of P. Take a posi-
tive integer ¢ such that ¢P_k, is an integral convex polygon and —¢/K’x, is a Cartier
divisor on Xa. By the Riemann-Roch theorem, we know that x(Ox, (—ngKx,)) is
a polynomial in n of degree 2 such that the coefficient of n? is (—gKx,)?/2. On the
other hand, h°(Ox, (—nqKx,)) = #(nqgP_k, NZ?) is a polynomial of degree 2 for
n > 0 (it is called the Ehrhart polynomial) and the coefficient of n? is |¢P_k |-
Since

X(OXA<_anXA)) = hO(OXA<_anXA)>_h1(OXA<_anXA>>+h2(OXA(_anXA))
and h?(Ox,(—ngKx,)) = h°(Ox,(Kx, + ngKx,)) = 0 for n > 0, we obtain
(—Kx,)%/2 <Py, |

Let E be the exceptional divisor of the blow-up YA — Xa at (1,1) in the torus.
Since (—Ky,)? = (—Kx,)* + E* = (=Kx,)* — 1, we obtain |P_g | > 3.
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We shall prove (4) = (5). We have h°(Ox,(—nqKx,)) = #(ngP_k, NZ?). By
definition, H°(Ya, Oy, (—ngKy,)) is a k-vector subspace of H*(Xa, Ox,(—ngKx,))
defined by ng(ng + 1)/2 linear equations. Therefore we have

ng(ng + 1)
2

#(ngP ke NZ?) — < hY(Oy,y (—ngKyy)).

Since # (nqP_ Kx, 1 7?) is a polynomial of degree 2 for n > 0 whose coefficient of n?
is |qP-ky |, we know that — Ky, is big if |[P_g,, [ > 3
Next we shall prove (5) = (6). We may assume that & is an algebraically closed
field.
First we shall construct a refinement A’ of A such that
e Xa:is a smooth toric variety, and
° P*KXA = P*KXA/ .
Let
{R>pa1, R>pas,...,Rspa,}
be the set of the 1-dimensional cones in A. We assume that each a; is the shortest
integer vector in the cone R>pa;. Assume that a;, ay, ..., a, are arranged counter-

clockwise around the origin. We think that each a; is a row vector of length 2. We
shall construct A’ using induction on

det(al)xdet<a2)><--~><det<a”_l)xdet(a")‘.
as as an a;

Suppose that X is not smooth. After a linear transformation in SL(2,7Z), we may
assume that a; = (1,0) and ay = (a,b), where b > a > 0. Here we put b = (1, 1).
Then

det(al>><det<b )xdet(aQ)x---xdet(a”1)><det(a")
b ay as a, a

is strictly less than (4.2). Let A be the complete fan in R? with 1-dimensional cones
{Rzoal, Rzob, Rzoag, e ,Rzgan}.

Here one can check P_ Kx, = P Kx,- Repeating this process, we can construct A’

satisfying the required conditions.
Let Yas be the blow-up of X/ at the point (1, 1) in the torus. Then Yar — YA is
a resolution of singularities. Then, since P_x,, = Pk, ,, we have

(4.2)

HO(YA7 OYA(—TLKYA)) = pn N @ kvo‘wﬁ = HO(YA/, OYA/ (—HKYA,>),

(e, 8)ENP_ Kx, NZ2

where p = (v — 1,w — 1)k[v*!, w*!]. Hence, if —Ky, is big, so is —Ky,,. Then,
by Theorem 1 in Testa-VarillyAlvarado-Velasco [25], Cox(Ya/) is finitely generated.
Since Yar — YA is surjective, Cox(Y,) is also finitely generated by Theorem 1.1 in
Okawa [22]. We have completed the proof of (5) = (6).
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We shall prove (6) = (10). Let E be the exceptional divisor of YA — X =
Proj(E(P,\)). Let H be the pullback of Ox,(1). We put p = E(P,A\) N
pk[vE! w* A]. Then the extended symbolic Rees ring R.(p) coincides with the
multisection ring

P H(Ya, Oy, (dH - rE)),

r,dEZ

which is a pure subring of Cox(Ya). Therefore, if Cox(Y,) is finitely generated, so
is R (p).

In the rest of this proof, we consider an r-nct ¢, the integral convex polygon F,
and the corresponding fan A,.

We shall prove (5) = (8). Suppose that there exists an effective divisor D that is
linearly equivalent to Ky,, + nCy,. Then we have nCy, ~ D — Ky,, and C,, is big.
It contradicts to

C,> =2|P,| —r* <0.

(2) = (7) follows from (—Ky, ).Cp, = B, — .

We shall prove (7) = (8). Since 0 < B, —r = (=Ka,).C, and CZ <0, (iv) in
Lemma 4.1 is satisfied. Therefore (i) in Lemma 4.1 is satisfied.

(8) < (9) is nothing but (i) < (v) in Lemma 4.1.

(11) = (9) and (b) follow from Lemma 4.1.

In the rest of the proof, we prove (8) = (10) and (c).

When we prove (c), we may assume that k is a finite field. Then we can prove
(10) in the same way as Theorem 1 in Cutkosky [3].

Next we shall prove (8) = (10). By (c), we may assume that k is a field of

characteristic 0. Furthermore, we may assume that k is the field of complex numbers
C. Since

0 = h%(Oy,, (Ky,, +nCy)) = h*(Oy, (—nC,)) = h'(One,)

for any n > 0, we can contract C,, that is, there exists a birational morphism
£ :Ya, — Z such that {(C,,) is a point, where Z is a normal projective surface with
at most rational singularity. Here put H = (7,)"(Ox,_ (1)), where 7, : YA, = Xa,
is the blow-up at (1,1) in the torus. Let E be the exceptional divisor of m,. Let
i and j be positive integers such that (¢:H — jE).C, = 0. Then there exists n > 0
such that n&,(iH — jF) is a very ample Cartier divisor on Z. Then one can prove
that n(iH — jE) is a semi-ample Cartier divisor on Y. It is easy to verify that
R (p,) is Noetherian. O

Example 4.2. Suppose that the characteristic of k£ is 0. In GonzalezAnaya-
Gonzalez-Karu [7], they constructed two distinct r-ncts ¢, and ¢! over k for each
r > 3. Here P, is a triangle with vertices (—1,—1), (r —1,0) and (0,7 —1). The
polygon P, is a tetragon with vertices (=1, —1), (r —1,0), (5, r — 1), (%, r—2)
in the case where r is odd, and (—1,-1), (r — 1,0), (5,7 — 2), (52,7 — 1) in the
case where r is even. Both P, and P, contain @ + 1 lattice points. Both YA,
and Y , satisfy the condition (1) in Theorem 1.1.
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We shall give an outline of the proof of the above assertions for ¢/. (One can
prove the same assertions for ¢, in the same way.) Consider the tetragon P with
four vertices as above. Obviously it contains T(TH + 1 lattice points. Put p =

(v —1,w — 1)k[vE!, w*']. Since

(4.3) p’ N @ kv w”®

(a,8)EPNZ2

is defined by w linear equations in <@(a,,@)€PﬂZQ kvaw5>, (4.3) is not 0. Let ¢!,

be a non-zero element in (4.3). Using Lemma 4.3 below, we have

p" N ED kvew” | = 0.
(a,8)EPNZ?
(a,B)#(=1,-1)
Therefore the coefficient of v~'w™ in ¢/ is not zero. In the same way, we know
that the coefficients of monomials corresponding to the vertices of P are not zero.
Thus we obtain P, = P. By Lemma 2.1 in [7], we know ¢/ is irreducible. Since
|P| = is an r-nct.

Next We shall prove that —Ky,  is nef and big. It is easy to see that |[P_x, | >

T

%. Therefore _KY%' is big by Theorem 1.1. Let V' be the closure of

v

v

Spec(klv™, w*]/(w - 1))
in X A Let D be the toric prime divisor on X A corresponding to the bottom
edge of P,,. Let V and D be the proper transforms of V and D, respectively. Then
we know KyA " is linearly equivalent to V + D. Since V? > 1 and D? > 0, we

obtain V2 > 0 and D? > 0. Thus we know — Ky, s nef.

Pr

Lemma 4.3. Let k be a field of characteristic 0 and n be a positive integer. For a
subset U of Z?, we put

BU)={ Y Capr™’| cap €k}
(a,8)€U
Let L be a line in R? such that #(LNU) =n. Put U' =U\ (LNU). Then we have

an isomorphism of k-vector spaces
EUYN (v —1,w— 1"k, 0] ~ B0 N (v — 1L, w— )" kot w®).

We omit a proof of Lemma 4.3. We can prove this lemma in the same way as the
proof of Lemma 4.5 in [18].

Remark 4.4. Let ¢ be an r-nct. By Proposition 3.4 (2) (b), we have #(P,NZ?) <
T(TH) + 1. In many cases *(P, N Z?) = T(TH) + 1 is satisfied. Here we show that



EQUATIONS OF NEGATIVE CURVES 21

it is equivalent to B, = r + 1. If B, = r 4 1 is satisfied, we know I, = r(r—1) by

2
Theorem 1.1. Thus we obtain

r(r+1)

1.
5 +

#(P,NZ*) =B, + 1, =

Conversely assume B, + I, = @ + 1. Since

0<r*—2|P,|=r*—2I,—B,+2=1r"-2(I,+B,)+B,+2=B,—r

by Pick’s theorem, we know I, = @ by Theorem 1.1. Therefore we have B, =
#P,NZ*) —1,=r+1.
In particular, the condition (7) in Theorem 1.1 is satisfied if #(P,NZ?) = @_‘_1.

Remark 4.5. Assume that there exists a negative curve f € [pa7b7c(”)]d for some
pairwise coprime positive integers a, b, ¢. Then we know dimk[pa,b,c(’“)]d =1 by
the same reason as Proposition 3.4 (2) (a). Since [pas..™]q is defined in [S, . ]a
by @ linear equations, we know dim[S,p.cla < T(TQ—H) + 1. Let ¢ be the r-nct
corresponding to f as in Proposition 3.3. Let P be the convex hull of dP, ;. N Z*.
Then we have
P@ CPC dPa,b,c~

Usually it is very difficult to determine P,.

Here assume #(dP, ;. N Z?%) = dimg[Sapela = T(T—;l) + 1. Then P contains just
w + 1 lattice points. Since |P| < [dP,p.| < 7?/2, we know the number of lattice
points in the boundary of P is bigger than or equal to » + 1 and that in the interior
of P is less than or equal to r(r — 1)/2 by Pick’s theorem. Since the interior of
P, is contained in that of P, the condition (9) in Theorem 1.1 is satisfied for ¢ by
Lemma 4.1.

Remark 4.6. Assume that k is algebraically closed and there exists a negative
curve f € [pmb,c(’")]d for some pairwise coprime positive integers a, b, c¢. Let ¢ be the
r-nct corresponding to f as in Proposition 3.3. Then the negative curve C'in Y, .
is birational to C, in Y. If the condition (9) in Theorem 1.1 is satisfied for ¢, we
know that C' is a rational curve.

If r =1, it is easy to check C' ~ P} (e.g. Lemma 3.2 in [18]).

Suppose r = 2. Since the unique 2-nct satisfies (1) in Theorem 1.1 (cf. Example 3.5
(2), Example 4.2), C' is a rational curve. It is easy to see that C is singular if
and only if #(dP,;.° N Z*) > 1. There are many examples such that C' ~ P}
(e.g. (a,b,¢) = (3,7,8), (16,97,683),...). There are also many examples such that
C' is singular (e.g. (a,b,c) = (5,77,101), (107,159,173),...). In the case where
(a,b,¢) = (3,7,8), (5,77,101), R.(Pap.) is Noetherian. In the case where (a,b, c) =
(16,97,683), (107,159,173), R.(Pas.) is not Noetherian.

Assume that r» = 3. In this case any 3-nct satisfies (1) in Theorem 1.1 over any
field k. In fact, when ch(k) # 2, we can prove it in the same way as Example 4.2.
Assume that ch(k) = 2. For ¢3 in Example 3.2, we can also prove it in the same
way as Example 4.2. Consider 3 in Example 3.2. Remark that P, is a triangle



22 KAZUHIKO KURANO

and the Picard number of Y, , is 2. Since Cig < 0 and —Ky, .C% = B% —-3=0,
@5 : ol
we know that —Ky,  is nef and big. ’
7

If » = 4, then (9)3 in Theorem 1.1 is satisfied over any field k. If r = 4 and
ch(k) =0, then (7) in Theorem 1.1 is satisfied.

If » =5 and ch(k) = 0, then one can prove that (9) in Theorem 1.1 is satisfied.

The author does not know any example that the condition (7) in Theorem 1.1 is
not satisfied in the case where ch(k) = 0.

From the above, if » < 4, then C' is rational. If » = 5 and ch(k) = 0, then C is
rational.

In many case dimg[Sqpcla = @ + 1 is satisfied. When this is the case, C' is

rational since (9) in Theorem 1.1 is satisfied (cf. Remark 4.5). The author knows a

few examples that dimg[S,p.cla < @ + 1. See the next example.

Example 4.7. Suppose that k is of characteristic 0 and (a, b, c¢) = (8, 15,43). Using
a computer, we know that there exists a negative curve f € [pa,b,c(g)]@lg,. Let ¢ be
the corresponding 9-nct as in Proposition 3.3. Then P, is the following pentagon:

It satisfies B, + [, = 7"(712—“) =45 B,=r=09, 1, = @ = 36. In this case, P,
is the triangle with three edges having slopes 1/2, —4/7 and 5/2. Since a + b+ ¢
is less than d/r in this case, —Ky, , is neither nef nor big. Since we have a

birational surjective map YA, — Ya we know that _KYM is neither nef nor

a,b,c?
big. The author does not know whether Cox(Ya,) is Noetherian or not. Since the
condition (7) in Theorem 1.1 is satisfied, the extended symbolic Rees ring R’ (p,) is

Noetherian. In this case, generators of one-dimensional cones of the fan A, is

ap —1 0
A -3 1
as = -5 2
ay 4 7

as 1 —2
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Therefore the morphism of monoids (2.7) is

1 -2 1 00

25 =7 0 1 0
A5 2 001) _ i
7 — 7 D(No).

Let I be the kernel of the k-algebra homomorphism k[x1, z9, T3, 24, 25] — k[yit, vi', yi']

(1 — 11yPys°, 2o & Y 2Ys Y2, T3 v Y1, Ty > Ya, Ts — y3). Then we have
Cox(Ya,) = R,(I) as in Remark 2.7.

Using a computer, we know that there exists a negative curve f € [P18)] 47
in the case where (a,b,c) = (5,33,49) over a field k of characteristic 0. Let ¢
be the corresponding 18-nct as in Proposition 3.3. Let P be the convex hull of
1617Ps 33 49NZ? as in Remark 4.5. The number of lattice points in the boundary of P
is 7 = 18 and that in the interior of Pis r(r—1)/2 = 18 x17/2. Since P, is contained
in P, the number of lattice points in the interior of P, is r(r — 1)/2 = 18 x 17/2
by Lemma 4.1. Hence the condition (9) in Theorem 1.1 is satisfied for ¢. In this
case, — Ky, is neither nef nor big. The author does not know whether Cox(Ya,) is
Noetherian or not.

Remark 4.8. Let ¢ be an r-nct. Then we have h%(Ya,, Oy, (=Ky, +C,)) =
Pa(Cy), M (Ya,, Oy, (=Ky,_ +Cp)) =0and I, = @ + pa(Cy).
Let f € [Pa."]a be the negative curve. Then we have h°(Ya,, ., Oy,,, (—Ky,  +

) = pa(C), W' (Ya,,., Ovs, , (=Ky, , +C)) = 0and the number of lattice points
in the interior of dFP, ;. is @ + pa(C).
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