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ABSTRACT. In this paper, we give a detailed proof to a result of Gabber (unpublished) on
the lifting problem of quasi-excellent rings, extending the previous work on Nishimura-
Nishimura. As a corollary, we establish that an ideal-adic completion of an excellent

(resp. quasi-excellent) ring is excellent (resp. quasi-excellent).

1. INTRODUCTION

Throughout this paper, we assume that all rings are commutative and possess an iden-
tity. The aim of this article is to give a detailed proof to the following theorem (see
Theorem 5.1).

Main Theorem 1 (Nishimura-Nishimura, Gabber). Let A be a Noetherian ring, and I

an ideal of A. Assume that A is I-adically complete. Then, if A/ is quasi-excellent, so is
A.

This result was proved in characteristic 0 by Nishimura-Nishimura in [12], using the
resolution of singularities. More recently, the general case was settled by Gabber, using
his theorem of weak local uniformization of quasi-excellent schemes instead of resolutions
of singularities. The idea of his proof is sketched in a letter [16] from Gabber to Laszlo. The
above theorem is a special and difficult case of the Lifting Problem, which was formulated
by Grothendieck [5, Remarque (7.4.8)]. For the precise definition of the lifting problem as
well as its variations, we refer the reader to Definition A.1 in Appendix A. As an immediate

and important corollary, we obtain the following theorem (see Appendix A).

Main Theorem 2. Let A be an excellent (resp. quasi-excellent) ring with an ideal I C A.
Then the I-adic completion of A is an excellent (resp. quasi-excellent) ring. In particular,
if A is excellent (resp. quasi-excellent), then the formal power series ring A[[x1, ..., x,]] is

excellent (resp. quasi-excellent).

Key words and phrases. Ideal-adic completion, lifting problem, local uniformization, excellent ring,
quasi-excellent ring.
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Here is an outline of the paper.

In § 2, we fix notation and definitions concerning excellent rings for which we refer the
reader to [9] and [12].

In § 3, we begin with the notions of quasi-excellent schemes and alteration coverings.
Then we recall the recent result of Gabber on the existence of weak local uniformization
of a quasi-excellent Noetherian scheme as an alteration covering.

In § 4, using Gabber’s weak local uniformization theorem, we give a proof to the classical
theorem of Brodmann and Rotthaus in the full generality. This result is an important step
toward the proof of the main result of this paper.

In § 5, we finish the proof of the main result after proving a number of intermediate
lemmas based on the ideas explained in [12] and [16]. Gabber’s weak local uniformization
theorem plays a role in this section too.

We introduce notions of the lifting property, the local lifting property, etc. We make a
table on the known results in Appendix A.

2. NOTATION AND CONVENTIONS

We use the following notation. Let I be an ideal of a ring A. Then denote by V(I) the
set of all prime ideals of A containing I. Put D(I) = Spec A\ V(I). If (A, m) is a local
ring, we denote by A or A" the m-adic completion. For an integral domain A, denote by
Q(A) the field of fractions of A.

We refer the reader to the definition of geometrically reqular and regular morphism to [9,
(33.A)]. We refer the reader to the definition of G-ring and Z-ring to [12, Definition (0.1)].
We refer the reader to the definition of catenary, universally catenary, Nagata ring (or
universally Japanese ring), Ja-ring, quasi-excellent, excellent to (14.B), (31.A), (32.B),
(34.A) in [9].

Any field, the ring of integers and complete Noetherian local rings are excellent rings.
Any semi-local G-ring is a Jo-ring (cf. [9, Theorem 76]). Hence semi-local G-rings are

quasi-excellent. Quasi-excellent rings are Nagata rings (cf. [9, Theorem 78]).

3. GABBER’S WEAK LOCAL UNIFORMIZATION THEOREM FOR QUASI-EXCELLENT
SCHEMES

In this section, let us recall a recent result on the existence of weak local uniformizations

for quasi-excellent Noetherian schemes, due to Gabber.

Definition 3.1. A Noetherian scheme X is quasi-excellent (resp. excellent), if X admits
an open affine covering, each of which is the spectrum of a quasi-excellent ring (resp. an
excellent ring). Once this condition holds, then any other open affine covering has the

same property.
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We introduce the notion of alteration covering of schemes.

Definition 3.2. In this definition, we assume that all schemes are reduced and Noetherian,
and all morphisms are maximally dominating, generically finite morphisms of finite type
between Notherian reduced schemes.

Let Y be a Noetherian integral scheme. We say that a finite family of scheme maps
{¢i : Xi — Y}iz1,..m is an alteration covering of Y, if there exist a proper surjective
morphism f : V — Y, a Zariski open covering V = [J;", V;, together with a family of
scheme maps {¢; : V; = X;}i=1,m such that the following diagram commutes for each

1=1,...,m

(3.1) Lu Ly

where V; — V is the natural open immersion.
If X, is a regular integral scheme for each i = 1,...,m, we say that {¢; : X; — Y }i=1

is a regular alteration covering of Y.

We refer the reader to [7] for alteration coverings or the alteration topology in the
general situation. The definition adopted in [7] looks slightly different from the above one.
However, we may resort to [7, Théoreme 3.2.1; EXPOSE I1]. A family of morphisms of the
type we consider {¢; : X; — Y }i=1,.m, or a family of morphisms in alt/Y is a covering
family for the alteration topology if and only if it is a covering family for the h-topology.
Let us state Gabber’s weak local uniformization theorem for which we refer the reader to
[7].

Theorem 3.3 (Gabber). Assume that Y is a quasi-excellent Noetherian integral scheme.

Then there exists a reqular alteration covering of Y.

Using the valuative criterion for proper maps and Gabber’s theorem, we obtain the
following corollary. That is the reason why the above theorem is called “weak local uni-

formization theorem” for quasi-excellent schemes.

Corollary 3.4. Assume that A is a quasi-excellent domain. Then there exists a finite
field extension K/Q(A) such that if R is a valuation domain satisfying Q(R) = K and
A C R, then there exists a reqular domain B such that A C B C R and B is a finitely
generated A-algebra.
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4. A GENERALIZATION OF A THEOREM OF BRODMANN AND ROTTHAUS

The purpose of this section is to prove the following theorem. It was proved by Brod-
mann and Rotthaus [1] for rings containing a field of characteristic zero, using the resolu-

tion of singularities by Hironaka. Let rad(A) be the Jacobson radical of a ring A.

Theorem 4.1. Let A be a Noetherian ring with an ideal I C rad(A). Assume that A/I
is quasi-excellent and A is a G-ring. Then A is a Jo-ring. In other words, A is quasi-

excellent.

We need to prove a number of lemmas before proving this theorem. Let X be a Noether-
ian scheme. We denote by Reg(X) the regular locus of X, and put Sing(X) = X \ Reg(X).

Lemma 4.2. Let A be a Noetherian ring with an ideal I C A and let w: X — Spec A be
a scheme map of finite type. Assume that A/I is a Ja-ring. Then Reg(X)N7~1 (V(I)) 18
open in w1 (V(I)).

Proof. For the proof, we may assume that X is an affine scheme. Let B be an A-algebra

of finite type and put X = Spec B. First, let us prove the following claim:

Claim 4.3. Assume that Z C V(IB) is a closed subset. Then Reg(X)NZ is constructible
n 2.

Proof of the claim. We prove it by Noetherian induction. So let us suppose that any
proper closed subset of Z satisfies the conclusion of the claim. We may assume that

Z = V/(q) for some prime ideal q O I B. Since A/I is a J-ring, we have
(4.1) Reg (Spec(B/q)) is a non-empty open set in Spec(B/q).

Assume that q ¢ Reg(X). Then we have Reg(X) N Z = ) and this is evidently con-
structible. Next, assume that q € Reg(X). Then since By is a regular local ring, the
maximal ideal qB; is generated by a regular sequence. This together with (4.1) implies
the following:

- There exists an element f € B\ q such that qB[f~!] is generated by a B[f~]-
regular sequence and B[f~!]/qB[f~!] is a regular ring.

Hence if p € Spec B is taken such that p € V(q) and p ¢ V(q+ fB), then B, is regular.

We have the decomposition:

Reg(X) V() = (Reg(X) N V(a+ B)) U (Reg(X) N (V) \ V(a+/B)))
By Noetherian induction hypothesis, we see that Reg(X) NV (q 4+ fB) is constructible.
On the other hand, we have Reg(X) N (V(q) \ V(q+ fB)) = V(q) \ V(q+ fB) and this

is clearly open in V' (q). We conclude that Reg(X) N V(q) is constructible, which finishes
the proof of the claim. O
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We can finish the proof of Lemma 4.2 in the following way. It is easy to show that
Reg(X) N 7w~ (V(I)) is closed under taking generalizations of points inside 7= *(V/(I)).
Let us recall that a subset of a Noetherian scheme is open if and only if it is constructible
and stable under generalization of points [6, IT. Ex. 3.17, 3.18]. Combining Claim 4.3, we
conclude that Reg(X)Na~*(V(I)) is open in 71 (V(I)). O

Using this lemma, we can prove the following crucial fact.

Lemma 4.4. Let B be a Noetherian domain and let us choose q € Spec B and an ideal
J C B. Assume that By is a G-ring and B/J is a Ja-ring. Then there exists b € B\ q
together with an alteration covering {¢p; : Xp; — Spec B[b~1]}; such that

Bb~1]

(4.2) by (Spec JBb 1

) C Reg(Xp,)
for all i.

Proof. Since By is a quasi-excellent local domain by [9, Theorem 76], there exists a regular
alteration covering {¢; : X; — Spec Bg}i—1,..m, together with a proper map f : V —
Spec By with V := J!*, V; and {¢; : V; = X;}; by Theorem 3.3. By Chow’s lemma, we
may assume that f : V' — Spec By is projective. Then we can find an element be B\q and
an alteration covering {¢; , : Xj , — Spec Blb~"}iz1.....m such that ¢; = by Q-1 B
Remark that, if ¢y ;(s) is a generalization of qB[b~ ], then we have s € X;. In partlcular,

(4.3) Ox; ,.s Is regular.

Let us put

Zy = Spec(JB~), which is a closed subset of Spec B[b~1].

Then we find that
W;, = ¢[,_¢1(Zl~)) \ Reg(Xj ;) is closed in %_il(ZB)

by Lemma 4.2. Hence W ; is a closed subset of Xj ; and thus, ¢5,z‘(W5, ;) is a constructible
subset of Spec B[b~!] by Chevalley’s theorem (cf. [9, Theorem 6]). From this, it follows
that the Zariski closure m of ¢ ,(Wy,) is the set of all points of Spec B[b~'] that
are obtained as a specialization of a point of ¢bl( bz)

Assume that we have q € m. Then there is a point s € Wl?,i such that q €
{d)bl( s)}. By (4.3), the local ring Ox; s is regular. Hence s € Reg(Xj;), which is a
contradiction to s € Wj ;. Thus, we must get q ¢ m.
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Let us choose an element 0 # b € B such that q € Spec B[b~!] C Spec B[b~!] and
Spec B[b~ N ¢; ,(Wj,) = 0 for all i. Consider the fiber square:

Xpi ﬂ Spec B[b™!]

b \
d)_ i >
X, —% Spec B[b™!]
Then we have W; . N X} ; = 0. Let us put

Zy := Spec M and Wy := ¢, 1 (Zy) \ Reg(Xp;)
b= 9P JB[bil] bi -— Ppi \ &0 glAbi)-

Since Z, = Zy N Spec B[b™ ], we get

Wh,i = (¢B_71,1(Zl~)) N Xp:) \ Reg(Xy,;) = (%_ﬂ-l(zg) N Xb;) \ Reg(Xp,;) = Wy, N X, = 0.

This proves the assertion (4.2). O

Lemma 4.5. Let {¢; : X; — Y}i—1, _m be an alteration covering and let yi,...,y; be a
sequence of points in'Y such that yj+1 € {y;} for j =1,...,1—1, where {y;} denotes the
Zariski closure of {y;} in Y. Then there exist i and a sequence of points 1, ...,z in X;

such that ¢i(x;) =y, forj=1,...,0 and xj41 € {z;} forj=1,...,1—1.

Proof. By assumption, for ¢ = 1,...,m, there is a commutative diagram:
V; — V
i ¥
X, 2y

where V = [JI, V; is a Zariski open covering and V' i> Y is a proper surjective map. Let
us find a sequence vy, ...,v; in V such that v; maps to y; for j =1,...,l and v;41 € m
for j = 1,...,1 — 1. First, lift y; to a point v; € V via f. Suppose that a sequence
v1,...,v in V has been found such that f(v;) =y; for j =1,...,¢t and vj4 € W for
j=1,...,t—1. So let us find v;11 € V with the required condition. Since f is a proper
map, f({v¢}) is equal to {y;}. Hence y;1 € f({v¢}) and there is a lift v¢,1 of y¢,1 such
that v € m Here, we have v; € V; for some i. Since Vj is closed under generalizations,
v1,. .., v are contained in V;. Then we see that the sequence x1 := ¥;(v1), ..., x; := 1;(v))

in X, satisfies the required conditions. O

Proof of Theorem 4.1. In order to show that A is a Js-ring, it is enough to prove that the
regular locus of any finite A-algebra is open (cf. [9, Theorem73]). Let B be a Noetherian
domain that is finitely generated as an A-module. It suffices to prove that Reg(B) contains
a non-empty open subset of Spec B by Nagata’s topological criterion (cf. [10, Theorem
24.4]). Since A — B is module-finite, we have IB C rad(B) and B/IB is quasi-excellent.
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Since B is a G-ring, By is quasi-excellent for any q € Spec B by [9, Theorem 76]. By Lemma
4.4, there exists by € B\ q and an alteration covering {¢s, i : Xp,i — Spec B[bq_l]}i such
that

[ -1

Blb, "]
—1 .
(4.4) Py (Spec IB[qu_l] ) C Reg(Xy, ;) for all i.

There exists a family of elements by,...,bs € {bq | g € Spec B} such that
(4.5) Spec B = Spec B[b; '] U - - - U Spec B[b; ]

There exists a finite family of alteration coverings {¢s,; : X, — Spec B[b;l]}i with the
same property as (4.4) by letting b; = by. By the lemma of generic flatness (cf. [9, (22.A)]),
we can find an element 0 # ¢ € B such that the induced map

qbl:;i(Spec B[b;lc_l]) — Spec B[b;lc_l] is flat for all 4 and j.

If we can show that B[c™!] is regular, then the proof is finished.

Let us pick p € Spec B such that ¢ ¢ p. Then we want to prove that By is regular. Let
us choose a maximal ideal m € Spec B such that p C m. Since IB C rad(B), it follows
that IB C m. By (4.5), there exists j such that p,m € Spec B[bj_l]. By Lemma 4.5,
there exist r1, 72 € X3, ; for some 7 such that vy € {21}, ¢p, i(z1) = p and ¢y, ;(z2) = m.

By (4.4) together with the fact IB C m, the local ring (’)ijﬂ.,gc2 is regular. Since z1 is a
generalization of xa, Oij,i,xl is also a regular local ring. Here, By — Oij,i,ml is flat, as
c ¢ p. Therefore, B, is regular by [4, Proposition 17.3.3 (i)]. O

5. LIFTING PROBLEM FOR QUASI-EXCELLENT RINGS

In this section, we shall prove the main theorem:

Theorem 5.1 (Nishimura-Nishimura, Gabber). Let A be a Noetherian ring, and I an
ideal of A. Assume that A is I-adically complete. Then, if A/I is quasi-excellent, so is A.

Proof. Assume the contrary. Let A be a Noetherian ring, and I an ideal of A. Suppose

that A is I-adically complete, A/I is quasi-excellent, but A is not quasi-excellent.
Step 1. We shall reduce this problem to a simpler case as long as possible.

(1-1) The following are well-known facts.

e Let R be a Noetherian ring and Iy, I be ideals of R such that Iy D I,. If R is
I -adically complete, then R is Is-adically complete.

e Let R be a Noetherian ring and Jy, Jo be ideals of R. If R is Ji-adically complete,
then R/Jy is ((J1 + Jz2)/J2)-adically complete.
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We shall use these facts without proving them.
Suppose I = (a1,...,a;). Put I; = (a1,...,a;) for i =1,...,t and Iy = (0). Remark
that A/I; is (I;4+1/1;)-adically complete, and

(A/L) /(L ) I;) = AL

for i =0,1,...,t — 1. Here, I;41/I; is a principal ideal of A/I;. Remember that A/I; is
quasi-excellent, but A/ is not so. Therefore, there exists i such that A/I;y; is quasi-
excellent, but A/I; is not so.

Replacing A/I; and I;11/I; with A and I respectively, we may assume that
(A1) I is a principal ideal generated by some x # 0, that is, I = ().

(1-2) We put
F ={J | A/J is not quasi-excellent}.

Since F contains (0), the set F is not empty and there exists a maximal element Jy in F.

Replacing A/Jy by A, we may assume that
(A2) if J # (0), then A/J is quasi-excellent.

(1-3) By Theorem 4.1, A is not a G-ring. There exist prime ideals P and @ of A such
that P D @, and the generic fiber of

Ap/QAp — (Ap/QAp)"

is not geometrically regular. On the other hand, if @ # (0), the above map is a regular
homomorphism by (A2). Therefore we know @ = (0), that is, A is an integral domain.

Since quasi-excellent rings are Nagata [9, Theorem 78], we know that A/xA is a Nagata
ring. Since the lifting property holds for Nagata rings by Marot [8], A is a Nagata domain.
Let A be the integral closure of A in Q(A). Then A is module-finite over A.

By Greco’s theorem [2, Theorem 3.1], A is not quasi-excellent, since A is not so. Here
A is xA-adically complete and A satisfies (A2). Replacing A with A, we further assume
that

(A3) A is a Nagata normal domain.
(1-4) Since A/xA is quasi-excellent, A/xA is a Nagata Z-ring. Since the lifting property
holds for Nagata Z-rings by Nishimura-Nishimura [12, Theorem A], A is also a Nagata

Z-ring. Since A is a normal Z-ring, ;l; is a local normal domain for any prime ideal P of

A. Then by [10, Theorem 31.6], A is universally catenary. Thus we know
(A4) Ais a Z-ring and universally catenary.

Step 2. We assume (A1), (A2), (A3) and (A4).
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By Theorem 4.1, A is not a G-ring. By [9, Theorem 75], there exists a maximal ideal
m of A such that the homomorphism A, — ;l; is not regular. Consider the fibers of
Ap — ;1:1 By (A2), the fibers except for the generic fiber are geometrically regular. So
we concentrate on the generic fiber.

Let L be a finite algebraic extension of Q(A), where Q(A) is the field of fractions of A.
Let By, be the integral closure of A in L. Remark that By, is a finite A-module by (A3).

Consider the following cofiber squares:

L = L — L®adn = [I,L®p, (Br)s
T T T .
B, — Br®iAw — Br®aiAn = [1. (Bo)n

T T T

A — An — A

Here n runs over all the maximal ideals of By, lying over m.

We want to discuss whether L ®p, @ is regular or not for L and n.

Recall that (Br)n/z(Br)n is a G-ring since A/xA is quasi-excellent. Let (Bpr)% be
the x(Bp)y-adic completion of (Br),. By the local lifting property (Definition A.1 in
Appendix A) for G-rings (Rotthaus [14]),

(5.1) (BL)§ is a G-ring.

Hence, the homomorphism (By); — (Bp)j = (BL)n is regular and Sing((By)};) is a closed
subset of Spec(By)y. Therefore, L ®p, (Br)s: is regular if and only if L ®p, (BL)a is

regular. For a finite algebraic extension L of Q(A), we put

S = {qlﬁ

Here, L ®p, (Br); is not regular for some L and n, since A is not a G-ring. Therefore,

q; is a minimal prime ideal of Sing((By)}) such that g N By, = (0), }

where n is a maximal ideal of By,.

& is not empty for some L. We put
(5.2) ho =min{ht Q | Q € &, for some L}.

Remember that A is a Z-ring by (A4). Since By, is a finite A-module, By, is also a
Z-ring. It is easy to see that (B ), is the completion of both (Br), and (Br)i. Since
(Br)n and (Bp); are Z-rings (cf. (5.1)),

(5.3) (BL)n, (Br): and @ are local normal domains.
Therefore we know
(5.4) ho > 2.

We shall prove the following claim in the rest of Step 2.
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Claim 5.2. Let p be a prime ideal of A. If htp < hg, then A, is excellent.

Let p be a prime ideal of A such that 0 < htp < hg. By (A4), A is universally catenary.
It is enough to prove that A, is a G-ring. By (A2) and [9, Theorem 75], it is enough to
show that the generic fiber of A, — Zl\p is geometrically regular. Let L be a finite algebraic
extension of Q(A), and By, be the integral closure of A in L. Consider the following cofiber

squares.
T T T -
B, — Br®iAd, — Br®sA4, = [1, (BL)q
T T /T\
A — Ap — Ay

Here g runs over all the prime ideals of By, lying over p. Since A is normal, we have

(5.5) 0 < htq=htp < ho.

—

It is enough to show that L ®p, (Br)q is regular. Let n be a maximal ideal of By, such
that n D q. Let q* be a minimal prime ideal of q(Byr):. Since (Br)n — (Bpr); is flat, we

have q* N By, = q. Consider the commutative diagram:

(B — ((Bo)pe = ((BL)pe)

T o e
BL — (BL)n — (BL)q — (BL)q

The map « as above is a flat local homomorphism. Since the closed fiber of « is of

dimension 0, we have dim(By)q = dim((Br)})q+. In particular
(5.6) htq = htq*.

By (5.1), B is a regular homomorphism and Sing((By);) is a closed subset of Spec(Bp);.
Let ¢ be the defining ideal of Sing((Bp);) satisfying ¢ = /ci. We put T =
(((Br))q)". Since B is a regular homomorphism, ¢;T is a defining ideal of Sing(T).
Suppose
C:: q:,l m'“mq\isa

where qj ;s are prime ideals of (By); such that gy ; 2 qy ; if @ # j.
One of the following three cases occurs:
Case 1. If none of qy ;’s is contained in q*, then ;T =T
Case 2. If q,; = g* for some ¢, then ;T = q*T".
Case 3. Suppose that da1s ---» Gne are properly contained in q*, and qf 4449, ..., gy ¢ are

not contained in q* for some ¢ satistying 1 <t <'s. Then, ;T = g, T'N---Nqg T
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In any case as above, we can verify ¢iT N By, # (0) as follows. In Case 1, we have
T N B, = By, # (0). In Case 2, we have ¢*T N By, = (4*T'N (BL)}) N BL = q* N B, =
q # (0) by (5.5). In Case 3, suppose that qy ; is properly contained in q*. Then by (5.5)
and (5.6), we have htqj; < ho. Since g, is in Sing((B);), we have g ;N By, # (0) by
the minimality of hg.

Take 0 # b € ¢iT N By. Since ¢;T is the defining ideal of Sing(T), T ®p, Br[b™'] is
regular. Since

(Br)a @, Bulb™'] 22 Top, Brlb]

—

is faithfully flat, (BL) ®p, Br[b™!] is regular. Hence, (BL)q ®p, L is regular. We have
completed the proof of Claim 5.2.

Step 3. Here, we shall complete the proof of Theorem 5.1.
First of all, remember the following Rotthaus’ Hilfssatz (cf. [12, Theorem 1.9 and
Proposition 1.18] or originally [15]).

Theorem 5.3 (Rotthaus’ Hilfssatz). Let B be a Noetherian ring and n € Max B. Assume
that B is xB-adically complete Nagata ring.

We put

I'(n) ={y|nevyCMaxB, ¥y < oc}.

For v € I'(n), we put Sy = B\ Ugeya and B, = S;lB. Consider the homomorphism
B} — By induced by By — By, where ()" denotes the (x)-adic completion.

Let q; be a minimal prime ideal of Sing(By). For each v € I'(n), we put q3 := q; N B5.
We define

Ay(@) = {QN B | @ € Mingz s (B3/a)/(@) } . A@@) = [J Ay

~€el'(n)

where (B%/q%) is the normalization of B} /qy in the field of fractions.

Assume the following two conditions:
(i) for each v € I'(n), htgZ > 0,
(i) #A(x) < o0o.

Then q;; N B # (0) is satisfied.

We refer the reader to [12] for the proof of this theorem. We deeply use it in our proof.

Now, we start to prove Theorem 5.1.

Let L be a finite algebraic extension of Q(A). Let B be the integral closure of A in L.
Let n be a maximal ideal of B. Suppose that g is a minimal prime ideal of Sing(B;;) such
that

(5.7) qu N B = (0)
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and ht q; = hg. We remark that such L, B, n, q; certainly exist by the definition of hg
(see (5.2)).

We define By, By, BY, a3, Ay(z), A(x) as in Theorem 5.3. Recall that B, is a semi-local
ring satisfying Max(B,) = {aB, | a € v}. Since B is zB-adically complete, any maximal
ideal of B contains z. Since B,/xB, is isomorphic to B}/xBJ, there exists one-to-one
correspondence between 7 and the set of maximal ideals of BY. Let n* be the maximal

ideal of B corresponding to n, that is, n* = nBJ.

In the rest of this proof, we shall prove the conditions (i) and (ii) in Theorem 5.3. Then
it contradicts (5.7) and this completes the proof of Theorem 5.1.

Put C, = B,’;/qf/. Since A is a Nagata ring, C is a Nagata ring, too. Therefore, the
normalization C, is a finite Cy-module. Note that = ¢ q since q; N B = (0). Take
Q € Mimcj(C7 /xCy). Since C, is universally catenary, the dimension formula holds
between C, and C ([10, Theorem 15.6]). Thus we know that Q N C, is a minimal prime
ideal of xC,,. Therefore, A (x) defined in Theorem 5.3 coincides with

{QNB|Q € Ming: (B;/q% +xB)}.
Here, we shall prove the following claim.

Claim 5.4. (1) For each v € I'(n), ht q7, = h.
(2) For any Q € A(x), ht Q = hy + 1.

First, we shall prove (1). Consider the following homomorphisms.

(5.8) (B -1 B -4 B,

where n* = nBJ. By the local lifting property for G-rings, B is a G-ring. Since

B\n = (B%)n*, g9f is a regular homomorphism. Since g is faithfully flat, f is a regular

homomorphism by [9, (33.B)] or [10, Theorem 32.1]. Since q3(B3)n* = dy N (B])ar,
(5.9) q%(B})n+ is a minimal prime ideal of Sing((B5)u).
Furthermore, q; is a minimal prime ideal of q3By. Then, we have

ht g% = ht q}(B5)a+ = htqy = ho.

The assertion (1) has thus been proved. Since hg > 2 as in (5.4), the condition (i) in
Theorem 5.3 follows from the above assertion (1).

Next, we prove (2). Take Q € A (x) for some v € I'(n).

We shall prove that B7 is normal. For a € v, let a* denote the maximal ideal aBJ of
Bj. Here B is a normal Z-ring, since A is. Therefore, B, is a normal local domain. The
map (B)q — (Ef;)\u* = B, is a faithfully flat morphism. Then (BZX)q is normal by the

5
corollary of [10, Theorem 23.9]. Hence, we know that B is normal.
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By definition, there exists Q € MinB; (B;/qi‘y +mB§) such that Q@ = Q N B. Since
B, — Bj is flat and QB = Q, we have

(5.10) ht Q = dim(B}) 5 = dim(B,)q = ht Q.

Since B is a Noetherian normal ring, B} is the direct product of finitely many integrally

closed domains. Remember that B is universally catenary. Then we have
(5.11) ht Q = ht g + 1.

By (5.10), (5.11) and the assertion (1) together, we obtain ht Q = hy + 1.

We have completed the proof of Claim 5.4.

Let q be a prime ideal of B such that ht q < hg. Since A is normal, ht(qNA) = ht q < hy.
Hence, A(gna) is excellent by Claim 5.2. Therefore, By is excellent. Let us remember that
B/xB is quasi-excellent. Then by Lemma 4.4, there exists b; € B\ q such that there exists

an alteration covering

(5.12) (X, ™23 Spec(Bly; ')}

such that

(5.13) ¢_1.<Spec Blby ] >c Reg(Xp, 1)
. bq,i l’B[b;l] bqt

for each i. We put

Q= USpec(B[bq_l]) C Spec(B).
q
By definition, €2 is an open set that contains all the prime ideals of B of height less than or
equal to hg. Hence, the complement 2¢ contains only finitely many prime ideals of height
ho + 1. If A(z) is contained in Q€ then A(z) must be a finite set by Claim 5.4 (2).

Thus, it suffices to prove
A(x) C Q.

Assume the contrary. Take Q € A(x) N Q. Since Q € A(z), there exists Q €
Minp: (B;/q;—}—xB:) such that Q N B = Q for some v € I'(n). Since Q € Q, we
find that @ € Spec(BI[b;!]) for some q with ht g < ho.

Since (5.12) is an alteration covering, we have a proper surjective generically finite
map 7 : V' — Spec(B[b;']), together with an open covering V' = |J; Vi and a morphism
¥ : Vi — Xy, i for each i with commutative diagrams as in (3.1). Consider the following
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diagram:
Vi C 1
+ v Ly
Dhg.i
X; ; =5 Spec(Bilt;']) — Spec(B?)
lg lh !

Poq,i

Xp,i —> Spec(B[b;']) — Spec(B)

We put () = () Xspec 3 Spec B3. Then, both Q and qy are contained in Spec(B; [bq_l])
Since f' : V' — Spec(B;[bq*l]) is proper surjective, there exist &1, € V' such that
f'(€1) = Q, f'(&) = q3, and & is a specialization of &. Since V' = J; V/ is a Zariski open
covering, we have & € V/ for some i. Since V/ is closed under generalization, both & and
&2 are contained in V. Here, we put n1 = 9;(£1), n2 = ¥i(&2) and (1 = g(¥;(&1))-

Since z € Q and ¢y, ;(¢1) = Q, we know that Oqu,i:<1 is a regular local ring by (5.13).

Since B — B is flat, Oqu WG OX{, is a flat local homomorphism. Its closed fiber
’ q

FRI!

is the identity since the maximal ideal of O Xpg,ixG1 contains x. Thus, O X! is a regular
’ q

RRL

local ring. Since 72 is a generalization of 7, OX@ . 18 also a regular local ring. Here,
q-

7772
(BY)qzy — Ox; g is flat, since h(q3) = (0) by (5.7). Therefore, (BY)q: is a regular local
q,%’
ring. It contradicts (5.9). The condition (ii) in Theorem 5.3 has been proved.

We have completed the proof of Theorem 5.1. O

APPENDIX A. LIFTING PROPERTY, LOCAL LIFTING PROPERTY, ETC.

We introduce notions of the lifting property, the local lifting property, etc. We make a

table on the known results here.

Definition A.1. Let P be a ring theoretic property of Noetherian rings.

(1) We say that the Lifting Property (LP for short) holds for P, if the following
condition holds. For any Noetherian ring A with an ideal I such that A is I-
adically complete, if A/I is P, then A is P.

(2) We say that the Local Lifting Property (LLP for short) holds for P, if the lifting
property holds for P in the case where the given ring A is semi-local.

(3) We say that the Power Series Extension Property (PSEP for short) holds for P,
if the following condition holds. For any Noetherian ring A, if A is P, then the
formal power series ring Al[z]] is P.

(4) We say that the Ideal-adic Completion Property (ICP for short) holds for P, if
the following condition holds. For any Noetherian ring A with an ideal I, if A is
P, then the I-adic completion of A is P.
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For any property P, it is easy to see the following implications:
LLP < LP = PSEP.

If the category of Noetherian rings having the property P is closed under homomorphic
images, then the implication

PSEP = ICP

holds since A[[z1....,2,]]/(x1 —a1,...,xn — ay) coincides with the (ay,...,a,)-adic com-
pletion of A.
If the category of Noetherian rings having the property P is closed under polynomial

extension, then the implication

PSEP < ICP

holds since A[[zy....,x,]] is the (z1,...,x,)-adic completion of Alx1,...,zy].

In this article, we consider P as one of the following properties:
G-ring, quasi-excellent, excellent, universally catenary, Nagata, Nagata Z-ring.

Let us remark that the category of Noetherian rings with P as above is closed under
polynomial extensions and homomorphic images ",

By Nagata-Ratliff theorem ([13, Theorem 3.1]), PSEP holds for P = universally cate-
nary. In 1975, Marot [8] proved that LP holds for P = Nagata. In 1979, Rotthaus [14]
proved that LLP holds for P = G-ring. Hence, LLP holds for P = quasi-excellent. In 1981,
Nishimura [11] found an example, and proved that ICP does not hold for P = G-ring.
In 1982, Greco [3] found an example, and proved that LLP does not hold for both P =
universally catenary and P = excellent. In 1987, Nishimura-Nishimura ([12, Theorem A])
proved that LP holds for P = Nagata Z-ring. They also proved that LP holds for P =
quasi-excellent, if the ring contains a field of characteristic 0 ([12, Theorem B]). As in

Main Theorem 1, Gabber proved that LP holds for P = quasi-excellent in general.

| Lop | LP | PSEP | ICP |
G-ring O X X X
quasi-excellent O O O O
excellent X X O O
universally catenary X X O O
Nagata O O O O
Nagata Z-ring O O O O

*Polynomial rings over a G-ring are also G-rings (cf. [9, Theorem 77]). One can prove the same for Z-
rings in the same way. The category of Nagata rings is closed under polynomial extensions, homomorphic

images and localizations (cf. [9, Theorem 72]).
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Remark that PSEP and ICP hold for P = excellent since they hold for both P = quasi-

excellent and P = universally catenary. Thus Main Theorem 2 follows.
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