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ABSTRACT. As part of stratification of Cohen-Macaulay rings, we introduce and develop the
theory of Goto rings, generalizing the notion of almost Gorenstein rings originally defined by
V. Barucci and R. Fröberg in 1997. What has dominated the series of researches on almost
Gorenstein rings is the fact that the reduction numbers of extended canonical ideals are at most
2; we define Goto rings as Cohen-Macaulay rings admitting such extended canonical ideals. We
provide a characterization of Goto rings in terms of the structure of Sally modules and deter-
mine the Hilbert functions of them. Various examples of Goto rings that come from numerical
semigroups, idealizations, fiber products, and equimultiple Ulrich ideals are explored as well.
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1. INTRODUCTION

The objective of the present paper is, so as to stratify Cohen-Macaulay rings, to establish
the theory of Goto rings as a new class of rings which fills in a gap between Gorenstein and
Cohen-Macaulay properties. Underlying this we have a natural and naive query of why there
are so many Cohen-Macaulay rings which are not Gorenstein. Although Cohen-Macaulay and
Gorenstein rings are the two wings that have led to the rapid advancement of modern commu-
tative ring theory, there had been little analysis on the difference between them. Yet the above
question is attractive and has a significance, for a ring theoretic viewpoint in the sense of re-
sponding to the strong desire to classify local rings in detail, and for the development of other
fields closely related to commutative algebras.
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The first step to attack the question should be considered to find a new class of rings, which
may not be Gorenstein, but sufficiently good next to Gorenstein rings. The notion of almost
Gorenstein rings is one of the candidates for such classes. Historically the theory of almost
Gorenstein rings was introduced by V. Barucci and R. Fröberg [1] in the case where the local
rings are analytically unramified and of dimension one, e.g., numerical semigroup rings over
a field. In 2013, their work inspired S. Goto, N. Matsuoka, and T. T. Phuong to extend the
notion of almost Gorenstein rings for arbitrary one-dimensional Cohen-Macaulay local rings.
More precisely, a Cohen-Macaulay local ring R with dimR = 1 is called almost Gorenstein
if R admits a canonical ideal I such that e1(I) ≤ r(R), where e1(I) denotes the first Hilbert
coefficients of R with respect to I and r(R) is its Cohen-Macaulay type ([15, Definition 3.1]).
Two years later, Goto, R. Takahashi, and the author of this paper defined almost Gorenstein
graded/local rings of arbitrary dimension. Let R be a Cohen-Macaulay local ring with maximal
ideal m. Then R is said to be an almost Gorenstein ring if R admits a canonical module KR and
there exists an exact sequence

0→ R→ KR→C→ 0

of R-modules such that µR(C) = e0
m(C) ([24, Definition 3.3]). Here, µR(−) (resp. e0

m(−))
denotes the number of elements in a minimal system of generators (resp. the multiplicity with
respect to m). When dimR = 1, if R is an almost Gorenstein local ring in the sense of [24], then
R is almost Gorenstein in the sense of [15]. The converse does not hold in general ([24, Remark
3.5], see also [15, Remark 2.10]); however it does when R/m is infinite ([24, Proposition 3.4]).
Since then and up to the present, the question of when various Cohen-Macaulay rings, including
Rees algebras, determinantal rings, Stanley-Reisner rings, and others are almost Gorenstein has
been studied ([2, 16, 17, 19, 18, 23, 29, 33, 43]). Among them, we encounter non-almost
Gorenstein rings, but some of which still have good structures; time has come to generalize
almost Gorenstein rings.

The notions of generalized Gorenstein rings ([14, Definition 3.3]) and 2-almost Gorenstein
rings ([3, Definition 1.3]) have been proposed as the generalizations of almost Gorenstein rings.
In the research on a series of almost Gorenstein rings starting from [1] of Barucci and Fröberg,
what has dominated these theories is the fact that the reduction numbers of extended canonical
ideals are at most 2 ([3, Theorem 3.7], [12, Theorem 1.2], [24, Corollary 5.3]). In this paper we
focus on the reduction numbers of extended canonical ideals and aim to build a new theory that
can be understood these theories in a unified manner. As it turns out, the present research has
been strongly inspired by [3, 12], but is not just routine generalization and requires a good deal
of technical development.

Let (A,m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canonical module
KA. Let I (6= A) be an ideal of A such that I ∼= KA as an A-module. An ideal J is called
an extended canonical ideal of A if J = I +Q for some parameter ideal Q = (a1,a2, . . . ,ad)

satisfying that a1 ∈ I and Q is a reduction of J.

Definition 1.1. For an integer n≥ 0, we say that A is an n-Goto ring if there exists a parameter
ideal Q = (a1,a2, . . . ,ad) of A such that a1 ∈ I, rankSQ(J) = n, and SQ(J) is generated by the
homogeneous elements of degree one, where J = I+Q and SQ(J) =

⊕
i≥1 Ji+1/JQi denotes the

Sally module of J with respect to Q.
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The condition that SQ(J) is generated by the homogeneous elements of degree one holds
if and only if J3 = QJ2, i.e., the reduction number of J is at most 2 ([20, Lemma 2.1 (5)]).
Thus the ideal J appeared in Definition 1.1 forms an extended canonical ideal of A, while the
rank of Sally modules coincides with the length of J2/QJ as an A-module (Lemma 2.4 (2)).
Hence, Goto rings are none other than Cohen-Macaulay rings admitting extended canonical
ideals whose reduction numbers are at most 2, and the class of Goto rings provides meticulous
stratification of those kind of Cohen-Macaulay rings in terms of the rank of Sally modules.
Indeed, a 0-Goto ring is precisely Gorenstein (Theorem 10.1), and every 1-Goto ring is non-
Gorenstein almost Gorenstein. Moreover, when d = 1 (see Section 4), or the field A/m is infinite
(Theorem 10.4), the notions of being 1-Goto and being non-Gorenstein almost Gorenstein in
fact coincide. When d = 1, every 2-Goto ring is 2-almost Gorenstein ([3, Theorem 3.7]). By
[12, Theorem 1.2] if A is a generalized Gorenstein ring with respect to an m-primary ideal a,
then A is an n-Goto ring, where n is the length of the A-module A/a, provided that A/m is
infinite and A is not Gorenstein. Note that the notion of Goto rings in our sense is different
from that in [10, Definition 4.4], and there are no implications between Goto rings and nearly
Gorenstein rings in the sense of [27, Definition 2.2]; see Example 10.6.

The reduction numbers of ideals are closely related to the coefficients of Hilbert polynomials
and blow-up algebras. For an m-primary ideal J, we assume J contains a parameter ideal Q as
a reduction. Classically one has the inequality

e1(J)≥ e0(J)− ℓA(A/J)

([35, Theorem 1]), where ei(J) is the i-th Hilbert coefficients of A with respect to J, and the
equality e1(J) = e0(J)−ℓA(A/J) holds if and only if J2 = QJ ([30, Theorem 2.1], [38, Theorem
4.3], see also [32, Theorem 1.9]). When this is the case, both of the graded rings grJ(A) =⊕

n≥0 Jn/Jn+1 and F (J) =
⊕

n≥0 Jn/mJn are Cohen-Macaulay; moreover the Rees algebra
R (J) is Cohen-Macaulay, provided d ≥ 2. As next border, in [42] J. Sally characterized the
ideals J with e1(J) = e0(J)− ℓA(A/J)+ 1 and e2(J) 6= 0. W. V. Vasconcelos introduced Sally
modules, recovered Sally’s results, and made further progress in this direction, e.g., the rank of
SQ(J) is given by e1(J)−e0(J)+ℓA(A/J); see [45, Corollary 3.3]. Thereafter, in [20, 21] Goto,
K. Nishida, and K. Ozeki finally brought fruit to fruition for the theory of Sally modules of rank
one. Whereas they have considered general m-primary ideals, we concentrate in this paper on
extended canonical ideals, raise the rank of the Sally modules, and attempt to understand the
relation with the structure of base rings more deeply.

We state our results explaining how this paper is organized. In Section 2 we summarize
some preliminaries on extended canonical ideals and their Sally modules, both of which play
an important role in our argument. Section 3 is devoted to define Goto rings and to explore
basic properties. As shown in Theorem 3.5, the Goto property is preserved by taking modulo
super-regular sequences. This observation suggests us that the importance of analysis in the
one-dimensional case for Goto rings.

Section 4 focuses on Goto rings of dimension one. For a one-dimensional Cohen-Macaulay
local ring R with maximal ideal m, the condition that R contains a canonical ideal possessing a
parameter ideal as a reduction is equivalent to the existence of a fractional canonical ideal K,
i.e., K is an R-submodule of Q(R) such that R ⊆ K ⊆ R and K ∼= KR as an R-module, where
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R denotes the integral closure of R in its total ring Q(R) of fractions and KR stands for the
canonical module of R ([15, Corollary 2.8]). Using this, the ring R is n-Goto if and only if K2 =

K3 and ℓR(K2/K) = n, where ℓR(−) denotes the length as an R-module. Theorem 4.9 shows
that, for each n≥ 2, the ring R is n-Goto if and only if the blow-up B =

∪
n≥0 [m

n : mn] of m is
(n− 1)-Goto, provided that R has minimal multiplicity, the field R/m is algebraically closed,
and R is a local ring. In Sections 5 and 6, we investigate the question of when idealizations
and fiber products are Goto rings, which allows us to enrich the theory and produce concrete
examples of such rings. We prove that if R is n-Goto and the R-module K2/K is cyclic, both of
the trivial extension R⋉c and the fiber product R×R/cR are n-Goto rings for every n≥ 1, where
c = R : R[K]; see Corollary 5.4. Let us remark here that the cyclicity of K2/K is satisfied if R
is almost Gorenstein, 2-almost Gorenstein, and generalized Gorenstein rings (Lemma 4.4, [15,
Theorem 3.11], [3, Proposition 3.3], [14, Theorem 4.11]). When R and S are one-dimensional
Cohen-Macaulay local rings with common residue class field k, for each n≥ 2, the fiber product
R×k S of the canonical homomorphisms R−→ k←− S is (n+1)-Goto provided that R is n-Goto
and S is 2-Goto (Theorem 6.1).

In Section 7 we aim to characterize the Goto property for semigroup rings k[[H]] over a field k,
especially, of three-generated numerical semigroups H. Besides we determine all the numerical
semigroups H corresponding to the Goto ring k[[H]] with minimal multiplicity 3 (Corollary 7.3).
In Section 8, we provide a necessary and sufficient condition for a one-dimensional Cohen-
Macaulay ring R of the from R = T/a to be a Goto ring, in terms of minimal free presentations
of fractional canonical ideals, where T is a regular local ring and a is an ideal of T . Our results
Corollary 8.4 and Theorem 8.9 correspond to those about almost Gorenstein (resp. 2-almost
Gorenstein) rings given by [24, Theorem 7.8] (resp. [13, Theorems 2.2, 2.9]). Even though we
need an extra assumption on rings, Corollary 8.4 provides an explicit system of generators of
defining ideals in numerical semigroup rings possessing canonical ideals with reduction number
2. In addition Theorem 8.9 leads us to obtain, for given integers n≥ 2 and ℓ≥ 3, an example of
n-Goto rings of dimension ℓ; see Example 8.14.

The notion of Ulrich ideals is defined for m-primary ideals and is one of the modifications
of that of stable maximal ideals. The definition ([22, Definition 1.1]) was brought about by
S. Goto, K. Ozeki, R. Takahashi, K.-i. Watanabe, and K.-i. Yoshida in 2014, where they
developed the basic theory, revealing that the behavior of Ulrich ideals has ample information
about the singularities of rings. In Section 9 we extend the notion to equimultiple ideals and
provide a construction of Goto rings of higher dimension; see Theorem 9.4. In Section 10, we
investigate the relation between the structure of Sally modules of extended canonical ideals and
Goto rings. We start by characterizing Gorenstein rings in terms of the Cohen-Macaulayness
of the associated graded rings of extended canonical ideals. Theorem 10.8 is a generalization
of [24, Corollary 5.3 (2)] and [3, Theorem 3.7]. As an application, we determine the Hilbert
function of Goto rings as well; see Corollary 10.9. In the final section, we explore the existence
of a certain embedding of Goto rings into its canonical module. Theorem 11.2 shows that the
cokernel of such embedding is a direct sum of Ulrich modules.

Throughout this paper, unless otherwise specified, we fix the terminology and notation as
follows. For an arbitrary commutative ring A, an ideal I of A is called regular if it contains a
non-zerodivisor on A. We denote by Q(A) the total ring of fractions of A. For A-submodules
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X and Y of Q(A), let X : Y = {a ∈ Q(A) | aY ⊆ X}. If we consider ideals I,J of A, we set
I :A J = {a ∈ A | aJ ⊆ I}; hence I :A J = (I : J)∩A. A fractional ideal I of A is a finitely
generated A-submodule of Q(A) satisfying Q(A) · I = Q(A). For an integer t > 0, let It(X) be
the ideal of A generated by all the t× t minors of a matrix X with entries in A. When (A,m) is
a Cohen-Macaulay local ring with d = dimA, for an A-module M, let ℓA(M) denote the length
of M and µA(M) stand for the number of elements of a minimal system of generators for M.
We set v(A) = µA(m) and r(A) = ℓA(ExtdA(A/m,A)). For an m-primary ideal I in A, let ei(I)
be the i-th Hilbert coefficient of A with respect to I. In particular, we denote by e(A) = e0(m)

the multiplicity of A. Let A be the integral closure of A in Q(A) when d = 1; otherwise it may
denote the residue class ring of A when there is no confusion. For a graded module M over
a graded ring R and for an integer ℓ, let M(ℓ) denote the graded R-module whose underlying
R-module is the same as that of the R-module M and the grading is given by [M(ℓ)]m = Mℓ+m
for all m ∈ Z, where [−]m denotes the m-th homogeneous component.

2. PRELIMINARIES

Let (A,m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canonical module
KA. An ideal I of A is called a canonical ideal of A if I 6= A and I ∼= KA as an A-module.
Recall that A possesses a canonical ideal if and only if the local ring Ap is Gorenstein for every
p ∈ SpecA with dimA/p = d; see [7, Proposition 2.3]. Hence, the canonical ideal exists if the
total ring of fractions Q(A) of A is Gorenstein. Introduced by D. G. Northcott and D. Rees
([36]), for ideals J and Q of A with Q ⊆ J, we say that Q is a reduction of J if Jr+1 = QJr for
some r ≥ 0; the least such integer r, denoted by redQ(J), is called the reduction number of J
with respect to Q. Geometrically, Q is a reduction of J if and only if the canonical morphism
Proj(A[Jt])→ Proj(A[Qt]) is finite, provided that Q is an m-primary ideal of A, where t denotes
an indeterminate over A; see [46, Proposition 1.44].

We assume that A admits a canonical ideal I of A. Let us begin with the following.

Definition 2.1. We say that a parameter ideal Q = (a1,a2, . . . ,ad) of A satisfies the condition
(♯) if a1 ∈ I and Q is a reduction of Q+ I. An ideal J of A is called an extended canonical ideal
of A if J = I +Q for some parameter ideal Q with condition (♯).

When dimA = 1, a parameter ideal Q satisfying the condition (♯) is nothing but a parameter
ideal which forms a reduction of I. The parameter ideals exist if the field A/m is infinite, or A
is analytically irreducible, i.e., the m-adic completion Â of A is an integral domain. Thus the
numerical semigroup rings over a field always possess the parameter ideals. There are examples
in higher dimensions as well.

Example 2.2. Let ℓ ≥ 3 be an integer and T = k[[X1,X2, . . . ,Xℓ,V1,V2, . . . ,Vℓ−1]] the formal
power series ring over a field k. For given integers m≥ n≥ 2, we set

A = T/I2

(
Xn

1 X2 +V1 · · · Xℓ−1 +Vℓ−2 Xℓ+Vℓ−1

X2 X3 · · · Xℓ Xm
1

)
.

Let I =(xn
1,x2, . . . ,xℓ−1) and Q=(xn

1,v1, . . . ,vℓ−1), where xi and vi (1≤ i<ℓ) denote the images
of Xi and Vi in A, respectively. Then A is a Cohen-Macaulay local ring with dimA = ℓ admitting
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the canonical ideal I, and Q is a parameter ideal of A satisfying the condition (♯). See Example
8.14 for the proof.

We choose a parameter ideal Q = (a1,a2, . . . ,ad) with condition (♯) and set J = I+Q. When
d ≥ 2, the ideal q = (a2,a3, . . . ,ad) forms a parameter ideal in a Gorenstein local ring A/I, we
see that q∩ I = qI. Hence, by setting A = A/q, we get JA ∼= I/qI ∼= KA, so that JA forms a
canonical ideal of A. Let

R = R (J) = A[Jt]⊆ A[t] and T = R (Q) = A[Qt]⊆ A[t]

be the Rees algebras of I and Q, respectively, where t denotes an indeterminate over A. Follow-
ing the terminology of W. V. Vasconcelos [45], we define

SQ(J) = JR /JT ∼=
⊕
i≥1

Ji+1/JQi

and call it the Sally module of J with respect to Q. Since R is a module-finite extension of T ,
the Sally module SQ(J) is a finitely generated graded T -module. Note that J2 = QJ if and only
if SQ(J) = (0), and J3 = QJ2 is equivalent to saying that SQ(J) = T [SQ(J)]1 ([20, Lemma 2.1
(3), (5)]).

We summarize some basic facts on Sally modules that we will use throughout this paper. Let
grJ(A) = R /JR ∼=

⊕
n≥0 Jn/Jn+1 be the associated graded ring of J and set p=mT ∈ SpecT .

In this paper, we consider the module (0) as Cohen-Macaulay.

Fact 2.3 ([20, Lemma 2.1 (1), Proposition 2.2]). The following assertions hold true.

(1) mℓ·SQ(J) = (0) for all ℓ� 0.
(2) AssT SQ(J)⊆ {p}; hence dimT SQ(J) = d, provided SQ(J) 6= (0).
(3) ℓA(A/Jn+1) = e0(J)

(n+d
d

)
− [e0(J)− ℓA(A/J)]

(n+d−1
d−1

)
− ℓA([SQ(J)]n) for all n≥ 0.

(4) e1(J) = e0(J)− ℓA(A/J)+ ℓTp
([SQ(J)]p).

(5) SQ(J) is a Cohen-Macaulay graded T -module if and only if depthgrJ(A)≥ d−1.

We define

rankSQ(J) = ℓTp
([SQ(J)]p)

and call it the rank of the Sally module SQ(J). Then e1(J) = e0(J)− ℓA(A/J)+ rankSQ(J).
A sequence x1,x2, . . . ,xℓ (ℓ > 0) of elements in A is called a super-regular sequence of A with

respect to J if x1t,x2t, . . . ,xℓt ∈ R is a regular sequence on grJ(A). We then have the following.

Lemma 2.4. Suppose that SQ(J) = T [SQ(J)]1. Then the following assertions hold true.

(1) If d ≥ 2, then a2,a3, . . . ,ad ∈ q forms a super-regular sequence of A with respect to J.
In particular, depthgrJ(A)≥ d−1.

(2) The Sally module SQ(J) is Cohen-Macaulay and rankSQ(J) = ℓA(J2/QJ).

Proof. (1) Thanks to [44, Corollary 2.7], it suffices to show that q∩ Jm+1 = qJm for all m ∈ Z.
We may assume m≥ 1. Suppose m = 1. Since J2 = qJ+ I2, we get

q∩ J2 = q∩ (qJ+ I2) = qJ+q∩ I2 ⊆ qJ
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because q∩ I = qI. Suppose that m ≥ 2 and our assertion holds for m− 1. As J3 = QJ2, we
have Jm+1 = QJm = a1Jm +qJm. Hence

q∩ Jm+1 = q∩ (a1Jm +qJm) = qJm +q∩ (a1Jm) = qJm +a1(q∩ Jm)

= qJm +a1(qJm−1) = qJm

where the third and fourth equalities follow from q :A a1 = q and the induction hypothesis on m,
respectively. Therefore a2,a3, . . . ,ad ∈ q forms a super-regular sequence of A with respect to J.
(2) By Fact 2.3 (3), the Sally module SQ(J) is Cohen-Macaulay as a T -module. This shows,

by [9, Theorem 2.1] the equality

rankSQ(J) =
r−1

∑
i=1

ℓA(Ji+1/QJi)

holds where r = redQ(J). Since SQ(J) = T [SQ(J)]1, we get r ≤ 2 and hence rankSQ(J) =
ℓA(J2/QJ). □

We investigate the relation between the Sally modules and super-regular elements.

Proposition 2.5. Let (A,m) be a Cohen-Macaulay local ring with d = dimA ≥ 2 and J an
m-primary ideal of A admitting a parameter ideal Q as a reduction. Let a ∈ Q \mQ be a
super-regular element of A with respect to J. Then one has an exact sequence

0→ SQ(J)(−1) ât−→ SQ(J)→ SQ/(a)(J/(a))→ 0

of graded T -modules, where T = R (Q) = A[Qt] and t is an indeterminate over A. Hence we
have an isomorphism

SQ(J)/(at)SQ(J)∼= SQ/(a)(J/(a))

of graded T -modules.

Proof. Let J = J/(a) and Q = Q/(a). For each n≥ 1, we consider the exact sequence

0→ X → Jn+1/QnJ→ Jn+1
/QnJ→ 0

of A-modules. Then, because a ∈ Q is super-regular, we get

X =
(QnJ+(a))∩ Jn+1

QnJ
=

QnJ+(a)∩ Jn+1

QnJ
=

QnJ+aJn

QnJ
∼=

aJn

QnJ∩aJn .

By choosing an ideal q of A with Q = (a)+q, we obtain the equalities

QnJ∩aJn = aJn∩ (aQn−1 +qn)J = aQn−1J+(aJn∩qnJ) = aQn−1J

where the last comes from the fact that (a)∩qn = aqn. Therefore

[SQ(J)]n−1 = Jn/Qn−1J
â
∼−→ aJn/aQn−1J = X

as desired. □

We note the following.
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Proposition 2.6. Let φ : (A,m)→ (A1,m1) be a flat local homomorphim of Noetherian local
rings and J an m-primary ideal of A admitting a parameter ideal Q as a reduction. Then one
has isomorphisms

A1⊗A SQ(J)∼= SQA1(JA1) and A1⊗A T [SQ(J)]1
∼= T1 [SQA1(JA1)]1

of graded T -modules, where T = R (Q) and T1 = R (QA1).

Proof. Let J1 = JA1 and Q1 = QA1. The isomorphism A1⊗A A[t]
α
∼−→ A1[t] of A1-algebras

induces the isomorphisms A1⊗A R (J) ∼= R (J1) and A1⊗A R (Q) ∼= R (Q1). Then, because
A1⊗A JR (J)∼= J1R (J1) and A1⊗A JR (Q)∼= J1R (Q1), the flatness of A1 provides a commuta-
tive diagram

0 // A1⊗A JR (Q) //

∼=
��

A1⊗A JR (J) //

∼=
��

A1⊗A SQ(J) // 0

0 // J1R (Q1) // J1R (J1) // SQ1(J1) // 0

of graded T -modules. This yields that A1⊗A SQ(J) ∼= SQA1(JA1). Similarly we have A1⊗A

T [SQ(J)]1
∼= T1 [SQA1(JA1)]1. □

Closing this section we discuss the existence of parameter ideals with condition (♯).

Lemma 2.7. Let (A,m) be a Noetherian local ring with d = dimA > 0 and J an m-primary
ideal of A. If g1,g2, . . . ,gd ∈ J forms a superficial sequence of A with respect to J, then the ideal
of A generated by the sequence g1,g2, . . . ,gd is a parameter ideal which is a minimal reduction
of J.

Proof. Set Q = (g1,g2, . . . ,gd). Suppose d = 1. As J is m-primary, we note that g1 ∈ J is a sys-
tem of parameter of A. Choose an integer ℓ > 0 such that Jℓ ⊆ (g1). Since g1 is a superficial ele-
ment of A with respect to J, there exists an integer N ≥ 0 satisfying Jn+1 :A g1 = Jn+[(0) :A g1]

for all n≥ N. Hence the equality Jn+1 = g1Jn holds for every n≥max{N, ℓ−1}.
We assume that d ≥ 2 and our assertion holds for d−1. Let A= A/(g1), J = JA, and Q=QA.

Note that g1 ∈ J is a subsystem of parameters of A and dimA = d−1. For each 2 ≤ i ≤ d, we
denote by gi the image of gi in A. Since g2,g3, . . . ,gd ∈ J forms a superficial sequence of A with
respect to J, the hypothesis of induction on d shows that Q is a reduction of J, i.e., Jr+1

= Q ·Jr

for some r ≥ 0. Besides, we can choose an integer N ≥ 0 such that Jn+1 :A g1 = Jn +[(0) :A g1]

for all n≥N, because g1 ∈ J is a superficial element of A with respect to J. Therefore, for every
n≥max{N,r}, we have

Jn+1 ⊆ (g2,g3, . . . ,gd)Jn +(g1)

which yields that

Jn+1 ⊆ [(g2,g3, . . . ,gd)Jn +(g1)]∩ Jn+1 = (g2,g3, . . . ,gd)Jn +(g1)∩ Jn+1 = QJn

because (g1)∩ Jn+1 = g1Jn. Hence Jn+1 = QJn, so that Q is a reduction of J. □

Remark 2.8. If a1,a2, . . . ,aℓ ∈ J (ℓ > 0) forms a super-regular sequence of A with respect to J,
then the sequence a1,a2, . . . ,aℓ forms superficial of A with respect to J.
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Proposition 2.9. Suppose that A has an infinite residue class field. Then there exists a parameter
ideal Q = (a1,a2, . . . ,ad) of A which satisfies the condition (♯). In particular, the extended
canonical ideal exists.

Proof. Since dimA/I = d−1, we choose a parameter ideal Q′ = ( f1, f2, . . . , fd) of A such that
f1 ∈ I. We consider the m-primary ideal J = I+Q′ = ( f2, f3, . . . , fd)+ I. Since the field A/m is
infinite, we can choose a superficial sequence g1,g2, . . . ,gd ∈ J of A with respect to J. Thanks
to Lemma 2.7, the ideal Q = (g1,g2, . . . ,gd) is a reduction of J. By setting A = A/I and J = JA,
the ideal (g1,g2, . . . ,gd) forms a reduction of J, where (−) denotes the image in A. Hence,
because J is a parameter ideal of A, we get the equality

(g1,g2, . . . ,gd) = ( f2, f3, . . . , fd)

inside of the ring A. Thus

J = I +(g1,g2, . . . ,gi−1,gi+1, . . . ,gd)

for some 1 ≤ i ≤ d. We set q = (g1,g2, . . . ,gi−1,gi+1, . . . ,gd) and write gi = ξ+η with ξ ∈ I
and η ∈ q. Then Q = (g1,g2, . . . ,gd) = (ξ)+ q is a parameter ideal of A which satisfies the
condition (♯). □

3. DEFINITION OF GOTO RINGS

Let (A,m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canonical ideal I.
Namely, I is an ideal of A such that I 6= A and I ∼= KA as an A-module. Here, we remark that the
existence of canonical ideals implicitly assumes the existence of the canonical module KA.

Definition 3.1. For each integer n≥ 0, we say that A is an n-Goto ring if there exists a parameter
ideal Q = (a1,a2, . . . ,ad) of A such that the following conditions are satisfied, where J = I +Q
and T = R (Q) denotes the Rees algebra of Q.

(1) a1 ∈ I.
(2) rankSQ(J) = n.
(3) SQ(J) = T [SQ(J)]1.

In Definition 3.1, the condition (3) is satisfied if and only if J3 = QJ2; hence Q is a reduction
of J, so that the parameter ideal Q of A satisfies the condition (♯). By Lemma 2.4 (2), the
condition (2) ensures that ℓA(J2/QJ) = n. Thus, roughly speaking, the notion of Goto rings
attempts to analyze and understand the structure of Cohen-Macaulay rings admitting extended
canonical ideals whose reduction numbers are at most 2, using the difference between J2 and QJ
as a clue. The key to the series of researches on almost Gorenstein rings lies in the fact that the
reduction numbers of extended canonical ideals are 2. In fact, Theorem 10.1 shows that a 0-Goto
ring is exactly Gorenstein, and that every 1-Goto ring is non-Gorenstein almost Gorenstein. In
addition, if either d = 1 (see Section 4) or the residue field A/m is infinite (Theorem 10.4), then
the two notions – being 1-Goto and being non-Gorenstein almost Gorenstein – are equivalent.
When d = 1, every 2-Goto ring is nothing but 2-almost Gorenstein ([3, Theorem 3.7]). Besides,
by [12, Theorem 1.2] if A is a generalized Gorenstein ring with respect to an m-primary ideal a,
then A is an n-Goto ring with n= ℓA(A/a), provided that A/m is infinite and A is not Gorenstein.

We define Goto rings with fixed parameter ideals as follows.
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Definition 3.2. Let Q = (a1,a2, . . . ,ad) be a parameter ideal which satisfies the condition (♯).
We set J = I +Q and T = R (Q). For each integer n≥ 0, we say that A is an n-Goto ring with
respect to Q if SQ(J) = T [SQ(J)]1 and rankSQ(J) = n, i.e., J3 = QJ2 and ℓA(J2/QJ) = n.

Every almost Gorenstein ring is 1-Goto; hence so are two-dimensional rational singularities
and one-dimensional Cohen-Macaulay local rings of finite CM representation type ([24, Corol-
lary 11.4, Theorem 12.1]). We provide a list of examples of n-Goto rings with n≥ 2 that follow
from the results proved later; see Examples 4.8, 5.6, 6.3.

Example 3.3. Let n ≥ 1 be an integer. Let k[[t]] stand for the formal power series ring over a
field k.

(1) The semigroup ring k[[t3, t3n+1, t3n+2]] is n-Goto and it is an integral domain.
(2) The fiber product k[[t3, t3n+1, t3n+2]]×k k[[t]] is n-Goto and reduced, but not an integral

domain. The ring is not generalized Gorenstein when n≥ 2.
(3) The idealization k[[t3, t3n+1, t3n+2]]⋉ k[[t]] is n-Goto and it is not a reduced ring.

Remark 3.4. As each parameter ideal in a Gorenstein ring is an extended canonical ideal, every
n-Goto ring with n≥ 1 is not Gorenstein. Note that, when dimA= 1, the Goto property does not
depend on the choice of parameter ideals ([3, Theorem 2.5]). Yet it does when dimA ≥ 2. For
example, we consider the ring A = T/I2

(
X2 Y+W Z
Y Z X3

)
, where T = k[[X ,Y,Z,W ]] stands for the

formal power series ring over an infinite field k. We denote by x,y,w the images of X ,Y,W in A,
respectively. The ring A admits a canonical ideal I = (x2,y) and a parameter ideal Q = (x2,w).
Then, by setting J = I+Q, we get J3 = QJ2 and ℓA(J2/QJ) = 2. Hence A is a 2-Goto ring with
respect to Q. In contrast the exact sequence

0→ A
φ−→ I→C→ 0

of A-modules where φ(1) = x2− y yields that A is almost Gorenstein, because mC = xC. Here
m denotes the maximal ideal of A. Thus we can choose a parameter ideal Q′ = ( f1, f2) of A
such that f1 ∈ I and m(I +Q′) = mQ′ ([24, Theorem 5.1]). Hence A is 1-Goto with respect to
Q′ ([24, Corollary 5.3], see also Theorem 10.4).

Let us investigate basic properties of Goto rings.

Theorem 3.5. Suppose that d ≥ 2. Let n≥ 0 be an integer and Q = (a1,a2, . . . ,ad) a parameter
ideal of A satisfying the condition (♯). We set q= (a2,a3, . . . ,ad) and J = I +Q. Let x ∈ q\mq

be a super-regular element of A with respect to J. Then the following conditions are equivalent.

(1) A is an n-Goro ring with respect to Q.
(2) A/(x) is an n-Goto ring with respect to Q/(x).

Proof. Let A = A/(x), J = JA, I = IA, and Q = QA. Then I = (I +(x))/(x) ∼= I/xI ∼= KA, so
that I is a canonical ideal of A. Since Q is a reduction of J = I +Q and a1 ∈ I, the parameter
ideal Q satisfies the condition (♯) for A, where a1 denotes the image of a1 in A. Note that x ∈ q

is a part of a minimal basis of Q. For each m ∈ Z, let

0→ X → Jm+1/QJm→ J m+1
/Q · J m→ 0
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be the exact sequence of A-modules. Then

X =
[QJm +(x)]∩ Jm+1

QJm =
QJm +(x)∩ Jm+1

QJm =
QJm + xJm

QJm = (0)

because x∈ q is a super-regular element of A with respect to J. Therefore we get an isomorphism

Jm+1/QJm ∼= J m+1
/Q · J m

of A-modules. This shows SQ(J) = T [SQ(J)]1 if and only if SQ(J) = T ′
[
SQ(J)

]
1
, where T =

R (Q) and T ′ = R (Q) stand for the Rees algebras of Q and Q, respectively. Hence, we may
assume SQ(J) = T [SQ(J)]1. Then, by Lemma 2.4 (2) the equalities rankSQ(J) = ℓA(J2/QJ) =
ℓA(J

2
/QJ) = rankSQ(J) hold, which complete the proof. □

Remark 3.6. We maintain the notation as in the proof of Theorem 3.5. Suppose that SQ(J) =
T [SQ(J)]1. Let m=mA be the maximal ideal of A. Then, for each ℓ∈Z, we see that mℓSQ(J) 6=
(0) if and only if mℓSQ(J) 6= (0).

As a consequence of Theorem 3.5, for given integers n≥ 2 and ℓ≥ 3, there exists an example
of n-Goto rings of dimension ℓ. See Example 8.14 for the proof.

Example 3.7. Let ℓ ≥ 3 be an integer and T = k[[X1,X2, . . . ,Xℓ,V1,V2, . . . ,Vℓ−1]] the formal
power series ring over a field k. For given integers m≥ n≥ 2,

A = T/I2

(
Xn

1 X2 +V1 · · · Xℓ−1 +Vℓ−2 Xℓ+Vℓ−1

X2 X3 · · · Xℓ Xm
1

)
is an n-Goto ring with dimA = ℓ and r(A) = ℓ−1.

We study the question of how the Goto property is inherited under flat local homomorphisms.
Let (A1,m1) be a Cohen-Macaulay local ring and φ : A→ A1 a flat local homomorphism such
that A1/mA1 is an Artinian Gorenstein ring. Then IA1 ∼= I⊗A A1 ∼= KA1 and IA1 ⊆ mA1 ⊊ A1,
that is, IA1 is a canonical ideal of A1. Let Q be a parameter ideal of A with condition (♯). Then
QA1 is a parameter ideal of A1 which satisfies the condition (♯) for A1. With this notation we
have the following.

Theorem 3.8. Let n≥ 0 be an integer. Then the following conditions are equivalent.
(1) A1 is an n-Goto ring with respect to QA1.
(2) There exists an integer m > 0 such that m | n, A is m-Goto with respect to Q, and

ℓA1(A1/mA1) =
n
m .

Proof. We set J = I +Q, J1 = JA1, I1 = IA1, and Q1 = QA1. By Proposition 2.6, we have
the isomorphisms A1⊗A SQ(J) ∼= SQ1(J1) and A1⊗A T [SQ(J)]1

∼= T1 [SQ1(J1)]1 of graded T -
modules, where T = R (Q) and T1 = R (Q1). Hence the faithful flatness of A shows that
SQ(J) = T [SQ(J)]1 if and only if SQ1(J1) = T1 [SQ1(J1)]1. For each ℓ ≥ 0, the equality
ℓA1(A1/Jℓ+1

1 ) = ℓA1(A1/mA1) · ℓA(A/Jℓ+1) induces that

rankSQ1(J1) = e1(J1)− e0(J1)+ ℓA1(A1/J1)

= ℓA1(A1/mA1) [e1(J)− e0(J)+ ℓA(A/J)]

= ℓA1(A1/mA1) · rankSQ(J).
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Hence the equivalence (1)⇔ (2) follows by choosing m = rankSQ(J). □

As we prove in Theorem 10.4, every 1-Goto ring is almost Gorenstein but not a Gorenstein
ring. The converse holds if A possesses an infinite residue class field.

Corollary 3.9. Let n ≥ 2 be a prime integer. Then A1 is an n-Goto ring with respect to QA1 if
and only if one of the following conditions holds.

(1) A is a 1-Goto ring with respect to Q and ℓA1(A1/mA1) = n.
(2) A is an n-Goto ring with respect to Q and mA1 =m1.

Corollary 3.10. For an integer n > 0, A is an n-Goto ring with respect to Q if and only if the
completion Â is an n-Goto ring with respect to Q̂ = QÂ.

We give examples that illustrate Theorem 3.8.

Example 3.11 (cf. [3, Example 3.11]). Let n ≥ 1 be an integer. We set A1 = A[X ]/(Xn +

α1Xn−1 + · · ·+αn), where A[X ] denotes the polynomial ring over A and αi ∈ m for all 1 ≤
i ≤ n. Then A1 is a flat local A-algebra with maximal ideal m1 = mA1 + XA1, A1/mA1 =

(A/m)[X ]/(Xn) is an Artinian Gorenstein ring, and ℓA1(A1/mA1) = n. Hence, if n ≥ 2 is a
prime integer, then A1 is an n-Goto ring with respect to Q1 = QA1 if and only if A is a 1-Goto
ring with respect to Q.

As we often refer to examples arising from numerical semigroup rings, let us explain the
notation and terminology of them. We denote by N the set of non-negative integers. Let 0 <

a1,a2, . . . ,aℓ ∈ Z (ℓ > 0) be integers such that gcd(a1,a2, . . . ,aℓ) = 1. We set

H = 〈a1,a2, . . . ,aℓ〉=

{
ℓ

∑
i=1

ciai

∣∣∣∣∣ ci ∈ N for all 1≤ i≤ ℓ

}
which is called the numerical semigroup generated by the numbers {ai}1≤i≤ℓ. The reader may
consult the book [39] for the fundamental results on numerical semigroups. Let V = k[[t]] be
the formal power series ring over a field k, and define

R = k[[H]] = k[[ta1 , ta2 , . . . , taℓ ]]⊆V

which we call the semigroup ring of H over k. The ring R is a Cohen-Macaulay local domain
with dimR = 1 and m = (ta1 , ta2 , . . . , taℓ) is the maximal ideal. In addition, V is a birational
module-finite extension of R, so that R = V , where R denotes the integral closure of R in its
quotient field Q(R). Let

c(H) = min{n ∈ Z | m ∈ H for all m ∈ Z such that m≥ n}

be the conductor of H and set f(H) = c(H)− 1. Hence, f(H) = max (Z \H), which is called
the Frobenius number of H. Let

PF(H) = {n ∈ Z\H | n+ai ∈ H for all 1≤ i≤ ℓ}

denote the set of pseudo-Frobenius numbers of H. Therefore, f(H) coincides with the a-
invariant of the graded k-algebra k[ta1 , ta2 , . . . , taℓ ] and #PF(H) = r(R); see [25, Example (2.1.9),
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Definition (3.1.4)]. We set f = f(H) and

K = ∑
c∈PF(H)

Rt f−c

in V . Then K is a fractional ideal of R such that R⊆ K ⊆ R and

K ∼= KR = ∑
c∈PF(H)

Rt−c

as an R-module ([25, Example (2.1.9)]).

Example 3.12. Let K/k be a finite extension of fields with [K : k] = n ≥ 2. We set ω1 = 1
and choose a k-basis {ω1,ω2, . . . ,ωn} of K. Let K[[t]] be the formal power series ring over
K. Let a1,a2, . . . ,aℓ ∈ Z be positive integers such that gcd(a1,a2, . . . ,aℓ) = 1. We set H =

〈a1,a2, . . . ,aℓ〉 and choose 0 < a ∈ H. We consider the rings R = k[[ta1 , ta2 , . . . , taℓ ]] and R1 =

k[[ta1 , ta2 , . . . , taℓ ,{ωita}1≤i≤n]]. Suppose r(R) ≥ 2. Then R1 is a free R-module of rank n and
ℓR1(R1/mR1) = n. Hence, if n≥ 2 is a prime integer, the ring R1 is n-Goto if and only if R is a
non-Gorenstein almost Gorenstein ring.

Example 3.13. Let H = 〈a1,a2, . . . ,aℓ〉 be a numerical semigroup. For an odd integer 0 < α ∈
H such that α 6= ai for all 1 ≤ i ≤ ℓ, we set H1 = 〈2a1,2a2, . . . ,2aℓ,α〉. Let R = k[[H]] and
R1 = k[[H1]] be, respectively, the semigroup rings of H and H1 over a field k. Then R1 is a free
module of rank 2 and ℓR1(R1/mR1) = 2. Hence R1 is 2-Goto if and only if R is a non-Gorenstein
almost Gorenstein ring.

Remark 3.14. In general, the contraction of a parameter ideal via a flat local homomorphism
is not necessarily a parameter ideal. In fact, let R denote a Cohen-Macaulay local ring with
dimR = 1. We denote by R1 = R⋉R the idealization of R over R. We choose an Ulrich ideal I
of R generated by two-elements, say non-zerodivisors a and b (see [22, Definition 1.1] for the
definition of Ulrich ideals). Then Q1 = αR1 is a parameter ideal of R1, but Q1∩R = a((a) :R
b)∼= (a) :R b = I = (a,b) is not, where α = (a,b) ∈ R1.

4. ONE-DIMENSIONAL GOTO RINGS

This section focuses on Goto rings of dimension one. Let (R,m) be a Cohen-Macaulay local
ring with dimR = 1 admitting a canonical ideal I of R. We fix an integer n ≥ 0. Recall that
R is an n-Goto ring if and only if there exists a ∈ I such that I3 = aI2 and ℓR(I2/aI) = n. By
[3, Theorem 2.5], the Goto property is independent of the choice of canonical ideals and their
reductions. Besides, the existence of canonical ideals I of R containing parameter ideals as
reductions is equivalent to saying that the existence of fractional canonical ideals K, i.e., K is
an R-submodule of Q(R) such that R ⊆ K ⊆ R and K ∼= KR as an R-module, where R denotes
the integral closure of R in Q(R) and KR stands for the canonical module of R ([15, Corollary
2.8]).

In this section, unless otherwise specified, we maintain the setup below.

Setup 4.1. Let (R,m) be a Cohen-Macaulay local ring with dimR = 1 possessing a canonical
module KR. Let I be a canonical ideal of R, that is, I is an ideal of R such that I 6= R and I ∼= KR
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as an R-module. Suppose that I contains a parameter ideal Q = (a) as a reduction. Thus the
ideal Q satisfies the condition (♯). Let

K =
I
a
=
{x

a

∣∣∣ x ∈ I
}
⊆ Q(A).

Hence K is fractional canonical ideal of R. We set S = R[K] and c= R : S.

The assumption that the field A/m is infinite in Theorem 10.4 is used only to assure the
existence of reductions of canonical ideals. Thus, under Setup 4.1, a 1-Goto ring is equivalent
to non-Gorenstein almost Gorenstein.

We begin with the following, which naturally extends [3, Lemma 3.1].

Proposition 4.2. For each integer n ≥ 0, the ring R is n-Goto if and only if K2 = K3 and
ℓR(K2/K) = n, or, equivalently, K2 = K3 and ℓR(R/c) = n.

Proof. Since I = aK, we have I3 = aI2 if and only if K2 = K3. Hence the isomorphism
I2/aI ∼= K2/K guarantees the first equivalence. The second equivalence follows from the fact
that rankSQ(I) = ℓR(R/c) ([3, Theorem 2.5]). □

The equality K2 = K3 holds when ℓR(R/c)≤ 2 ([15, Theorems 3.7, 3.16], [3, Theorem 3.7]);
otherwise, if ℓR(R/c)≥ 3, there is an example of a ring R which possesses a fractional canonical
ideal K satisfying K2 6= K3. Indeed, let V = k[[t]] be the formal power series ring over a field k
and set R = k[[H]] in V , where H = 〈4,5,11〉. Then K = R+Rt is a fractional canonical ideal
of R, K2 6= K3, and ℓR(R/c) = ℓR(R/t8V ) = 3 (see also Example 10.6).

When K2 = K3, the condition mn−1K2 6⊆ K, which is equivalent to mn−1SQ(I) 6= (0), plays
an important role in the theory of Goto rings; see e.g., Corollaries 8.4, 10.11. Besides, every
2-almost Gorenstein ring satisfies the condition ([3, Proposition 3.3]).

Observe that the equality K2 = K3 holds precisely when R : K = c ([3, Lemma 2.2 (1), Propo-
sition 2.3 (2)], [14, Lemma 4.9]).

Lemma 4.3. Let n ≥ 2 be an integer. Suppose that R is an n-Goto ring. Then mn−1K2 6⊆ K if
and only if v(R/c) = 1. When this is the case, the ring R/c is Gorenstein.

Proof. Let R = R/c and m = mR. Since K : K = R ([28, Bemerkung 2.5]) and K2 = K3, the
condition mn−1K2 6⊆K is equivalent to saying that mn−1 6⊆K : K2 = (K : K) : K = R : K = c, that
is, mn−1 6= (0) in R. We first assume that mn−1K2 6⊆ K. Then mi 6=mi+1 for all 0≤ i≤ n−1, so
that ℓR(m

i/mi+1)= 1 because ℓR(R/c)= n. Hence v(R/c)= 1. Conversely, suppose v(R/c)= 1.
For each 0 ≤ i ≤ n− 1, we then have mi 6= mi+1 is cyclic as an R/m-module. As R is n-Goto,
we get ℓR(m

i/mi+1) = 1. In particular, mn−1 6= (0). The last assertion follows from v(R/c) = 1
immediately. □

The Gorensteinness of R/c can be characterized as follows. Note that if R is non-Gorenstein
almost Gorenstein, 2-almost Gorenstein, or generalized Gorenstein, the ring R/c is Gorenstein;
see [15, Theorem 3.11], [3, Proposition 3.3], [14, Theorem 4.11].

Lemma 4.4. Suppose R is not a Gorenstein ring. Then R/c is Gorenstein if and only if K2 = K3

and µR(K2/K) = 1.
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Proof. Suppose that R/c is Gorenstein. As S/K is a canonical module of R/c (e.g., [14, Lemma
4.10]), we get S/K ∼= R/c as an R-module. Choose a non-zerodivisor b∈ c on R. We set I′ = bK
and J = bS ⊊ R. Then µR(J/I′) = µR(S/K) = 1 and J2 = (bS)2 = b(bS) = bJ, whence, by [21,
Proposition 2.6] we get I′3 = bI′2. Thus K2 = K3 and µR(K2/K) = µR(S/K) = 1. The converse
holds because r(R/c) = µR(K2/K) = 1. □

In general, the equality K2 = K3 does not imply µR(K2/K) = 1 as we show next.

Example 4.5. Let V = k[[t]] be the formal power series ring over a field k. We consider the
semigroup ring R = k[[H]] in V , where H = 〈5,11,13,19〉. Since PF(H) = {8,14,17}, the
fractional canonical ideal K has the form K = R+Rt3 +Rt9. Then K2 = K +Rt6 +Rt12 = K3

and µR(K2/K) = 2. In addition, we have ℓR(K2/K) = 3, so that R is 3-Goto; while R is not
generalized Gorenstein because R/c is not a Gorenstein ring.

If R is an n-Goto ring with r(R) = 2, the length ℓR(K2/K) can be replaced by ℓR(K/R).

Proposition 4.6. Suppose that r(R) = 2. Then K2 = K3 if and only if K/R ∼= R/c as an R-
module, or, equivalently, R is a generalized Gorenstein ring. Hence, for an integer n ≥ 1, the
ring R is n-Goto if and only if K2 = K3 and ℓR(K/R) = n.

Proof. As r(R) = 2, we write K =R+R f with f ∈K. Then K2 =K+R f 2, whence µR(K2/K) =

1 because K2 6= K. If K2 = K3, the ring R/c is Gorenstein and c= R : K. As K/R is faithful as
an R/c-module, we have K/R ∼= R/c. Conversely, if K/R ∼= R/c, the annihilator of both sides
shows that the equality c= R : K holds, i.e., K2 = K3. In addition, by [14, Corollary 4.14] R is
generalized Gorenstein if and only if K2 = K3. □

By the proof of Proposition 4.6, we remark that µR(K2/K) = 1 holds when r(R) = 2. Recall
that the ring R is said to have minimal multiplicity if e(R) = v(R).

Corollary 4.7 (cf. [3, Proposition 3.12]). Let n≥ 1 be an integer. Suppose that e(R) = 3 and R
has minimal multiplicity. Then R is an n-Goto ring if and only if ℓR(K/R) = n.

Proof. Passing to the flat local homomorphism R→ R[X ]mR[X ], by Theorem 3.8 we may assume
R/m is infinite. As e(R) = v(R) = 3, we note that r(R) = 2. Since I = aK is an m-primary ideal
of R, we get µR(I3)≤ e(R) = 3 ([40]). Hence there exists b ∈ I such that I3 = bI2 ([6]), so that
K2 = K3 because the reduction number of I is independent of the choice of its reductions. □

Let us note some examples of Goto rings of dimension one.

Example 4.8. Let V = k[[t]] be the formal power series ring over a field k. We consider the
semigroup ring Ri = k[[Hi]] (i = 1,2) in V , where Hi has the following form.

(1) H1 = 〈3,3n+1,3n+2〉 (n≥ 1).
(2) H2 = 〈e,{en− e+ i}3≤i≤e−1,en+1,en+2〉 (n≥ 2, e≥ 4).

Then, because PF(H1) = {3n− 2,3n− 1}, K1 = R1 +R1t is the fractional canonical ideal of
R1, so that ℓR1(K1/R1) = n. By Corollary 4.7, the ring R1 is n-Goto. On the other hand, since
PF(H2) = {en−2e+ i | 3≤ i≤ e−1}∪{en− e+1,en− e+2}, the fractional canonical ideal
K2 of R2 has the form K2 = R2 +R2t +R2t3 +R2t4 + · · ·+R2te−1. Then K2

2 = K3
2 = V and

ℓR2(K
2
2/K2) = ℓR2(V/K2) = n. Therefore R2 is an n-Goto ring. Note that R2 is not generalized
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Gorenstein. Indeed, if R is generalized Gorenstein, then K2/R2 ∼= (R2/c2)
⊕(r−1), where c2 =

R2 : R2[K2] and r = r(R2). Since R2 has minimal multiplicity, we get the equalities

n+(e−3)(n−1) = ℓR2(K2/R2) = (r−1)ℓR2(R2/c2) = (e−1−1)n.

This induces (e−3)(n−1) = (e−3)n which makes a contradiction. Hence R2 is not a general-
ized Gorenstein ring.

We study the Goto property of the blow-up B =
∪

n≥0 [m
n : mn] of the maximal ideal m. By

[15, Theorem 5.1], the ring R is 1-Goto having minimal multiplicity if and only if B is 0-Goto
but R is not.

Theorem 4.9. Let n ≥ 2 be an integer. Set B =
∪

n≥0 [m
n : mn]. Suppose that R has minimal

multiplicity, B is a local ring, and R/m ∼= B/n, where n denotes the maximal ideal of B. Then
the following conditions are equivalent.

(1) R is an n-Goto ring
(2) B is an (n−1)-Goto ring.

Proof. Note that B =
∪

n≥0 [m
n : mn] =m : m, because R has minimal multiplicity. Since every

finitely generated R-subalgebra of R is Gorenstein if e(R) ≤ 2, we may assume that R is not a
Gorenstein ring. Then L = BK is a B-submodule of Q(B) such that B⊆ L⊆ B and L∼= KB as a
B-module, so L is a fractional canonical ideal of B and L = K : m, where B denotes the integral
closure of B in Q(B) ([3, Proposition 5.1]).
(1)⇒ (2) We have S = R[K] = K2, because K2 = K3. Since K ⊆ L ⊆ S, we see that L2 =

S = L3. Then ℓB(L2/L) = ℓR(L2/L) = ℓR(S/K)− ℓR(L/K) = n− 1, because R/m ∼= B/n and
L = K : m. Hence B is an (n−1)-Goto ring.
(2)⇒ (1) Since S =B[L] = L2, we have ℓR(S/K) = ℓR(S/L)+ℓR(L/K) = n. Hence it suffices

to show that K2 = K3. Indeed, we can write L = K : m = K +Rg with g ∈ (R : m)\K. To see
this, suppose for contradiction that R : m⊆ K. Then K : mK = (K : K) : m= R : m⊆ K, so that
R = K : K ⊆ K : (K : mK) = mK ⊆ mR. This is impossible. Hence R : m 6⊆ K, and the claim
follows. Then L2 = K2 +Kg+Rg2 ⊆ K2 +L, because B = R : m = m

α and L = mK
α for some

α ∈m. Thanks to [3, Corollary 2.4 (1)], we have L = K : m⊆ K2. Therefore L2 ⊆ K2+L = K2;
hence S = L2 = K2. This shows K2 = K3 and R is an n-Goto ring. □

Recall that a one-dimensional Cohen-Macaulay local ring R is called Arf, if the following
conditions are satisfied ([32, Definition 2.1]).
(1) Every integrally closed regular ideal in R has a reduction generated by a single element.
(2) If x,y,z ∈ R such that x is a non-zerodivisor on R and y/x,z/x ∈ R, then yz/x ∈ R.
In [32, Theorem 2.2], it is proved that R is Arf if and only if every integrally closed regular
ideal is stable; equivalently, all the local rings infinitely near to R, i.e., the localizations of its
blow-ups, have minimal multiplicity.

We set RI =
∪

n≥0 [I
n : In] for a regular ideal I of R. For an integer m≥ 0, we define

Rm =

{
R (m = 0)

RJ(Rm−1)
m−1 (m≥ 1)

where J(Rm−1) stands for the Jacobson radical of the ring Rm−1.
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Corollary 4.10. Let n ≥ 2 be an integer. Suppose that R is an Arf ring, R is a local ring, and
R/m∼= Ri/mi for all i≥ 0, where mi = J(Ri). Then the following conditions are equivalent.

(1) R is an n-Goto ring.
(2) Ri is an (n− i)-Goto ring for every 1≤ i < n.
(3) Ri is an (n− i)-Goto ring for some 1≤ i < n.

Moreover, if Rn−1 is not a Gorenstein ring, the condition (1) is equivalent to the following.

(4) Ri is an (n− i)-Goto ring for every 1≤ i≤ n.
(5) Ri is an (n− i)-Goto ring for some 1≤ i≤ n.

Proof. Since R is a local ring, so is the ring Ri for all i ≥ 0. Hence, by [32, Theorem 2.2], we
have v(Ri) = e(Ri). Besides, for each 1 ≤ i < n, the ring Ri is not Gorenstein if it is (n− i)-
Goto. Thus, the equivalence of the conditions (1), (2), and (3) follows by using Theorem 4.9
recursively. When Rn−1 is not a Gorenstein ring, the required equivalence follows from [15,
Theorem 5.1]. □

The assumption in Corollary 4.10 that R/m∼= Ri/mi for all i≥ 0 is satisfied, if either R/m is
an algebraically closed field, or R is a numerical semigroup ring over a field.

Example 4.11. Let e≥ 4, n≥ 2 be integers. Let V = k[[t]] be the formal power series ring over
a field k. For each 0≤ j ≤ n, we set R j = k[[H j]] in V , where H j has the following form.

H j =


〈e,{en− ( j+1)e+ i}3≤i≤e−1,en− je+1,en− je+2〉 (0≤ j ≤ n−2)
〈3,4,5〉 ( j = n−1)
N ( j = n).

Then R j = m j−1 : m j−1 has minimal multiplicity for all 1 ≤ j ≤ n, where m j−1 denotes the
maximal ideal of R j−1. Hence R0 is an Arf ring. By Example 4.8 (2), the ring R0 is n-Goto.
Therefore, R j is an (n− j)-Goto ring for every 1≤ j ≤ n.

For the rest of this section, under Setup 4.1, we additionally assume that R is an n-Goto ring
with n ≥ 2 and v(R/c) = 1. As ℓR(R/c) = n, we can choose a minimal system x1,x2, . . . ,xℓ of
generators of m such that c= (xn

1,x2, . . . ,xℓ), where ℓ= v(R). For each 1≤ i≤ n, we define

Ii = (xi
1,x2, . . . ,xℓ).

Then we get a chain c = In ⊊ In−1 ⊊ · · · ⊊ I1 = m of ideals in R and v(R/Ii) = 1 for every
2≤ i≤ n. We set r = r(R).

Theorem 4.12. With the notation of above, one has an isomorphism

K/R∼=
n⊕

i=1

(R/Ii)
⊕ℓi

of R-modules for some ℓn > 0 and for some ℓi ≥ 0 (1≤ i < n) such that ∑n
i=1 ℓi = r−1. Hence

K/R is free as an R/c-module if and only if the equality ℓR(K/R) = n(r−1) holds.

Proof. The equality K2 = K3 induces c = R : K, so K/R is a finite module over R/c. Hence,
because R/c is an Artinian Gorenstein ring, the R/c-module K/R decomposes to a direct sum
of cyclic R/c-modules. Note that a cyclic module over R/c is isomorphic to the module of the
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form R/Ii with 1 ≤ i ≤ n, and µR(K/R) = r− 1. Therefore we have an isomorphism K/R ∼=⊕n
i=1 (R/Ii)

⊕ℓi of R-modules for some ℓi ≥ 0 (1≤ i≤ n) such that ∑n
i=1 ℓi = r−1. In particular,

we get ℓn > 0, because the faithful R/c-module K/R contains R/c itself as a direct summand.
□

By [14, Theorem 4.11], the ring R is generalized Gorenstein if and only if K/R is free as an
R/c-module.

Corollary 4.13. Suppose that n ≥ 2, R is n-Goto, and v(R/c) = 1. Then R is a generalized
Gorenstein ring if and only if the equality ℓR(K/R) = n(r−1) holds.

As an application of Theorem 4.12, we get the following. Recall that R is a Gorenstein ring
if and only if e1(I) = 0; while the ring R is non-Gorenstein almost Gorenstein if and only if
e1(I) = r(R) ([15, Theorem 3.16]).

Corollary 4.14. Suppose that n≥ 2, R is n-Goto, and v(R/c) = 1. Then

r(R)+n≤ e1(I)≤ n · r(R)
and the equality e1(I) = n · r(R) holds if and only if R is a generalized Gorenstein ring.

Proof. Thanks to Theorem 4.12, we have an isomorphism K/R∼=
⊕n

i=1 (R/Ii)
⊕ℓi , where ℓn > 0

and ℓi ≥ 0 (1≤ i < n) such that ∑n
i=1 ℓi = r−1. Then

e1(I) = rankSQ(I)+ ℓR(K/R) = n+
n

∑
i=1

ℓR(R/Ii) · ℓi = n+
n

∑
i=1

i · ℓi

≤ n+n(r−1) = nr.

As R is n-Goto with n≥ 2, we have r−1 = µR(K/R)< ℓR(K/R). Hence

e1(I) = ℓR(K/R)+n≥ (µR(K/R)+1)+n = r+n.

The equality e1(I) = n · r(R) holds if and only if ℓi = 0 for all 1≤ i≤ n−1. The latter condition
is equivalent to saying that K/R is free as an R/c-module, or, equivalently, R is a generalized
Gorenstein ring. □

Corollary 4.14 holds even in higher dimensions.

Remark 4.15. Let (A,m) be a Cohen-Macaulay local ring with d = dimA> 0 admitting a canon-
ical ideal I. Let Q = (a1,a2, . . . ,ad) be a parameter ideal with condition (♯). We set J = I +Q
and q = (a2,a3, . . . ,ad). Suppose that A is an n-Goto ring with n ≥ 2 and mn−1SQ(J) 6= (0).
Then

r(A)+n≤ e1(J)≤ n · r(A)
hold and if the equality e1(J) = n · r(A) holds, then A is a generalized Gorenstein ring.

Proof. Let A = A/q, m = mA, J = JA, and Q = QA. Since a2,a3, . . . ,ad is a super-regular
sequence, the ring A is n-Goto, and the condition mn−1SQ(J) 6= (0) implies that mn−1SQ(J) 6=
(0); equivalently, v(A/(Q :A J) = 1. By Corollary 4.14, we have

r(A)+n≤ e1(J)≤ n · r(A)
because r(A) = r(A) and e1(J) = e1(J) (remember that the sequence a2,a3, . . . ,ad is superficial).
The last assertion follows from [14, Theorem 3.9 (2)]. □
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We close this section to describe the generators of the R/c-module K/R, when R is a numer-
ical semigroup ring over a field.

Proposition 4.16. Let R =
⊕

n≥0 Rn be a Z-graded ring such that R0 = k is a field. Let M be a
non-zero finitely generated graded R-module with dimk Mn≤ 1 for all n≥ 0. We set I = (0) :R M
and assume that R/I is Gorenstein. Choose a homogeneous minimal system x1,x2, . . . ,xℓ of
generators of M where ℓ= µR(M). Then the equality

M = Rx1⊕Rx2⊕·· ·⊕Rxℓ

holds.

Proof. The assertion is obvious when ℓ= 1. We assume ℓ≥ 2 and the assertion holds for ℓ−1.
Note that I = (0) :R M =

∩ℓ
i=1 [(0) :R xi]. As R/I is Gorenstein, we may assume I = (0) :R x1.

Then the canonical exact sequence 0→ Rx1
i→M ε→C→ 0 of graded R-modules splits, because

Rx1 ∼= R/I. Thus there is a graded R-linear map φ : C→M of degree 0 such that the composite
map ε◦φ is identity on C. For each 1≤ i≤ n, we can write φ(ε(xi)) = cixi for some unit ci ∈ k,
because dimk Mn ≤ 1 for every n≥ 0. Therefore we get

M = Rx1⊕φ(C) = Rx1⊕ [Rφ(ε(x2))+Rφ(ε(x3))+ · · ·+Rφ(ε(xℓ))]
= Rx1⊕ [Rφ(ε(x2))⊕Rφ(ε(x3))⊕·· ·⊕Rφ(ε(xℓ))]
= Rx1⊕Rx2⊕·· ·⊕Rxℓ

where the third equality follows from the induction argument on ℓ. □
Hence we have the following which is a natural generalization of [13, Proposition 2.4].

Corollary 4.17. Let V = k[[t]] be the formal power series ring over a field k and R = k[[H]]

the semigroup ring of a numerical semigroup H. We set r = r(R), f = f (H) = cr, and write
PF(H) = {c1,c2, . . . ,cr}. If R/c is Gorenstein, then the equality

K/R =
r−1⊕
i=1

Rt f−ci

holds, where (−) denotes the image in K/R.

Proof. Since K = ∑r
i=1 Rt f−ci , we have K/R = ∑r−1

i=1 Rt f−ci . Without loss of generality, we may
assume R = k[H] in the polynomial ring k[t]. Hence, by Proposition 4.16 we get the required
equality. □
Example 4.18. Let V = k[[t]] denote the formal power series ring over a field k. We consider
R = k[[H]] in V , where H = 〈e,{en− e+ i}3≤i≤e−1,en+1,en+2〉 (n≥ 2, e≥ 4). Then R is an
n-Goto ring and K = R+Rt+Rt3+Rt4+ · · ·+Rte−1 is a fractional canonical ideal of R, so that

K/R = Rt⊕Rt3⊕Rt4⊕·· ·⊕Rte−1

because R/c is Gorenstein, where c = R : R[K] and (−) denotes the image in K/R. Since
(0) :R t = c and (0) :R tm = c+

(
te(n−1)

)
= In−1 for all 3≤ m≤ e−1, we conclude that

K/R∼= (R/c)⊕ (R/In−1)
⊕(e−3).

In particular, K/R is not free as an R/c-module.
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5. EXAMPLES ARISING FROM QUASI-TRIVIAL EXTENSIONS

In this section we investigate Goto rings obtained by quasi-trivial extensions. The aim is
to provide concrete examples of Goto rings and enrich the theory. We start by recalling the
definition of quasi-trivial extensions which was recently introduced in [13, Section 3].

Let R denote an arbitrary commutative ring. For an ideal J of R and α ∈ R, we set A(α) =
R⊕ J as an additive group and define the multiplication on A(α) by

(a,x) · (b,y) = (ab,ay+ xb+α(xy)) for all (a,x),(b,y) ∈ A(α).
Then A(α) is a commutative ring which we denote by

A(α) = R
α
⋉ J

and call it the quasi-trivial extension of R by J with respect to α. We consider A(α) to be an
R-algebra via the homomorphism ξ : R→ A(α), a 7→ (a,0). Then A(α) is a ring extension of
R, and A(α) is module-finite provided J is finitely generated. If α = 0, then A(0) = R⋉ J is the
idealization of J over R, introduced by M. Nagata ([34, Page 2]), and [(0)× J]2 = (0) in A(0).
If α = 1, the ring A(1) is called the amalgamated duplication of R along J ([4]), and

A(1)∼= R×R/J R, (a, j) 7→ (a,a+ j)

the fiber product of the two copies of the canonical surjection R→ R/J. Hence, if R is a reduced
ring, then so is A(1).

In this section we maintain Setup 4.1. Let T be a birational module-finite extension of R, i.e.,
T is an intermediate ring between R and Q(R) which is finitely generated as an R-module. We
assume that K ⊆ T but R 6= T . We set J = R : T . Then J = K : T and K : J = T ([15, Lemma 3.5

(1)], [28, Definition 2.4]). Let α ∈ R and set A(α) = R
α
⋉ J. Since J 6= R, by [13, Lemma 3.1]

the ring A(α) is Cohen-Macaulay and of dimension one, possessing the unique maximal ideal
n=m× J. We have the extensions of rings below

A(α)⊆ T
α
⋉T ⊆ R

α
⋉R⊆ A(α)⊆ Q(R)

α
⋉Q(R) = Q(A(α)).

Set L = T ×K in T
α
⋉T . Then L is an A(α)-submodule of Q(A(α)) and A(α)⊆ L⊆ A(α).

We summarize some basic properties of quasi-trivial extensions, where rR(−) denotes the
Cohen-Macaulay type as an R-module.

Fact 5.1 ([13, Propositions 3.3, 3.4, and Corollary 3.5]). The following assertions hold true.

(1) T/K is a canonical module of R/J. Hence the equality ℓR(T/K) = ℓR(R/J) holds.

(2) L is a fractional canonical ideal of A(α) and Lm = T
α
⋉T for all m≥ 2.

(3) The equalities r(A(α)) = µR(T ) + r(R) = rR(J) + µR(K/J) hold. Hence the Cohen-
Macaulay type of A(α) is independent of the choice of α ∈ R.

The next naturally generalizes [13, Theorem 3.6].

Theorem 5.2. Let n≥ 1 be an integer. Then the following conditions are equivalent.

(1) A(α) is an n-Goto ring for every α ∈ R.
(2) A(α) is an n-Goto ring for some α ∈ R.
(3) The fiber product R×R/J R is an n-Goto ring.
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(4) The idealization R⋉ J is an n-Goto ring.
(5) ℓR(T/K) = n.
(6) ℓR(R/J) = n.

Proof. Fact 5.1 (1) guarantees the equivalence of the conditions (5) and (6). Since Lm = T
α
⋉T

for all m ≥ 2, we have L2 = L3. Then, for each α ∈ R, the ring A(α) is n-Goto if and only
if ℓA(α)(L2/L) = n; equivalently ℓR(T/K) = n, because L2/L ∼= T/K and A(α)/n ∼= R/m as
R-modules. This completes the proof. □

Corollary 5.3. Let n ≥ 1 be an integer. If R and A(α) are n-Goto rings for some α ∈ R, then
S = T and J = c.

Proof. As ℓR(S/K) = ℓR(R/c) ([28, Bemerkung 2.5]), we have ℓR(T/K) = ℓR(S/K) = n. Hence
the assertion follows from S = R[K]⊆ T . □

The condition µR(K2/K) = 1 holds if R/c is Gorenstein (Lemma 4.4), so the following gives
a generalization of [15, Theorem 6.5], [3, Theorem 4.2], [13, Corollary 3.8], and [14, Corollary
4.38] as well.

Corollary 5.4. Let n ≥ 1 be an integer and set L = S×K. Then the following conditions are
equivalent.

(1) R is an n-Goto ring and µR(K2/K) = 1.
(2) The fiber product A = R×R/c R is an n-Goto ring and µA(L2/L) = 1.
(3) The idealization A = R⋉ c is an n-Goto ring and µA(L2/L) = 1.

Proof. (1)⇔ (3) We set A = R⋉ c and cA = A : A[L]. By [3, Proposition 4.1], we have L2 = L3,
A[L] = S⋉S, and cA = c× c. Hence A/cA ∼= R/c as an R-module and ℓA(L2/L) = ℓA(A[L]/L) =
ℓR(S/K). Therefore, if R is n-Goto and µR(K2/K) = 1, Lemma 4.4 ensures that R/c∼= A/cA is
Gorenstein, and we have ℓA(L2/L) = ℓR(S/K) = n. Hence A is an n-Goto ring and µA(L2/L) =
1. Conversely, we assume A is n-Goto and µA(L2/L) = 1. Then, since A/cA∼=R/c is Gorenstein,
Lemma 4.4 again yields K2 = K3 and µR(K2/K) = 1. By Theorem 5.2, we conclude that R is
an n-Goto ring because ℓR(K2/K) = ℓR(S/K) = n.
(2)⇔ (3) This follows from Theorem 5.2 by choosing T = S = R[K]. □

By the proof of Corollary 5.4, if R is an n-Goto ring, then so is the idealization A = R⋉ c, but
the converse does not hold when n≥ 3.

Example 5.5. Let V = k[[t]] be the formal power series ring over a field k. We consider the
semigroup ring R = k[[H]] in V , where H = 〈4,13,22,27〉. Then K = R+Rt5 +Rt14 is the
fractional canonical ideal of R, so that µR(K2/K) = 2, K2 6= K3, and K3 = R[K] = S. Since
ℓA(A[L]/L) = 4 and L2 = L3, the ring A = R⋉ c is 4-Goto, but R is not.

Example 5.6 (cf. [3, Example 4.3]). Let n ≥ 1 be an integer. Suppose that R is n-Goto and
µR(K2/K) = 1 (see e.g., Example 4.8). For each ℓ≥ 0, we define recursively

Aℓ =

{
R (ℓ= 0)
Aℓ−1 ⋉ cℓ−1 (ℓ≥ 1)
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where cℓ−1 = Aℓ−1 : Aℓ−1[Kℓ−1] and Kℓ−1 is the fractional canonical ideal of Aℓ−1. Hence we
have an infinite family {Aℓ}ℓ≥0 of n-Goto rings with µAℓ

(K2
ℓ /Kℓ) = 1 and e(Aℓ) = 2ℓ · e(R) for

every ℓ ≥ 0. The ring k[[t3, t3n+1, t3n+2]]⋉ k[[t]] is n-Goto, because c = R : k[[t]] = t3nk[[t]] ∼=
k[[t]], where k[[t]] denotes the formal power series ring over a field k.

We note an example of Goto rings obtained from quasi-trivial extensions in the case where
J = R and α ∈m.

Example 5.7. For each α ∈ m, we set R1 = R
α
⋉R. Then, by [13, Lemma 3.1] R1 is a Cohen-

Macaulay local ring with dimR1 = 1 possessing the maximal ideal m1 = m× R. Note that
R1 is a finitely generated free R-module of rank 2. Since mR1 = m×m and ℓR1(R1/mR1) =

ℓR((R×R)/(m×m)) = 2, the ring R1 = R
α
⋉R is 2-Goto if and only if R is almost Gorenstein

but not a Gorenstein ring.

6. EXAMPLES ARISING FROM FIBER PRODUCTS

Let (R,m),(S,n) be one-dimensional Cohen-Macaulay local rings with a common residue
class field k = R/m = S/n, and f : R→ k, g : S→ k the canonical surjective maps. In this
section we study the question of when the fiber product

A = R×k S = {(a,b) ∈ R×S | f (a) = g(b)}

of R and S over k with respect to f and g is a Goto ring. Then A is a one-dimensional Cohen-
Macaulay local ring with maximal ideal J =m×n. Since B= R×S is a module-finite birational
extension of A, we get Q(A) = Q(R)×Q(S) and A = R× S, where (−) denotes the integral
closure in its total ring of fractions. The surjectivity of f and g gives rise to the short exact
sequence

0→ A i→ B
φ→ k→ 0

of A-modules where φ=
[

f
−g

]
. We furthermore assume that Q(A) is a Gorenstein ring, A admits

a canonical module KA, and the field k = A/J is infinite. Hence, all the rings A,R, and S possess
fractional canonical ideals (see [15, Corollary 2.9]).

By [37] (see also [8, Proposition 2.2 (3)]), A is Gorenstein if and only if R and S are discrete
valuation rings (abbr. DVRs). Besides, A is almost Gorenstein if and only if so are R and S;
equivalently, A is a generalized Gorenstein ring ([8, Theorem 4.17]).

The main result of this section is stated as follows, which gives a generalization of [8, Theo-
rem 5.1].

Theorem 6.1. Let n≥ 2 be an integer. Then the following conditions are equivalent.

(1) The fiber product A = R×k S is an n-Goto ring.
(2) One of the following conditions holds.

(i) R is Gorenstein and S is n-Goto.
(ii) R is n-Goto and S is Gorenstein.
(iii) R is p-Goto and S is q-Goto for some integers p,q > 0 such that n+1 = p+q.

Proof. We denote by K and L the fractional canonical ideals of R and S, respectively. We may
assume that A is not a Gorenstein ring. Hence, either R or S is not a DVR. We first consider the
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case where R is a DVR and S is not a DVR. Let X be a fractional canonical ideal of A. Then,
[8, Corollary 4.15] we have X2 = X3 if and only if L2 = L3; while the equality ℓA(A/(A : X)) =

ℓS(S/(S : L)) holds once we get this equivalence. Hence A is n-Goto if and only if S is n-Goto,
as claimed. It remains to consider the case where R and S are not DVRs. Then K 6= R, because
K : K = R ([28, Bemerkung 2.5]). Since ℓR([K : m]/K) = ℓR(Ext1R(R/m,K)) = 1, we see that
K : m ⊆ R. In addition, we have R : m 6⊆ K. Indeed, if R : m ⊆ K, then K ⊇ R : m = (K : K) :
m= K : mK. Thus R = K : K ⊆ K : (K : mK) =mK ⊆mR. This makes a contradiction. Hence
R : m 6⊆ K and therefore K : m = K +R · g1 for some g1 ∈ (R : m) \K. Similarly, because S is
not a DVR, we can choose g2 ∈ (S : n)\L such that L : n= L+S ·g2. We set

X = (K×L)+A ·ψ

with ψ = (g1,g2) ∈ A. Then X is a fractional canonical ideal of A ([8, Lemma 4.2]). With this
notation we have the following.

Claim 6.2. X2 = X3 if and only if K2 = K3 and L2 = L3.

Proof of Claim 6.2. We first assume that R and S are not Gorenstein. Then, because A : X = (R :
K)× (S : L) ([8, Lemma 4.8 (i)]), we then have

(A : X)X = [(R : K)× (S : L)] [(K×L)+A ·ψ]
= [(R : K)K +(R : K)g1]× [(S : L)L+(S : L)g2]

= (R : K)K× (S : L)L

where the last equality follows from the fact that (R : K)(R :m)=R : K and (S : L)(S : n)= (S : L)
([8, Lemma 4.14 (i)]). Therefore, by [8, Lemma 4.14 (ii)] we get the required equivalence,
because (A : X)X = A : X if and only if (R : K)K = R : K and (S : L)L = S : L. Next, we consider
the case where R is Gorenstein but S is not a Gorenstein ring. Then R = K. Thanks to [8,
Lemma 4.8 (ii)], we have A : X =m× (S : L) which yields that the equalities

(A : X)X = [m× (S : L)] [(K×L)+A ·ψ]
= [m+mg1]× [(S : L)L+(S : L)g2]

= m(R : m)× (S : L)L =m× (S : L)L

hold, because m(R : m) =m (remember that R is not a DVR). This shows that (A : X)X = A : X
if and only if (S : L)L = S : L; hence X2 = X3 if and only if L2 = L3. □

We continue to prove Theorem 6.1. Since n ≥ 2, we may assume that either R or S is not a
Gorenstein ring. Suppose that both R and S are not Gorenstein. Since A : X = (R : K)× (S : L),
we have the equalities

ℓA(A/[A : X ]) = ℓA(B/[A : X ])−1 = ℓR(R/[R : K])+ ℓS(S/[S : L])−1.

Thanks to Claim 6.2, the condition (1) is equivalent to the condition (2) (iii), because ℓA(A/[A :
X ]) = n if and only if there exist integers p,q > 0 such that n+ 1 = p+ q, ℓR(R/[R : K]) = p,
and ℓS(S/[S : L]) = q. We may finally assume that R is Gorenstein but S is not a Gorenstein
ring. Then A : X =m× (S : L), so that

ℓA(A/[A : X ]) = ℓR(R/m)+ ℓS(S/[S : L])−1 = ℓS(S/[S : L]).
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This yields that the ring A is n-Goto if and only if so is S, as desired. □

As a direct consequence of Theorem 6.1, if R is n-Goto and S is 2-Goto, the fiber product
A = R×k S is an (n+1)-Goto ring which is not a generalized Gorenstein ring.

Example 6.3. Let k[[t]] be the formal power series ring over a field k. Since the semigroup ring
k[[t3, t3n+1, t3n+2]] is an n-Goto ring (see Example 4.8), the fiber product k[[t3, t3n+1, t3n+2]]×k
k[[t]] is n-Goto; while the ring k[[t3, t3n+1, t3n+2]]×k k[[t3, t7, t8]] is an (n+1)-Goto ring, where
n≥ 2 is an integer.

7. THREE-GENERATED NUMERICAL SEMIGROUP RINGS

We investigate Goto rings arising from numerical semigroups generated by three elements.
We first recall the results in [15, Section 4] (see also [3, Section 6]).

Let 0 < a1,a2,a3 ∈ Z be integers such that gcd(a1,a2,a3) = 1. We consider the numeri-
cal semigroup H = 〈a1,a2,a3〉 which is minimally generated by a1,a2,a3. Let k[t] denote the
polynomial ring over a field k and set T = k[H] = k[ta1 , ta2 , ta3 ]. Then T is a one-dimensional
Cohen-Macaulay graded domain and T = k[t], where T denotes the normalization of T . Let
M = (ta1 , ta2 , ta3)T be the maximal ideal of T . The ring R = k[[ta1 , ta2 , ta3 ]] is obtained by the
completion R = T̂M of the local ring TM.

Let U = k[X ,Y,Z] be the polynomial ring and we regard U as a Z-graded ring with U0 = k,
degX = a1, degY = a2, and degZ = a3. Look at the k-algebra map

φ : U = k[X ,Y,Z]→ T = k[ta1 , ta2 , ta3 ]

defined by φ(X) = ta1 , φ(Y ) = ta2 , and φ(Z) = ta3 .
Throughout this section, we assume that T is not a Gorenstein ring. By [26] the defining

ideal Kerφ of T is generated by the maximal minors of the matrix
[

Xα Y β Zγ

Y β′ Zγ′ Xα′

]
, i.e.,

Kerφ = I2

(
Xα Y β Zγ

Y β′ Zγ′ Xα′

)
for some 0 < α,β,γ,α′,β′,γ′ ∈ Z. Let ∆1 = Zγ+γ′ − Xα′Y β, ∆2 = Xα+α′ −Y β′Zγ, and ∆3 =

Y β+β′−XαZγ′ . Then Kerφ = (∆1,∆2,∆3) and the ring T ∼=U/Kerφ admits a graded minimal
U-free resolution of the form

0−→
U (−m)
⊕

U (−m′)

Xα Y β′

Y β Zγ′

Zγ Xα′


−→

U (−d1)
⊕

U (−d2)
⊕

U (−d3)

[∆1 ∆2 ∆3]−→ U ε−→ T −→ 0

where d1 = deg∆1 = a3(γ + γ′), d2 = deg∆2 = a1(α + α′), d3 = deg∆3 = a2(β + β′), m =

a1α+d1 = a2β+d2 = a3γ+d3, and m′ = a1α′+d3 = a2β′+d1 = a3γ′+d2. Hence m′−m =

a2β′−a1α = a3γ′−a2β = a1α′−a3γ.



GOTO RINGS 25

Let KU = U(−d) be the graded canonical module of U where d = a1 + a2 + a3. Taking
KU -dual, we get the graded minimal U-free presentation

U (d1−d)
⊕

U (d2−d)
⊕

U (d3−d)

[
Xα Y β Zγ

Y β′ Zγ′ Xα′

]
−→

U (m−d)
⊕

U (m′−d)

ε−→ KT −→ 0

of the graded canonical module KT . Remember that KT = ∑c∈PF(H)Tt−c as a T -module; see
[25, Example (2.1.9)]. Thus dimk ([KT ]i)≤ 1 for all i∈Z and PF(H) = {m−d,m′−d}. There-
fore we conclude that m 6= m′.

Let b = |m−m′| be the absolute value of m−m′. We then have the following.

Theorem 7.1. Let n ≥ 1 be an integer. Suppose that R is not a Gorenstein ring. Then the
following conditions are equivalent.

(1) The semigroup ring R = k[[H]] is an n-Goto ring.
(2) 3b ∈ H, and n = αβγ (resp. n = α′β′γ′) if m′ > m (resp. m > m′).

Proof. After a suitable permutation of a2 and a3 if necessary, without loss of generality we may
assume m′>m. Note that K = R+Rtb is a fractional canonical ideal of R. As R is the MTM-adic
completion of the local ring TM where M = (ta1 , ta2 , ta3) is the graded maximal ideal of T , we
see that ℓR(K/R) = αβγ ([15, Theorem 4.1]). Besides, the equality K2 = K3 holds if and only
if t3b ∈ K2. Equivalently, 3b ∈ H, because b,2b 6∈ H. Indeed, since µR(K) = 2, we have b /∈ H.
If 2b ∈ H, then K2 = K +Rt2b = K. This shows K ⊆ K : K = R, and hence R = K. This is
impossible, because R is not a Gorenstein ring. Consequently, R is an n-Goto ring if and only if
3b ∈ H and n = αβγ. □

We note an example.

Example 7.2. Let k[[t]] be the formal power series ring over a field k. We set R = k[[H]] in V ,
where H = 〈7,10,22〉. Then PF(H)= {25,33} and b= |m−m′|= 8; hence 3b∈H, K =R+Rt8

is a fractional canonical ideal of R, and K2 = K3. The k-algebra map φ : k[[X ,Y,Z]]→ R defined
by φ(X) = t10, φ(Y ) = t7, and φ(Z) = t22 induces the isomorphism

R∼= k[[X ,Y,Z]]/I2

(
X2 Y 2 Z
Y 4 Z X3

)
where k[[X ,Y,Z]] denotes the formal power series ring over k. Then m′−m = a2β′− a1α =

7 ·4−10 ·2 = 8. This yields that ℓR(K/R) = 4. Hence R is a 4-Goto ring.

The following generalizes the result [3, Corollary 6.7 (1)].

Corollary 7.3. Let n≥ 1 be an integer. Suppose that e(R) = 3 and R has minimal multiplicity.
Then the following conditions are equivalent.

(1) R = k[[H]] is an n-Goto ring.
(2) H = 〈3,2n+α,n+2α〉 for some α≥ n+1 such that α 6≡ n mod 3.
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When this is the case, one has the isomorphism either

R∼= k[[X ,Y,Z]]/I2

(
Xn Y Z
Y Z Xα

)
, or R∼= k[[X ,Y,Z]]/I2

(
Xα Y Z
Y Z Xn

)
where k[[X ,Y,Z]] denotes the formal power series ring over k.

Proof. As R has minimal multiplcity, we have r(R) = e(R)−1 = 2, so R is not Gorenstein.
(1)⇒ (2) Let us write H = 〈3,a2,a3〉 where 0 < a2,a3 ∈ Z such that gcd(3,a2,a3) = 1, and

assume that H is minimally generated by three elements. Consider the ring

T = k[t3, ta2 , ta3 ]∼= k[X ,Y,Z]/I2

(
Xα Y β Zγ

Y β′ Zγ′ Xα′

)
with 0 < α,β,γ,α′,β′,γ′ ∈ Z. We then have

3 = ℓR(R/t3R) = ℓk

(
k[Y,Z]/(Y β+β′ ,Y β′Zγ,Zγ+γ′)

)
= βγ+β′γ+β′γ′ ≥ 3.

This yields that β = β′ = γ = γ′ = 1. Similarly we get

a2 = ℓR(R/ta2R) = ℓk

(
k[X ,Z]/(Xα+α′ ,XαZγ′ ,Zγ+γ′)

)
= αγ+αγ′+α′γ′ = 2α+α′

a3 = ℓR(R/ta3R) = ℓk

(
k[X ,Y ]/(Xα+α′ ,Xα′Y β,Y β+β′)

)
= αβ+α′β+α′β′ = α+2α′.

If m′ > m, then n = α by Theorem 7.1. Thus a2 = 2n + α′ and a3 = n + 2α′. Therefore,
α′−n = a2β′−3α = m′−m≥ 1. As H is minimally generated by three elements, we see that
α′ 6≡ n mod 3. We similarly have that, if m > m′, then n = α′; hence a2 = 2α+n, a3 = α+2n,
and α−n = m−m′ ≥ 1. We also have α 6≡ n mod 3.
(2) ⇒ (1) Since α 6≡ n mod 3, the complement of H in N is finite and H is minimally

generated by three elements. Thus gcd(3,2n+α,n+ 2α) = 1. Thanks to Corollary 4.7, it
suffices to show that ℓR(K/R) = n. Indeed, the k-algebra map φ : k[[X ,Y,Z]]→ R defined by
φ(X) = t3, φ(Y ) = t2n+α, and φ(Z) = tn+2α induces the isomorphism

R∼= k[[X ,Y,Z]]/I2

(
Xn Y Z
Y Z Xα

)
of rings. Then, because (2n+α)− 3n = α− n > 0, we get ℓR(K/R) = n. Therefore R is an
n-Goto ring. □

8. MINIMAL FREE PRESENTATIONS OF FRACTIONAL CANONICAL IDEALS

Throughout this section, unless otherwise specified, we maintain the setup below.

Setup 8.1. Let (T,n) be a regular local ring with ℓ = dimT ≥ 3, a ⊊ T an ideal of T . Let
n≥ 2 be an integer. Set R = T/a and m= n/a. Suppose that R is a Cohen-Macaulay local ring
with dimR = 1, but not a Gorenstein ring. Let K be a fractional canonical ideal of R. We set
I = R : K, c= R : R[K], and r = r(R)≥ 2.

We first assume the existence of the isomorphism

K/R∼=
n⊕

i=1

(R/Ii)
⊕ℓi
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of R-modules for some ℓn > 0, ℓi ≥ 0 (1 ≤ i < n) such that ∑n
i=1 ℓi = r− 1, where, for each

1 ≤ i ≤ n, the ideal Ii is generated by an R-regular sequence x(i)1 ,x(i)2 , . . . ,x(i)mi and mi = µR(Ii).
Without loss of generality, we may assume In = I. Then In ⊆ Ii for each 1 ≤ i ≤ n. We choose

X (i)
j ∈ n so that x(i)j = X (i)

j in R, where 1 ≤ i ≤ n and 1 ≤ j ≤ mi. Here, for each a ∈ T , we
denote by a the image of a in R. By setting

Ji = (X (i)
1 ,X (i)

2 , . . . ,X (i)
mi )⊆ n for each 1≤ i≤ n,

we then have an surjective map T/Ji→ R/Ii. We furthermore assume the map T/Ji→ R/Ii is
an isomorphism. Thus a⊆ Ji for each 1≤ i≤ n, and X (i)

1 ,X (i)
2 , . . . ,X (i)

mi forms a regular sequence
on T . We now choose generators fi j ∈ K of K satisfying

K = R+
n

∑
i=1

ℓi

∑
j=1

R fi j and (R/Ii)
⊕ℓi ∼=

ℓi

∑
j=1

(R/I)· fi j for each 1≤ i≤ n

where fi j denotes the image of fi j in K/R.
With this notation we have the following.

Theorem 8.2. Suppose that IK = I. Then the T -module K has a minimal free presentation of
the form F1

M−→ F0
N−→ K→ 0, where

N= [−1 fn1··· fnℓn fn−1,1··· fn−1,ℓn−1 ··· f11··· f1ℓ1 ]

and

M=



a(n)11 ···a
(n)
1mn ··· a(n)ℓn1···a

(n)
ℓnmn a(n−1)

11 ···a(n−1)
1mn−1

··· a(1)11 ···a
(1)
1m1

··· a(1)ℓ11···a
(1)
ℓ1m1

c1···cq

X (n)
1 ···X

(n)
mn 0. . . 0

X (n)
1 ···X

(n)
mn

X (n−1)
1 ···X (n−1)

mn−1

...
. . .

X (n−1)
1 ···X (n−1)

mn−1 . . .
X (1)

1 ···X
(1)
m1

. . . 0
X (1)

1 ···X
(1)
m1 0


with a(n)i j ∈ Jn (1 ≤ i ≤ ℓn, 1 ≤ j ≤ mn), a(k)i j ∈ Jn (1 ≤ k < n, 1 ≤ i ≤ ℓk, 2 ≤ j ≤ mk), a(k)i1 ∈
n (1≤ k < n, 1≤ i≤ ℓk), and cq ∈ n (q≥ 0). Moreover, one has the equality

a=
n

∑
i=1

ℓi

∑
j=1

I2

(
a(i)j1 a(i)j2 · · · a(i)jmi

X (i)
1 X (i)

2 · · · X (i)
mi

)
+(c1,c2, . . . ,cq).

Proof. Let F1
A−→ F0

N−→ K −→ 0 be a part of a minimal T -free resolution of K with F0 =

T ⊕T⊕ℓn⊕T⊕ℓn−1⊕·· ·⊕T⊕ℓ1 , where N= [−1 fn1··· fnℓn fn−1,1··· fn−1,ℓn−1 ··· f11··· f1ℓ1 ]. This induces
a presentation of K/R

F1
A′−→ G0

N′−→ K/R−→ 0
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as a T -module, where G0 = T⊕ℓn⊕T⊕ℓn−1⊕·· ·⊕T⊕ℓ1 , N′ = [ fn1··· fnℓn ··· f11··· f1ℓ1 ], s = rankT F1,
and A′ denotes the (∑n

i=1 ℓi)× s matrix obtained from the matrix A by deleting its first row.
By our assumption, we have isomorphisms

K/R∼=
n⊕

i=1

(R/Ii)
⊕ℓi ∼=

n⊕
i=1

(T/Ji)
⊕ℓi

so that the T -module K/R has a minimal presentation of the form

G1
B−→ G0

N′−→ K/R−→ 0

where G1 = T⊕ℓn·mn⊕T⊕ℓn−1·mn−1⊕·· ·⊕T⊕ℓ1·m1 and the matrix B is given by the form

B=



X (n)
1 ···X

(n)
mn 0 0 0 0 0 0

0
. . . 0 0 0 0 0

...
... X (n)

1 ···X
(n)
mn

...
...

...
...

...
...

... . . . ...
...

...
0 0 0 0 X (1)

1 ···X
(1)
m1 0 0

0 0 0 0 0
. . . 0

0 0 0 0 0 0 X (1)
1 ···X

(1)
m1


.

The comparison between two presentations of K/R gives rise to a commutative diagram

G1
B //

ξ
��

G0 //

∼=
��

K/R //

∼=
��

0

F1
A′ //

η
��

G0 //

∼=
��

K/R //

∼=
��

0

G1
B // G0 // K/R // 0

of T -modules, so the composite map η ◦ ξ is an isomorphism. Thus, there exists an s× s
invertible matrix Q with entries in T such that the equality

A′ ·Q = [B | O ]

holds, where O denotes the null matrix. We now consider the matrix

M= A ·Q =

 ∗

A′

Q =

 ∗ ∗

B O

 .
Hence, K has a minimal free presentation

F1
M−→ F0

N−→ K −→ 0

of T -modules. Since N ·M= O, the equality

a(n)i j · (−1)+X (n)
j · fni = 0
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holds in K for every 1≤ i≤ ℓn and 1≤ j ≤ mn. Then

a(n)i j = a(n)i j ·1 = X (n)
j · fni ∈ JnK = InK = IK = I = Jn/a

whence a(n)i j ∈ Jn. In addition, for each 1≤ k < n, we have

a(k)i j · (−1)+X (k)
j · fki = 0 for every 1≤ i≤ ℓk, 2≤ j ≤ mk

which shows a(k)i j ∈ Jn, as desired.
It remains to show the last equality of ideals. To do this, we need the following fact.

Lemma 8.3 ([24, Lemma 7.9]). Let (T,n) be a Noetherian local ring, x = x1,x2, . . . ,xℓ a
regular sequence on T and a = a1,a2, . . . ,aℓ a sequence of elements in T . We denote by
K=K•(x;T ) the Koszul complex of T associated to x and by L= L•(a;T ) the Koszul complex
of T associated to a. Then the equality

∂L1 (Ker∂K1 ) = I2

(
a1 a2 · · · aℓ
x1 x2 · · · xℓ

)
holds, where ∂K1 and ∂L1 denote the first differential maps of K and L, respectively.

Let ei be the standard basis of F0 = T⊕r and set L = ImM. For each a ∈ a, we see that
ae1 ∈ L, whence the equality

ae1 =
ℓn

∑
i=1

mn

∑
j=1

c(n)i j

(
a(n)i j e1 +X (n)

j ei+1

)
+

ℓn−1

∑
i=1

mn−1

∑
j=1

c(n−1)
i j

(
a(n−1)

i j e1 +X (n−1)
j ei+ℓn+1

)
+ · · ·+

ℓ1

∑
i=1

m1

∑
j=1

c(1)i j

(
a(1)i j e1 +X (1)

j ei+ℓn+···+ℓ2+1

)
+

q

∑
i=1

di (cie1)

holds, where ck
i j ∈ T and di ∈ T . By comparing with components of both sides, we get

a =
ℓn

∑
i=1

mn

∑
j=1

(
c(n)i j a(n)i j

)
+

ℓn−1

∑
i=1

mn−1

∑
j=1

(
c(n−1)

i j a(n−1)
i j

)
+ · · ·+

ℓ1

∑
i=1

m1

∑
j=1

(
c(1)i j a(1)i j

)
+

q

∑
i=1

dici

and
mn

∑
j=1

(
c(n)i j X (n)

j

)
= 0 for every 1≤ i≤ ℓn,

mn−1

∑
j=1

(
c(n−1)

i j X (n−1)
j

)
= 0 for every 1≤ i≤ ℓn−1,

...
m1

∑
j=1

(
c(1)i j X (1)

j

)
= 0 for every 1≤ i≤ ℓ1.

For each integers 1 ≤ k ≤ n and 1 ≤ i ≤ ℓk, we consider the Koszul complexes K =

K•(X
(k)
1 ,X (k)

2 , . . . ,X (k)
mk ;T ) and L = L•(a

(k)
i1 ,a(k)i2 , . . . ,a(k)imk

;T ) of T associated to the sequences
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X (k)
1 ,X (k)

2 , . . . ,X (k)
mk and a(k)i1 ,a(k)i2 , . . . ,a(k)imk

, respectively. As ∑mk
j=1 c(k)i j Tj ∈ Ker∂K1 , we have

mk

∑
j=1

c(k)i j a(k)i j ∈ ∂L1 (Ker∂K1 ) = I2

(
a(k)i1 a(k)i2 · · · a(k)imk

X (k)
1 X (k)

2 · · · X (k)
mk

)
by Lemma 9.3. Therefore, we have

a⊆
n

∑
i=1

ℓi

∑
j=1

I2

(
a(i)j1 a(i)j2 · · · a(i)jmi

X (i)
1 X (i)

2 · · · X (i)
mi

)
+(c1,c2, . . . ,cq).

On the other hand, since N ·M= O, the equality ci = (−1) ·ci = 0 holds in K for each 1≤ i≤ q,
so that ci ∈ a. In addition, for each 1≤ i≤ ℓn, we have(

X (n)
p a(n)i j −X (n)

j a(n)ip

)
e1 = X (n)

p

(
a(n)i j e1 +X (n)

j ei+1

)
−X (n)

j

(
a(n)ip e1 +X (n)

p ei+1

)
∈ L

for every 1≤ p < j ≤ mn. This implies (−1)
(

X (n)
p a(n)i j −X (n)

j a(n)ip

)
= 0 in K. Hence

I2

(
a(n)i1 a(n)i2 · · · a(n)imn

X (n)
1 X (n)

2 · · · X (n)
mn

)
⊆ a.

Besides, for each 1≤ i≤ ℓn−1, we have(
X (n−1)

p a(n−1)
i j −X (n−1)

j a(n−1)
ip

)
e1 = X (n−1)

p

(
a(n−1)

i j e1 +X (n−1)
j ei+ℓn+1

)
−X (n−1)

j

(
a(n−1)

ip e1 +X (n−1)
p ei+ℓn+1

)
∈ L

for every 1≤ p < j ≤ mn−1, so that Xn−1
p a(n−1)

i j −X (n−1)
j a(n−1)

ip ∈ a. Therefore

I2

(
a(n−1)

i1 a(n−1)
i2 · · · a(n−1)

imn−1

X (n−1)
1 X (n−1)

2 · · · X (n−1)
mn−1

)
⊆ a.

Since the same technique works for 1≤ k ≤ n−2, we conclude that

I2

(
a(k)i1 a(k)i2 · · · a(k)imk

X (k)
1 X (k)

2 · · · X (k)
mk

)
⊆ a for every 1≤ i≤ ℓk.

This finally provides the equality

a=
n

∑
i=1

ℓi

∑
j=1

I2

(
a(i)j1 a(i)j2 · · · a(i)jmi

X (i)
1 X (i)

2 · · · X (i)
mi

)
+(c1,c2, . . . ,cq)

as claimed. □

We now apply Theorem 8.2 to Goto rings. Suppose that a ⊆ n2, R is an n-Goto ring, and
v(R/c) = 1. Note that µR(m) = ℓ. As R is n-Goto and v(R/c) = 1, we can choose a minimal
system x1,x2, . . . ,xℓ of generators of m such that c= R : R[K] = (xn

1,x2, . . . ,xℓ).
For each 1≤ i≤ n, we set Ii = (xi

1,x2, . . . ,xℓ). We then have a chain

R : K = c= In ⊊ In−1 ⊊ · · ·⊊ I1 =m
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of ideals, and by Theorem 4.12 we have an isomorphism

K/R∼=
n⊕

i=1

(R/Ii)
⊕ℓi

of R-modules for some ℓn > 0, ℓi ≥ 0 (1 ≤ i < n) such that ∑n
i=1 ℓi = r− 1. We choose Xi ∈ n

so that xi = Xi in R. Letting Ji = (X i
1,X2, . . . ,Xℓ) for each 1 ≤ i ≤ n, we have an isomorphism

T/Ji∼=R/Ii of T -modules, because ℓT (T/Ji) = ℓR(R/Ii) = i. Besides, since c⊆ cK ⊆ cR[K] = c,

the equality cK = c holds. Hence we have the following, which gives a necessary condition for
R = T/a to be an n-Goto ring.

Corollary 8.4. Suppose that a⊆ n2. If R is an n-Goto ring and v(R/c) = 1, then the T -module

K has a minimal free presentation of the form F1
M−→ F0

N−→ K→ 0, where

N= [−1 fn1··· fnℓn fn−1,1··· fn−1,ℓn−1 ··· f11··· f1ℓ1 ]

and

M=



a(n)11 a(n)12 ···a
(n)
1ℓ ··· a(n)ℓn1a(n)ℓn2···a

(n)
ℓnℓ ··· a(1)11 a(1)12 ···a

(1)
1ℓ ··· a(1)ℓ11a(1)ℓ12···a

(1)
ℓ1ℓ

c1c2···cq

Xn
1 X2···Xℓ 0. . . 0

Xn
1 X2···Xℓ

Xn−1
1 X2···Xℓ

.... . .
Xn−1

1 X2···Xℓ . . .
X1X2···Xℓ

. . . 0
X1X2···Xℓ 0


with a(n)i j ∈ Jn (1≤ i≤ ℓn, 1≤ j ≤ ℓ), a(k)i j ∈ Jn (1≤ k < n, 1≤ i≤ ℓk, 2≤ j ≤ ℓ), a(k)i1 ∈ n (1≤
k < n, 1≤ i≤ ℓk), and cq ∈ n (q≥ 0). Moreover, one has the equality

a=
n

∑
i=1

ℓi

∑
j=1

I2

(
a(i)j1 a(i)j2 · · · a(i)jℓ

X i
1 X2 · · · Xℓ

)
+(c1,c2, . . . ,cq).

The next corresponds to [24, Corollary 7.10] (resp. [13, Corollary 2.3]) for almost Gorenstein
(resp. 2-almost Gorenstein) rings.

Corollary 8.5. With the same notation as in Theorem 8.2 and Corollary 8.4, the following
assertions hold true.

(1) If ℓ= 3 and mi = ℓ for all 1≤ i≤ n, then r = 2, q= 0, ℓn = 1, and ℓi = 0 for all 1≤ i< n.
Hence, if R is an n-Goto ring with v(R/c) = 1, a⊆ n2, and ℓ= 3, the matrix M has the
form

M=

(
a(n)11 a(n)12 a(n)13

Xn
1 X2 X3

)
.

(2) If R has minimal multiplicity and mi = ℓ for all 1 ≤ i ≤ n, then q = 0. Hence, if R is
n-Goto with minimal multiplicity, v(R/c) = 1, and a⊆ n2, then q = 0.

Proof. (1) Note that the ring R has a minimal free resolution

0−→ F2 = T⊕r tM−→ F1 = T⊕(r+1) −→ F0 = T −→ R−→ 0
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of T -modules, where the matrix M has the form stated in Theorem 8.2. Then

r+1 = rankT F1 = s =

(
n

∑
i=1

ℓi

)
· ℓ+q = 3 · (r−1)+q,

whence 4−2 · r = q≥ 0. Thus r(R) = 2 and q = 0, because R is not Gorenstein. Since 0 < ℓn ≤
∑n

i=1 ℓi = 1, we conclude that ℓn = 1 and ℓi = 0 for all 1≤ i < n.
(2) As R has minimal multiplicity, we get r = ℓ−1 and the equalities

(r−1)ℓ+q =

(
n

∑
i=1

ℓi

)
· ℓ+q = s = ℓ(ℓ−2)

where the last equality follows from [41, THEOREM 1 (iii)]. Hence q = 0. □

Although we need a mild assumption on rings, Corollary 8.4 provides an explicit system
of generators of defining ideals in numerical semigroup rings possessing canonical ideals with
reduction number two.

Let us note some examples illustrating Corollary 8.4. The first example is a 3-Goto ring with
minimal multiplicity. We denote by t(−) the transpose of a matrix.

Example 8.6. Let V = k[[t]] be the formal power series ring over a field k, and set R =

k[[t4, t11, t13, t14]]. Hence, R = k[[H]], the semigroup ring of the numerical semigroup H =

〈4,11,13,14〉. Then c(H)= 11 and PF(H)= {7,9,10}, whence K =R+Rt+Rt3 and R[K] =V .
This shows K2 = K3 and c = R : V = tc(H)V = t11V = (t11, t12, t13, t14) =

(
(t4)3, t12, t13, t14).

Hence ℓR(R/c) = 3 and v(R/c) = 1. So R is a 3-Goto ring with minimal multiplicity. Let
T = k[[X ,Y,Z,W ]] be the formal power series ring and φ : T → R the k-algebra map defined by
φ(X) = t4, φ(Y ) = t11, φ(Z) = t13, and φ(W ) = t14. Then R has a minimal T -free resolution of
the form

F : 0−→ T⊕3 tM−→ T⊕8 −→ T⊕6 −→ T −→ R−→ 0

where

M=

 Z −X3 −W −XY Y W X4 XZ
X3 Y Z W 0 0 0 0
0 0 0 0 X2 Y Z W

 .
The T -dual of F gives rise to the minimal presentation

T⊕8 M−→ T⊕3 −→ K −→ 0

of the canonical fractional ideal K, so that K/R ∼= T/(X3,Y,Z,W )⊕T/(X2,Y,Z,W ). We then
have

Kerφ = I2

(
Z −X3 −W −XY

X3 Y Z W

)
+ I2

(
Y W X4 XZ
X2 Y Z W

)
.

Note that one cannot expect q = 0 in general, see [24, Example 7.11], [13, Example 2.7].
There is an example of a Goto ring with q = 0 without assuming of minimal multiplicity.

Example 8.7. Let V = k[[t]] be the formal power series ring over a field k, and set R =

k[[t8, t13, t15, t17, t19, t22]] = k[[H]], where H = 〈8,13,15,17,19,22〉. Note that c(H) = 21 and
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PF(H) = {9,11,14,18,20}. Then

K = R+Rt2 +Rt6 +Rt9 +Rt11

K2 = K +
(

Rt2 +Rt6 +Rt9 +Rt11
)2

= K +Rt4

K3 = K2 +
(

R+Rt2 +Rt6 +Rt9 +Rt11
)

t4 = K2

while ℓR(K2/K) = 3. Hence R is a 3-Goto ring which does not have minimal multiplicity. Since
c= R : R[K] = R : K =

(
(t8)3, t13, t15, t17, t19, t22), we have v(R/c) = 1.

We now compute the generators of defining ideal of R. Let T = k[[X ,Y,Z,W,V,F ]] denote
the formal power series ring and φ : T → R the k-algebra map defined by φ(X) = t8, φ(Y ) = t13,
φ(Z) = t15, φ(W ) = t17, φ(V ) = t19, and φ(F) = t22. Then R has a minimal T -free resolution
of the form

F : 0−→ T⊕5 tM−→ T⊕24 −→ T⊕45 −→ T⊕40 −→ T⊕15 −→ T −→ R−→ 0

where

M=


Y 2 Z W V XY X3 −F −V−XY−XZ−XW−Y Z −V −X3 −Y 2−Y Z −Z2−X2W −W −F −X3 −Y 2−Y Z−X2Z

X3 Y Z W V F 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 X2 Y Z W V F 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 X Y Z W V F 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 X Y Z W V F

 .
By taking the T -dual of F, we get the minimal presentation

T⊕24 M−→ T⊕5 −→ K −→ 0

of K. Then we have an isomorphism

K/R∼= T/(X3,Y,Z,W,V,F)⊕T/(X2,Y,Z,W,V,F)⊕ (T/(X ,Y,Z,W,V,F))⊕2

of T -modules and

Kerφ = I2

(
Y 2 Z W V XY X3

X3 Y Z W V F

)
+ I2

(
−F −V −XY −XZ −XW −Y Z
X2 Y Z W V F

)

+ I2

(
−V −X3 −Y 2 −Y Z −Z2 −X2W
X Y Z W V F

)
+ I2

(
−W −F −X3 −Y 2 −Y Z −X2Z
X Y Z W V F

)
.

As we show next, Goto rings does not satisfy the condition v(R/c) = 1 in general.

Example 8.8. Let V = k[[t]] be the formal power series ring over a field k, and set R = k[[H]],
where H = 〈7,10,22〉. Then c(H) = 34 and PF(H) = {25,33}. We have K2 = K + Rt16,
K3 =K2+Rt24 =K2, and c=(t14, t20, t22, t24). Hence v(R/c)= 2, although R is 4-Goto because
ℓR(K/R) = 4 (see Lemma 7.3).

We now investigate a sufficient condition for R = T/a to be an n-Goto ring in terms of the
presentation of fractional canonical ideals. In the following, we maintain Setup 8.1. We choose
generators fi j ∈ K satisfying

K = R+
n

∑
i=1

ℓi

∑
j=1

R fi j.

where ℓn > 0, ℓi ≥ 0 (1≤ i < n) such that ∑n
i=1 ℓi = r−1.
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The following provides a generalization of [24, Theorem 7.8] (resp. [13, Theorem 2.9]) for
one-dimensional almost Gorenstein (2-almost Gorenstein) rings.

Theorem 8.9. Let X1,X2, . . . ,Xℓ ∈ n be a regular system of parameters of T . Suppose that
a⊆ n2 and the T -module K has a minimal free presentation of the form

F1
M−→ F0

N−→ K −→ 0

where M and N are the matrices of the form stated in Corollary 8.4, satisfying the conditions
that a(n)i j ∈ Jn (1 ≤ i ≤ ℓn, 1 ≤ j ≤ ℓ), a(k)i j ∈ Jn (1 ≤ k < n, 1 ≤ i ≤ ℓk, 2 ≤ j ≤ ℓ), and

a(k)i1 ∈ Jk (1 ≤ k < n, 1 ≤ i ≤ ℓk), where Ji = (X i
1,X2, . . . ,Xℓ) for each 1 ≤ i ≤ n. Then R is an

n-Goto ring and v(R/c) = 1.

Proof. Let (−) be the image in K/R. Note that K/R has a minimal free presentation

F1
B′−→ G0

L−→ K/R−→ 0

of T -modules, where L= [ fn1··· fnℓn ··· f11··· f1ℓ1 ], B′ = [B | O ], and

B=



Xn
1 X2···Xℓ 0 0 0 0 0 0

0
. . . 0 0 0 0 0

...
... Xn

1 X2···Xℓ

...
...

...
...

...
...

... . . . ...
...

...
0 0 0 0 X1X2···Xℓ 0 0

0 0 0 0 0
. . . 0

0 0 0 0 0 0 X1X2···Xℓ


.

Here G0 = T⊕ℓn⊕T⊕ℓn−1⊕·· ·⊕T⊕ℓ1 and O denotes the null matrix. This induces an isomor-
phism

K/R∼=
n⊕

i=1

(T/Ji)
⊕ℓi

of T -modules. By setting I = JnR, we get

c= R : R[K]⊆ R : K =
n∩

i=1

JiR = JnR.

To show K2 = K3, it suffices to check the equality c = I. Indeed, it is enough to show IK ⊆ I
because R[K] = Km for all m� 0. As N ·M= O, we obtain the equality

a(n)i j · (−1)+Z(n)
j · fni = 0 (1≤ i≤ ℓn, 1≤ j ≤ ℓ)

in K, where

Z(k)
j =

{
Xk

1 ( j = 1)
X j (2≤ j ≤ ℓ)

for each 1 ≤ k ≤ n. Hence, Z(n)
j · fni = a(n)i j · 1 ∈ JnR = I. Similarly, for each 1 ≤ k < n, the

equality
a(k)i j · (−1)+Z(k)

j · fki = 0 (1≤ i≤ ℓk, 2≤ j ≤ ℓ)
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guarantees that Z(k)
j · fki ∈ I. In addition, we have the equality

a(k)i1 · (−1)+Xk
1 · fki = 0 (1≤ k < n, 1≤ i≤ ℓk)

inside of K, so that Xk
1 · fki ∈ JkR= (Xk

1 ,X2, . . . ,Xℓ)R. Therefore we get Xn
1 · fki = Xn−k

1 ·Xk
1 · fki ∈

Xn−k
1 JkR⊆ JnR = I. This shows IK ⊆ I, i.e., c= I. In particular, v(R/c) = 1.
It remains to show that ℓR(R/c) = n. We set p = ℓR(R/c). A surjective homomorphism

T/Jn→R/c induces that p= ℓR(R/c)≤ ℓT (T/Jn) = n. Since R is a p-Goto ring and v(R/c) = 1,
we can choose a minimal system y1,y2, . . . ,yℓ of generators of m such that c = (yp

1 ,y2, . . . ,yℓ).
By setting I′i = (yi

1,y2, . . . ,yℓ) for each 1≤ i≤ p, we get an isomorphism

K/R∼=
p⊕

i=1

(
R/I′i

)⊕mi

of R-modules for some mp > 0, mi ≥ 0 (1≤ i < p) such that ∑p
i=1 mi = r−1. Choose Yi ∈ n so

that yi is the image of Yi in R. For each 1 ≤ i ≤ p, we have a surjective map T/J′i → R/I′i and
ℓT (T/J′i) = ℓR(R/I′i) = i, whence T/J′i ∼= R/I′i as a T -module. Therefore

n⊕
i=1

(T/Ji)
⊕ℓi ∼= K/R∼=

p⊕
i=1

(
T/J′i

)⊕mi .

Since ℓn > 0, the T -module T/Jn is a direct summand of K/R. This induces T/Jn ∼= T/J′i for
some 1≤ i≤ p. Thus n = ℓT (T/Jn) = ℓT (T/J′i) = i≤ p≤ n, i.e., n = ℓR(R/c). Hence R is an
n-Goto ring. □

Remark 8.10. Let X1,X2, . . . ,Xℓ ∈ n be a regular system of parameters of T . We set

I = I2

(
Xα1

1 Xα2
2 · · · Xαℓ−1

ℓ−1 Xαℓ
ℓ

Xβ2
2 Xβ3

3 · · · Xβℓ
ℓ Xβ1

1

)
where αi,βi ≥ 1 for each 1≤ i≤ ℓ. Then we have

I +(X1) = I2

(
0 Xα2

2 · · · Xαℓ−1
ℓ−1 Xαℓ

ℓ

Xβ2
2 Xβ3

3 · · · Xβℓ
ℓ 0

)
+(X1)

which shows I +(X1) is an n-primary ideal of T . Hence A = T/I is a Cohen-Macaulay local
ring with dimA = 1.

The Eagon-Northcott complex associated to a 2× ℓ matrix M provides the resolution of the
ring R = T/I2(M) (see [5]). Hence we get the following.

Corollary 8.11 (cf. [13, Corollary 2.10]). Let X1,X2, . . . ,Xℓ ∈ n be a regular system of param-
eters of T . Choose integers p1, p2, . . . , pℓ > 0 such that p1 ≥ n≥ 2 and set

a= I2

(
Xn

1 X2 · · · Xℓ−1 Xℓ

X p2
2 X p3

3 · · · X pℓ
ℓ X p1

1

)
.

Then R = T/a is an n-Goto ring, v(R/c) = 1, and the R/c-module K/R is free of rank ℓ−2.
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Proof. The ring R = T/a is Cohen-Macaulay and of dimension one whose minimal free reso-
lution as a T -module is given by the Eagon-Northcott complex associated to a matrix[

Xn
1 X2 · · · Xℓ−1 Xℓ

X p2
2 X p3

3 · · · X pℓ
ℓ X p1

1

]
.

By taking T -dual of the resolution, we get the minimal free presentation

T⊕ℓ(ℓ−2) M′−→ T⊕(ℓ−1) ε−→ KR −→ 0

of the canonical module KR of R where

M′ =



X
p2
2 −X

p3
3 ···(−1)ℓ+1X

p1
1 0

Xn
1−X2···(−1)ℓ+1Xℓ X

p2
2 −X

p3
3 ···(−1)ℓ+1X

p1
1

Xn
1−X2···(−1)ℓ+1Xℓ

. . .
X

p2
2 −X

p3
3 ···(−1)ℓ+1X

p1
1

Xn
1−X2···(−1)ℓ+1Xℓ X

p2
2 −X

p3
3 ···(−1)ℓ+1X

p1
1

0 X2
1−X2···(−1)ℓ+1Xℓ


.

For each 1≤ i≤ n, we denote by xi the image of Xi in R. Note that xi ∈m is a non-zerodivisor
on R, xn

1 · x
p1
1 = xp2

2 · xℓ, and xi · xp1
1 = xpi+1

i+1 · xℓ for all 2≤ i < ℓ. By setting

y =
xp2

2
xn

1
, fi =

{
xpi+1

i+1 (1≤ i < ℓ)

xp1
1 (i = ℓ)

, and gi =

{
xn

1 (i = 1)
xi (2≤ i≤ ℓ)

,

we see that fi = gi · y for every 1≤ i≤ ℓ. Hence the equalities

yn =
f1

g1
· f2

g2
· · · fℓ

gℓ
=

xp2
2
xn

1
·

xp3
3
x2
· · ·

xpℓ
ℓ

xℓ−1
·

xp1
1
xℓ

= xp1−n
1 · xp2−1

2 · · ·xpℓ−1
ℓ ∈ R

hold, so that y ∈ R. Let K = ∑ℓ−2
i=0 Ryi. Note that K is an R-submodule of Q(R) and R⊆ K ⊆ R.

We then have an isomorphism K ∼= KR of R-modules, i.e., K is a fractional canonical ideal of R.
In fact, we consider the T -linear map ψ : T⊕(ℓ−1) −→ K defined by ψ(ei) = (−1)iyi−1 for each
1≤ i < ℓ, where {ei}1≤i<ℓ denotes the standard basis of T⊕(ℓ−1). Since [−1 y −y2 ···(−1)ℓ−1yℓ−2 ] ·
M′ = 0, we have a complex

T⊕ℓ(ℓ−2) M′−→ T⊕(ℓ−1) ψ−→ K −→ 0

of T -modules, and hence there is a surjective homomorphism σ : KR −→ K with ψ = σ ◦ ε.
We are now assuming that X = Kerσ 6= (0), and seek a contradiction. Let p ∈ AssR X . Then
p ∈AssR KR. As K is a fractional ideal of R, we see that Kp

∼= Rp. This yields an exact sequence

0−→ Xp −→ KRp −→ Rp −→ 0

of Rp-modules, because (KR)p ∼= KRp . The equality ℓRp(KRp) = ℓRp(Rp) induces Xp = (0),
which makes a contradiction. Therefore KR ∼= K, so K is a fractional canonical ideal of R, as
claimed. In what follows, we identify KR = K and ε = ψ. Hence

T⊕ℓ(ℓ−2) M′−→ T⊕(ℓ−1) ψ−→ K −→ 0

gives a minimal T -free presentation of K. Since (X p1
1 ,X p2

2 , . . . ,X pn
ℓ ) ⊆ (Xn

1 ,X2, . . . ,Xℓ), after
elementary column operations with coefficients in T on the matrix M′, we obtain the matrix M
of the form
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M=



a11a12···a1ℓ a21a22···a2ℓ ··· ··· aℓ−2,1aℓ−2,2···aℓ−2,ℓ

Xn
1 X2···Xℓ 0 ··· ··· 0

0 Xn
1 X2···Xℓ 0 ··· 0

0 0
. . . 0

... . . . ...
0 0 ··· ··· Xn

1 X2···Xℓ


with ai j ∈ (X p1

1 ,X p2
2 , . . . ,X pℓ

ℓ ). By Theorem 8.9, the ring R is n-Goto and v(R/c) = 1. Moreover,
we have the isomorphisms

K/R∼= (T/(Xn
1 ,X2, . . . ,Xℓ))

⊕(ℓ−2) ∼= (R/c)⊕(ℓ−2).

This completes the proof. □
The simplest example of Corollary 8.11 is stated as follows.

Example 8.12. Let ℓ≥ 3 be an integer and T = k[[X1,X2, . . . ,Xℓ]] the formal power series ring
over a field k. For given integers m≥ n≥ 2, the ring

R = T/I2

(
Xn

1 X2 · · · Xℓ−1 Xℓ

X2 X3 · · · Xℓ Xm
1

)
is n-Goto with dimR = 1 and r(R) = ℓ−1.

Remark 8.13. We can construct higher dimensional Cohen-Macaulay rings in this direction is
just adding the indeterminates to elements in the matrix. More precisely, let ℓ≥ 2 be an integer
and T = k[[X1,X2, . . . ,Xℓ,Y1,Y2, . . . ,Yℓ]] the formal power series ring over a field k. Then

A = T/I2

(
Xα1

1 +Y1 Xα2
2 +Y2 · · · Xαℓ−1

ℓ−1 +Yℓ−1 Xαℓ
ℓ +Yℓ

Xβ2
2 Xβ3

3 · · · Xβℓ
ℓ Xβ1

1

)
is a Cohen-Macaulay local ring with dimA = ℓ+ 1, where αi,βi ≥ 1 for each 1 ≤ i ≤ ℓ. The
above Yi can be added to any element of the matrix, while the number of adding elements does
not have to be ℓ. If we add Yi for m pieces, the ring has dimension m+ 1. The way of this
construction has also appeared in [31, Section 4].

The following ensures that, for given integers n ≥ 2 and ℓ ≥ 3, there exists an example of
n-Goto rings of dimension ℓ.

Example 8.14. Let ℓ ≥ 3 be an integer and T = k[[X1,X2, . . . ,Xℓ,V1,V2, . . . ,Vℓ−1]] the formal
power series ring over a field k. For given integers m≥ n≥ 2,

A = T/I2

(
Xn

1 X2 +V1 · · · Xℓ−1 +Vℓ−2 Xℓ+Vℓ−1

X2 X3 · · · Xℓ Xm
1

)
is an n-Goto ring with dimA = ℓ and r(A) = ℓ−1.

Proof. Note that A is a Cohen-Macaulay local ring with dimA = ℓ. We denote by xi (1≤ i≤ ℓ)

and vi (1≤ i < ℓ) the images of Xi and Vi in A, respectively. Let Xℓ+1 = Xm
1 for convention. We

then have an isomorphism

A/(v1,v2, . . . ,vℓ−1)A∼= k[[X1,X2, . . . ,Xℓ]]/I2

(
Xn

1 X2 · · · Xℓ−1 Xℓ

X2 X3 · · · Xℓ Xm
1

)
= B
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of rings. By Example 8.12, the ring B is n-Goto and of dimension one admitting the fractional
canonical module of the form (xn

1,x2, . . . ,xℓ−1)B∼= KB; hence r(B) = ℓ−1.
We set I = (xn

1,x2, . . . ,xℓ−1), Q = (xn
1,v1, . . . ,vℓ−1), q = (v1, . . . ,vℓ−1), and J = I +Q. Note

that Q is a parameter ideal of A. Thus r(A) = ℓ−1. Because of the isomorphism

A/I ∼= k[[V1,V2, . . . ,Vℓ−1]]/I2

(
0 V1 V2 · · · Vℓ−1
0 0 0 · · · 0

)
= k[[V1,V2, . . . ,Vℓ−1]],

the ring A/I is Cohen-Macaulay and of dimension ℓ−1, so that q∩ I = qI. We then have

I/qI ∼= (I +q)/q= (xn
1,x2, . . . ,xℓ−1)(A/q)∼= K(A/q)

∼= KA/qKA

which yields that I is maximal Cohen-Macaulay as an A-module and rA(I) = rA(I/qI) =
rA(KA/qKA) = rA(KA) = 1. As xn

1 ∈ I is a non-zerodivisor on A, the ideal I is faithful. Hence
I ∼= KA as an A-module.

By Theorem 3.5, it suffices to show that v1,v2, . . . ,vℓ−1 forms a super-regular sequence of
A with respect to J. We actually prove J3 = QJ2. Indeed, since J = Q+(x2,x3, . . . ,xℓ−1), the
equality J2 = QJ + (x2,x3, . . . ,xℓ−1)

2 holds. By induction argument, it is straightforward to
check that

x j+1xi ∈ QI for all 1≤ j ≤ d ℓ2e−1 and j+1≤ i≤ ℓ− ( j+1)

where d−e denotes the ceiling function. By setting α = d ℓ2e, we have

J2 = QJ +
α−1

∑
j=1

(
x j+1xℓ− j,x j+1xℓ− j+1, . . . ,x j+1xℓ−2,x j+1xℓ−1

)
+ (xα+1,xα+2, . . . ,xℓ−1)

2

which indues that the equalities

J3 = QJ2 +
α−1

∑
j=1

x j+1
(
xℓ− j,xℓ− j+1, . . . ,xℓ−1

)
J+(xα+1,xα+2, . . . ,xℓ−1)

2 J

= QJ2 +
α−1

∑
j=1

x j+1
(
xℓ− j,xℓ− j+1, . . . ,xℓ−1

)2
+(xα+1,xα+2, . . . ,xℓ−1)

3

hold. Focusing on the ℓ-th column of the matrix
[Xn

1 X2+V1 ··· Xℓ−1+Vℓ−2 Xℓ+Vℓ−1

X2 X3 ··· Xℓ Xm
1

]
, we obtain

x jxℓ ∈ QI for every 2≤ j ≤ ℓ−1. By induction argument again, we get

xi+1xℓ−kx j ∈ QJ2 for all 1≤ k ≤ ℓ− (α−1), 2≤ i+1≤ ℓ− k, and 2≤ j ≤ ℓ−1.

This shows
α−1

∑
j=1

x j+1
(
xℓ− j,xℓ− j+1, . . . ,xℓ−1

)2
+(xα+1,xα+2, . . . ,xℓ−1)

3 ⊆ QJ2,

and hence the equality J3 = QJ2 holds. By Lemma 2.4, the sequence v1,v2, . . . ,vℓ−1 ∈ q of
A forms super-regular with respect to J. Therefore, A is an n-Goto ring with dimA = ℓ and
r(A) = ℓ−1. □
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Corollary 8.15. Let ℓ ≥ 3 and m ≥ n ≥ 2 be integers. For each 2 ≤ i ≤ ℓ, we denote by
Ti = k[[X1,X2, . . . ,Xℓ,V1,V2, . . . ,Vi−1]] the formal power series ring over a field k, and set

Ai = Ti/I2

(
Xn

1 X2 +V1 · · · Xi +Vi−1 Xi+1 · · · Xℓ−1 Xℓ

X2 X3 · · · Xi+1 Xi+2 · · · Xℓ Xm
1

)
.

Then Ai is an n-Goto ring with dimAi = i and r(Ai) = ℓ−1.

Proof. The sequence of images of V1,V2, . . . ,Vℓ−1 in Aℓ is super-regular with respect to J =

(Xn
1 ,X2, . . . ,Xℓ)Aℓ+(V1,V2, . . . ,Vℓ−1)Aℓ. Since Ai ∼= Aℓ/(Vi,Vi+1, . . . ,Vℓ−1)Aℓ, the assertion fol-

lows from Theorem 3.5 and Example 8.14. □

9. EQUIMULTIPLE ULRICH IDEALS AND GOTO RINGS

In this section we define Ulrich ideals for equimultiple ideals to construct Goto rings. Let
(A,m) be a Cohen-Macaulay local ring with d = dimA and I (6= A) an ideal of A. The analytic
spread ℓ(I) of I is the Krull dimesnion of the fiber cone F (I) =

⊕
n≥0 In/mIn. A proper ideal I

is called equimultiple if ℓ(I) = htAI, where htAI denotes the height of I.
The notion of Ulrich ideals is defined for m-primary ideals and is one of the modifications

of that of stable maximal ideals introduced in 1971 by his monumental paper [32] of J. Lip-
man. The present modification ([22, Definition 1.1]) was formulated by S. Goto, K. Ozeki, R.
Takahashi, K.-i. Watanabe, and K.-i. Yoshida [22] in 2014, where the authors developed the
basic theory, revealing that the Ulrich ideals of Cohen-Macaulay local rings enjoy a beautiful
structure theorem for minimal free resolutions.

We extend the notion of Ulrich ideals to equimultiple ideals as follows, where a(grI(A))
denotes the a-invariant of grI(A) ([25, Definition (3.1.4)]).

Definition 9.1 (cf. [22, Definition 1.1]). Let I be an equimultiple ideal of A with s = htAI. We
say that I is an Ulrich ideal of A if the following conditions are satisfied.

(1) grI(A) is a Cohen-Macaulay ring with a(grI(A)) = 1− s.
(2) I/I2 is a free A/I-module.

When I contains a minimal reduction Q = (a1,a2, . . . ,as), the condition (1) of Definition 9.1
is equivalent to saying that I 6= Q, I2 = QI, and A/I is Cohen-Macaulay (see e.g., [25, Remark
(3.1.6)], [44, Corollary 2.7]). In addition, if I2 = QI, the condition (2) holds if and only if I/Q
is free as an A/I-module (the proof of [22, Lemma 2.3 (2)] works for equimultiple ideals). The
existence of minimal reductions is automatically satisfied, if the residue class field A/m of A
is infinite, or if A is analytically irreducible and dimA = 1. Besides, if A/m is infinite, all the
minimal reductions of I are minimally generated by ℓ(I) elements.

In what follows, let I be an equimultiple ideals of A with htAI = 1 and assume that I contains
a principal ideal Q = (a1) as a minimal reduction.

Proposition 9.2. Suppose that I is an Ulrich ideal of A. Then the following assertions hold true.
(1) The equality A : I = I : I holds.
(2) For every system x1,x2, . . . ,xd−1 of parameters of A/I which is a subsystem of param-

eters of A, we set q = (x1,x2, . . . ,xd−1) and J = I + q. Then J/q is an Ulrich ideal of
A/q.
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Proof. (1) Since I/Q is free as an A/I-module, we get I = Q :A I = a1(A : I). Hence the equali-
ties

A : I =
I

a1
= I : I

hold in Q(A), where the last follows from I2 = QI.
(2) Let A = A/q, I = IA, and Q = QA. Then I = J/q∼= I/q∩ I = I/qI. We have I2

= Q · I. If
I = Q, then I +q= Q+q, so that I = (Q+q)∩ I = Q+qI. This shows I = Q, a contradiction.
Thus I 6= Q. By setting n = µA(I), we have I/Q∼= (A/I)⊕(n−1). Therefore

I/Q∼= I/[(Q+q)∩ I] = I/(Q+qI)∼= A/q⊗A I/Q∼= (A/[I +q])⊕(n−1) ∼= (A/I)⊕(n−1)

and hence I = J/q is an Ulrich ideal of A = A/q. □
We need a general lemma below.

Lemma 9.3. Let (A,m) be a Cohen-Macaulay local ring with d = dimA, I an ideal of A with
n = dimA/I > 0, and f1, f2, . . . , fn a system of parameters of A/I. Then there exists a subsystem
a1,a2, . . . ,an of parameters of A such that the images of fi and ai in A/I coincides for all
1≤ i≤ n.

Proof. We denote by AsshA the set of all prime ideals p in A such that dimA/p = d. Since
htA(( f1)+ I) = d−n+1≥ 1, we have ( f1)+ I 6⊆

∪
p∈AsshA p. Choose x ∈ I such that f1+x 6∈ p

for every p ∈ AsshA. We set a1 = f1 + x. The classes of f1 and a1 in A/I coincides. We are
now assuming that there exists a subsystem a1,a2, . . . ,ai (i < n) of parameters of A such that the
images of f j and a j in A/I coincides for all 1≤ j≤ i. Then, because htA(( f1, f2, . . . , fi+1)+ I) =
d−n+ i+1≥ i+1 and htAp= i for every p ∈ AsshA A/(a1,a2, . . . ,ai), we get

( fi+1)+ I 6⊆
∪

p∈AsshA A/(a1,a2,...,ai)

p

where AsshA A/(a1,a2, . . . ,ai) denotes the set of all p ∈ SuppA A/(a1,a2, . . . ,ai) such that
dimA/p = d− i. Hence, we can choose y ∈ I which satisfies ai+1 = fi+1 + y 6∈ p for every
p ∈ AsshA A/(a1,a2, . . . ,ai). This completes the proof. □

The goal of this section is stated as follows.

Theorem 9.4. Let (A,m) be a Gorenstein local ring with d = dimA > 0 and I an equimultiple
Ulrich ideal of A with htAI = 1 admitting its minimal reduction Q = (a1). Then the quasi-trivial

extension A(α) = A
α
⋉ I is an n-Goto ring for every α ∈ A, where the sequence a2,a3, . . . ,ad

is a system of parameters of A/I, J = I +(a2,a3, . . . ,ad), and 2n = e0(J). In particular, the
idealization A⋉ I and the fiber product A×A/I A are n-Goto rings.

Proof. Suppose d = 1. Then J = I. By [22, Corollary 2.6 (b)], it follows that µA(I) = 2, so
that I/Q ∼= A/I as an A-module. This yields that e0(I) = ℓA(A/Q) = 2 · ℓA(A/I) ([15, Lemma
2.1]). We set T = A : I. Note that T is a birational module-finite extension of A, A 6= T , and

I = A : T . Thanks to Theorem 5.2, the quasi-trivial extension A(α) = A
α
⋉ I is n-Goto for every

α ∈ A, where n is a half of e0(I).
Suppose that d ≥ 2. By Lemma 9.3, we may assume the sequence a2,a3, . . . ,ad forms a

subsystem of parameters of A. Let A = A/q, I = IA, and Q = QA, where q = (a2,a3, . . . ,ad).
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Proposition 9.2 implies that I is an Ulrich ideal of A. Then, for each α ∈ A, we have the
canonical isomorphisms

A(α)/qA(α)∼= A⊗A (A
α
⋉ I)∼= A

α
⋉ I

where α denotes the image of α in A. We consider A(α) as an A-algebra via the homomorphism
ξ : A→A(α),a 7→ (a,0). Thus, the regular sequence a2,a3, . . . ,ad on A forms a regular sequence
on A(α) as well. We set Q1 = Q+q. Then, because I2

= Q · I, we have

J2 = [Q1J+q]∩ J2 = Q1J+q∩ J2 = Q1J+qJ = Q1J

where the third equality follows from q∩ I = qI (remember that q is a parameter ideal of A/I).
This induces that q∩ Jm+1 = qJm for every m ∈ Z; hence a2,a3, . . . ,ad forms a super-regular

sequence of A with respect to J. Since A(α)/qA(α) ∼= A
α
⋉ I is an n-Goto ring with 2n = e0(I)

and e0(J) = e0(I), by Theorem 3.5 we conclude that A(α) is an n-Goto ring and n is the half of
e0(J). □

We note an example.

Example 9.5. Let d ≥ 2, n ≥ 1, and ℓ ≥ 2 be integers. Let (S,n) be a regular local ring with
dimS = d +1 admitting its regular system X1,X2, . . . ,Xd,Y of parameters. We set

A = S/(Y 2n−X ℓ
1X2 · · ·Xd) and I = (x1,yn)

where xi (1 ≤ i ≤ d) and y denote the images in A, respectively. Then I is an Ulrich ideal of A

with htAI = 1. Therefore the quasi-trivial extension A(α) = A
α
⋉ I is an n-Goto ring for every

α ∈ A.

Proof. The ring A/I ∼= S/(X1,Y n) is Gorenstein and of dimension d−1. We set Q = (x1). Since
y2n = xℓ1x2 · · ·xd in A, we have I2 =QI+(y2n)=QI. If I =Q, then yn ∈Q, so that Y n ∈ (X1,Y 2n).
This is impossible. Hence I 6= Q. As I/Q is a cyclic A/I-module generated by the class of yℓ,
there is a surjective homomorphism φ : A/I→ I/Q. Let X = Kerφ. We set q= (x2,x3, . . . ,xd),
Q1 = Q+ q, and J = I + q. By taking the functor A/q⊗A (−) to the surjective map, we obtain
the exact sequence

X/qX → A/J→ J/Q1→ 0
of A-modules, because I/(qI + Q) ∼= J/Q1. Note that A/Q ∼= S/(X1,X2, . . . ,Xd,Y 2n) and
A/J ∼= S/(X1,X2, . . . ,Xd,Y n). This shows that ℓA(J/Q1) = n. Therefore X/qX = (0) and hence
X = (0). Consequently, I = (x1,yn) is an Ulrich ideal of A with htAI = 1. Besides, because
x2,x3, . . . ,xd is a super-regular sequence of A with respect to J, by passing through the ring A/q

we get e0(J) = ℓA(A/Q1) = 2n. Hence A(α) = A
α
⋉ I is an n-Goto ring for every α ∈ A. □

When ℓ= 1, the ideal I = (x1,yn) in Example 9.5 is not necessarily an Ulrich ideal.

Example 9.6. Let S = k[[X ,Y,Z]] be the formal power series ring over a field k. We set A =

S/(Z2−XY ) and p = (x,z), where x and z stand for the images of X and Z, respectively. Note
that A is a normal domain whose divisor class group Cl(A) ∼= Z/2Z is generated by the class
cl(p) of p ([11, Theorem]). Thus cl(p) 6= 0. If p has a principal reduction Q = (a), we have
pr+1 = apr for some r ≥ 0. Then (r + 1)cl(p) = r cl(p), so that cl(p) = 0. This makes a
contradiction. Hence p= (x,z) is not an Ulrich ideal of A.
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10. SALLY MODULES AND GOTO RINGS

In this section, unless otherwise specified, let (A,m) be a Cohen-Macaulay local ring with
d = dimA > 0 and I a canonical ideal of A. We start by characterizing 0-Goto rings.

Theorem 10.1. The following conditions are equivalent.

(1) A is a 0-Goto ring.
(2) A is a Gorenstein ring.
(3) There exists a parameter ideal Q = (a1,a2, . . . ,ad) of A such that a1 ∈ I and I+Q = Q.
(4) There exists a parameter ideal Q=(a1,a2, . . . ,ad) of A such that a1 ∈ I and SQ(J)= (0),

where J = I +Q.
(5) There exists a parameter ideal Q= (a1,a2, . . . ,ad) of A such that a1 ∈ I, Q is a reduction

of J, and e1(J)< r(A), where J = I +Q.
(6) There exists a parameter ideal Q= (a1,a2, . . . ,ad) of A such that a1 ∈ I, Q is a reduction

of J, and e1(J) = r(A)−1, where J = I +Q.
(7) There exists a parameter ideal Q= (a1,a2, . . . ,ad) of A such that a1 ∈ I, Q is a reduction

of J, and e1(J) = 0, where J = I +Q.
(8) There exists a parameter ideal Q= (a1,a2, . . . ,ad) of A such that a1 ∈ I, Q is a reduction

of J, and grJ(A) is a Cohen-Macaulay ring, where J = I +Q.

Proof. We begin by proving the equivalence of conditions (1), (4), (5), (6), together with the
implications (3)⇒ (1)⇒ (2), (3)⇒ (8)⇒ (2), and (7)⇒ (5). To prove these, we may assume
the existence of a parameter ideal Q = (a1,a2, . . . ,ad) of A satisfying the condition (♯). We set
J = I +Q and q= (a2,a3, . . . ,ad).

(3)⇒ (1) Since J = Q, we have J3 = QJ2 and ℓA(J2/QJ) = 0, i.e., A is 0-Goto.
(1)⇒ (2) Suppose d = 1. By setting K = I

a1
in Q(A), the equality K2 = K holds. Hence

A = K, because A⊆ K ⊆ K : K = A. Thus A is Gorenstein. We assume d ≥ 2 and the condition
(2) holds for d−1. As a2 ∈ q is a super-regular element of A with respect to J, by Theorem 3.5
the ring A/(a2) is 0-Goto. The hypothesis of induction guarantees that A/(a2) is a Gorenstein
ring. Hence A is Gorenstein as well.

(1)⇔ (4) This follows from the fact that the equality J2 =QJ holds if and only if SQ(J)= (0).
See [20, Lemma 2.1 (3)] for the proof.

(4)⇒ (6) By [15, Theorem 3.7], we may assume d ≥ 2. Since J2 = QJ, we see that the
sequence a2,a3, . . . ,ad of A forms super-regular with respect to J. Let A = A/q and J = JA.
Then dimA = 1 and J = (I +q)/q∼= I/q∩ I = I/qI ∼= KA. Hence the equalities

e1(J) = e1(J/(a2,a3, . . . ,ad−1)) = e1(J)+ ℓA ([(0) :A ad])

= e1(J) = r(A)−1 = r(A)−1

hold.
(5)⇒ (4) By [15, Proposition 3.6, Theorem 3.7], it suffices to assume d ≥ 2. Let A = A/q,

J = JA, and Q = QA. Note that dimA = 1 and Q is a minimal reduction of J ∼= KA. Since
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µA(J/Q) = µA(J/Q) = µA(J)−1 = r(A)−1 = r(A)−1, we then have

rankSQ(J)+ ℓA(J/Q) = rankSQ(J)+ ℓA(A/Q)− ℓA(A/J)

= rankSQ(J)+ e0(J)− ℓA(A/J)

= e1(J)

≤ r(A)−1 = µA(J/Q)≤ ℓA(J/Q)

where the second equality follows because J contains the parameter ideal Q as a reduction. This
shows rankSQ(J)≤ 0 and hence SQ(J) = (0).
(6)⇒ (5),(7)⇒ (5) These are obvious.
(3)⇒ (8) The polynomial ring grJ(A) ∼= (A/J)[X1,X2, . . . ,Xd] is Cohen-Macaulay, because

J = Q is a parameter ideal of A.
(8)⇒ (2) Suppose d = 1. Let A be the integral closure of A in Q(A). We consider the

fractional canonical ideal K = I
a1

in Q(A). Suppose the contrary and seek a contradiction.
Indeed, since K ⊊ K2, we have A : m ⊆ K : m ⊆ K2. By [44, Corollary 2.7], the equality
Q∩ I2 = QI holds. Let φ ∈ A : m. Then a2

1φ ∈ (a1)∩ a2
1K2 = (a1)∩ I2 = QI = a1I = a2

1K, so
that φ ∈ K. Thus A : m⊆ K. Thanks to [28, Bemerkung 2.5], we have

A = K : K ⊆ K : (A : m) = K : ((K : K) : m) = K : (K : mK) =mK ⊆mA

whence 1 ∈mA∩A =m. This is absurd. Hence A is Gorenstein. Suppose d ≥ 2. Since grJ(A)
is Cohen-Macaulay, by [44, Corollary 2.7] grJ/q(A/q) is a Cohen-Macaulay ring. This implies
A/q is Gorenstein, then so is A.

In the rest of the proof, we may assume A is Gorenstein. Then I is principal. Since dimA/I =
d− 1, we may choose a generator a1 ∈ I of I that forms a subsystem of parameters of A. We
then extend a1 to a full system of parameters by choosing elements a2,a3, . . . ,ad ∈m such that
Q = (a1,a2, . . . ,ad) is a parameter ideal of A. Let J = I +Q.

(2)⇒ (3) Since I ⊆ Q, we have J = Q.
(2)⇒ (7) The equivalence (2)⇔ (6) ensures that e1(J) = r(A)−1 = 0. □

Corollary 10.2. Let n ≥ 1 be an integer and Q a parameter ideal of A with condition (♯). If A
is an n-Goto ring with respect to Q, then depthgrJ(A) = d−1, where J = I +Q.

Proof. Since SQ(J) = T [SQ(J)]1, by Lemma 2.4 (1) we have depthgrJ(A) ≥ d− 1. Suppose
depthgrJ(A) = d. Then Theorem 10.1 (8)⇒ (2) yields A is Gorenstein. This makes a contra-
diction, because every n-Goto ring with n≥ 1 is not Gorenstein; see Remark 3.4. □

Next, we consider the relation between 1-Goto and almost Gorenstein properties. We first
prepare an auxiliary lemma below.

Lemma 10.3. Let (A,m) be a Noetherian local ring with d = dimA ≥ 2 and J an m-primary
ideal of A. If A has an infinite residue class field A/m, the ideal J contains a superficial sequence
g1,g2, . . . ,gd of A with respect to J such that g2 forms a superficial element of A with respect to
J.

Proof. Let R (J) = A[Jt] =
⊕

i≥0 Jit i be the Rees algebra of J, where t is an indeterminate
over A. We denote by F the set of all associated prime ideals p ∈ SpecR (J) of grJ(A) such that
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p 6⊇R (J)+, where R (J)+ =
⊕

i>0 Jit i. We consider the map φ : J→R (J) defined by φ(a) = at
for each a ∈ J. Since A/m is infinite, we can choose g1 ∈ J such that g1 6∈

∪
p∈F φ−1(p). Let

A = A/(g1) and J = JA. We define F the set of all associated prime ideals q ∈ SpecR (J) of
grJ(A) such that q 6⊇ R (J)+ and consider the map ψ : J→ R (J) with ψ(a) = at for each a ∈ J.
Then, because A/m is infinite, we can choose g2 ∈ J which satisfies

g2 6∈

∪
q∈F

(
ψ−1(q)∩A

)∪[∪
p∈F

φ−1(p)

]
.

This shows g1,g2 is a superficial sequence of A with respect to J and g2 itself forms a superficial
element of A with respect to J. Then all you have to do is to choose the remaining superficial
sequence g3,g4, . . . ,gd as usual. □

We state the following characterization of 1-Goto rings. The condition (5) of Theorem 10.4
provides a natural generalization of [15, Definition 3.1]. The equivalence (2)⇔ (3) is essen-
tially due to [24, Theorem 5.1], and the implication (5)⇒ (2) was pointed out by S. Goto.

Theorem 10.4. Consider the following conditions.
(1) A is a 1-Goto ring.
(2) A is an almost Gorenstein ring but not a Gorenstein ring.
(3) There exists a parameter ideal Q = (a1,a2, . . . ,ad) of A such that a1 ∈ I, J 6= Q, and

mJ =mQ, where J = I +Q.
(4) There exists a parameter ideal Q = (a1,a2, . . . ,ad) of A such that a1 ∈ I and SQ(J) ∼=

B(−1) as a graded T -module, where J = I +Q and B = T /mT .
(5) There exists a parameter ideal Q= (a1,a2, . . . ,ad) of A such that a1 ∈ I, Q is a reduction

of J, and e1(J) = r(A), where J = I +Q.
Then the conditions (1) and (4) are equivalent, and the implications (3)⇒ (1)⇒ (2), (1)⇒ (5)
hold. If A has an infinite residue class field A/m, then the implications (2)⇒ (3), (5)⇒ (2)
hold, so that all the conditions are equivalent.

Proof. (3)⇒ (1) If d = 1, the ideal I contains a parameter ideal Q such that I 6=Q and mI =mQ.
Since m is faithful as an A-module, the parameter ideal Q is a reduction of I. By [15, Theorems
3.11, 3.16], we conclude that I3 = QI2 and ℓA(I2/QI) = 1. Thus A is 1-Goto. When d ≥ 2, the
condition (1) follows from [24, Corollary 5.3] and its proof.

(1)⇒ (2) We first consider the case where d = 1. Choose a parameter ideal Q of A which
satisfies I3 = QI2 and ℓA(I2/QI) = 1. Thanks to [15, Theorem 3.16], the ring A is almost
Gorenstein, but not a Gorenstein ring. Assume d ≥ 2 and the condition (2) holds for d−1. Let
Q = (a1,a2, . . . ,ad) be a parameter ideal of A such that a1 ∈ I, J3 = QJ2, and ℓA(J2/QJ) = 1,
where J = I +Q. Then a2 ∈ J is a super-regular element of A with respect to J. Hence, by
Theorem 3.5 A/(a2) is a 1-Goto ring, so that the induction argument asserts that the ring A/(a2)

is almost Gorenstein, but not Gorenstein. Therefore, we get the condition (2) by [24, Theorem
3.7 (1)].

(1)⇔ (4) We may assume the existence of a parameter ideal Q = (a1,a2, . . . ,ad) of A such
that Q satisfies the condition (♯). We set J = I +Q, T = R (Q), and B = T /mT . Suppose that
SQ(J)∼= B(−1). Then, because B is a homogeneous ring over A/m and [SQ(J)]1 = J2/QJ, we
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have J3 = QJ2 and ℓA(J2/QJ) = 1. Hence A is 1-Goto. Conversely, we assume that A is a 1-
Goto ring. Since SQ(J)= T [SQ(J)]1 and J2/QJ∼=A/m, we see that SQ(J) is a cyclic B-module.
Therefore we have an surjective homomorphism B(−1)→ SQ(J) of graded T -modules. Hence
B(−1)∼= SQ(J), because B is an integral domain with dimB = dimSQ(J) = d.
(1)⇒ (5) We choose a parameter ideal Q = (a1,a2, . . . ,ad) of A satisfying a1 ∈ I, J3 = QJ2,

and ℓA(J2/QJ) = 1, where J = I +Q. If d = 1, then e1(I) = r(A) by [15, Theorem 3.16].
When d ≥ 2, we set q= (a2,a3, . . . ,ad). Note that A/q is a one-dimensional 1-Goto ring. Since
a2,a3, . . . ,ad forms a super-regular, and hence superficial, sequence of A with respect to J, we
conclude that the equalities

e1(J) = e1(J/q)+ ℓA
(
[(0) :A/q ad]

)
= e1(J/q) = r(A/q) = r(A)

hold, as desired.
We assume that A/m is infinite and show the implications (2)⇒ (3) and (5)⇒ (2).
(2)⇒ (3) This follows from [24, Theorem 5.1] and Theorem 10.1. Although [24, Theorem

5.1] is assumed the Gorensteinness of Q(A), we only need this assumption to get the existence
of canonical ideals.

(5)⇒ (2) We choose a parameter ideal Q = (a1,a2, . . . ,ad) of A such that a1 ∈ I, Q is a
reduction of J, and e1(J) = r(A), where J = I +Q. By [15, Theorem 3.16], we assume that
d ≥ 2 and the condition (2) holds for d − 1. Then, by Lemma 10.3 the ideal J contains a
superficial sequence g1,g2, . . . ,gd of A with respect to J; while g2 is a superficial element of
A with respect to J. Let Q1 = (g1,g2, . . . ,gd). Lemma 2.7 guarantees that Q1 is a minimal
reduction of J. Let (∗) be the image in A/I. Then (g1,g2, . . . ,gd) is a reduction of J/I. Since
J/I = (a2,a3, . . . ,ad) forms a parameter ideal of A/I, we get the equality

(g1,g2, . . . ,gd) = (a2,a3, . . . ,ad)

inside of the ring A/I. Thus there is an integer 1≤ i≤ d such that

J = I +(g1,g2, . . . ,gi−1,gi+1 . . . ,gd) .

Without loss of generality, we may assume a2 ∈ J is a superficial element of A with respect to J.
We set A = A/(a2), J = JA, and I = IA. Note that I ∼= I/a2I ∼= KA and J = I+(a3,a4, . . . ,ad)A
contains a parameter ideal (a1,a3,a4, . . . ,ad)A as a reduction. Besides, because e1(J) = e1(J) =
r(A) = r(A), the hypothesis on d shows A = A/(a2) is almost Gorenstein, but not Gorenstein.
Therefore A is a non-Gorenstein almost Gorenstein ring. This completes the proof. □

Remark 10.5. When dimR = 1, if R is an almost Gorenstein local ring in the sense of [24], then
R is almost Gorenstein in the sense of [15]. The converse does not hold in general ([24, Remark
3.5], see also [15, Remark 2.10]), but it does when the canonical ideal contains a parameter
ideal as a reduction, e.g., the residue field A/m is infinite, or A is analytically irreducible.
Hence, in Theorem 10.4, there is no need to distinguish between these two definitions of almost
Gorenstein rings.

On the other hand, there are no implications between Goto rings, and nearly Gorenstein rings
defined in [27].
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Example 10.6. Let k[[t]] be the formal power series ring over a field k. We set A = k[[t4, t5, t11]]

and K = A+At. Then K is a fractional canonical ideal of A and K2 6= K3. Thus A is not a Goto
ring. Note that

A∼= k[[X ,Y,Z]]/I2

(
X Y 2 Z
Y Z X3

)
where k[[X ,Y,Z]] denotes the formal power series ring over k. By [27, Proposition 6.3], the ring
A is nearly Gorenstein. Conversely, let us consider the ring

A = k[[X ,Y,Z]]/I2

(
Xn Y Z
Y 2 Z2 Xn

)
with n≥ 2. Then A is n-Goto, but it is not nearly Gorenstein.

We explore the characterization of n-Goto rings with n≥ 2 in terms of the structure of Sally
modules of extended canonical ideals. Remember that mℓSQ(J) = (0) for all ℓ� 0.

Lemma 10.7. Let n ≥ 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (♯). Set J = I +Q. If A is an n-Goto ring with respect to Q, then mpSQ(J) = (0) for
every p≥ n.

Proof. We write Q = (a1,a2, . . . ,ad) with a1 ∈ I and set T = R (Q). Suppose that d = 1. By
setting K = I

a1
in Q(A), we get

[mnSQ(I)]1 =mn(I2/QI)∼=mn(K2/K).

If mnSQ(I) 6= (0), then mnK2 6⊆ K, i.e., (m/c)n 6= (0) in A/c where c = A : A[K] = A : K. For
each 1 ≤ i < n, we have (m/c)i 6= (m/c)i+1. This makes a contradiction because ℓA(A/c) = n.
Hence mpSQ(I) = (0) for every p≥ n.

We assume d ≥ 2 and our assertion holds for d− 1. Let q = (a2,a3, . . . ,ad). Since SQ(I) =
T [SQ(I)]1, the element a2 ∈ q \mq is super-regular of A with respect to J. Let A = A/(a2),
J = JA, and Q = QA. Then the parameter ideal Q of A satisfies the condition (♯) and A = A/(a2)

is an n-Goto ring with respect to Q. The induction hypothesis on d shows that mpSQ(J) = (0)
for every p≥ n. Hence mpSQ(J) = (0). □

The following generalizes both of [24, Corollary 5.3 (2)] and [3, Theorem 3.7].

Theorem 10.8. Let n ≥ 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (♯). We set J = I +Q, T = R (Q), and B = T /mT . Then the following conditions
are equivalent.

(1) A is an n-Goto ring with respect to Q.
(2) There exist integers 0≤ ℓ < n and si≥ 1 (0≤ i≤ ℓ) such that n=∑ℓ

i=0 si and mℓSQ(J)∼=
B(−1)⊕s0 , and if ℓ > 0, there exist exact sequences

0→mℓSQ(J)→ mℓ−1SQ(J) → B(−1)⊕s1 → 0

0→mℓ−1SQ(J)→ mℓ−2SQ(J) → B(−1)⊕s2 → 0
...

0→mSQ(J)→ SQ(J) → B(−1)⊕sℓ → 0

of graded T -modules.
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When this is the case, if ℓ > 0, we have a non-split exact sequence

0→ B(−1)⊕s0 →mℓ−1SQ(J)→ B(−1)⊕s1 → 0

of graded T -modules.

Proof. (2)⇒ (1) If ℓ = 0, then SQ(J) ∼= B(−1)⊕s0 . As B ∼= (A/m) [B1], we have SQ(J) =
T [SQ(J)]1. Localizing the isomorphism at p = mT ∈ SpecT induces that [SQ(J)]p ∼=
(T /p)⊕s0

p
∼= (Tp/pTp)

⊕s0 . This shows rankSQ(J) = ℓTp
([SQ(J)]p) = s0 = n, and hence A is

an n-Goto ring with respect to Q. We assume ℓ > 0. Because of mℓSQ(J) ∼= B(−1)⊕s0 , the
exact sequence

0→mℓSQ(J)→mℓ−1SQ(J)→ B(−1)⊕s1 → 0

yields that the graded T -module mℓ−1SQ(J) is generated by the homogeneous elements of
degree one, while by the sequence

0→mℓ−1SQ(J)→mℓ−2SQ(J)→ B(−1)⊕s2 → 0

of graded T -modules, the degree one elements generate the T -module mℓ−2SQ(J), as well.
Repeating the same process for miSQ(J) recursively guarantees that SQ(J) = T [SQ(J)]1. By
localizing the exact sequences at p=mT , we get the sequences

0→
[
mℓSQ(J)

]
p
→

[
mℓ−1SQ(J)

]
p
→ (Tp/pTp)

⊕s1 → 0

0→
[
mℓ−1SQ(J)

]
p
→

[
mℓ−2SQ(J)

]
p
→ (Tp/pTp)

⊕s2 → 0

...

0→ [mSQ(J)]p→ [SQ(J)]p → (Tp/pTp)
⊕sℓ → 0

of Tp-modules. Therefore we get

rankSQ(J) = ℓTp
([SQ(J)]p)

= ℓTp
([mSQ(J)]p)+ sℓ

= ℓTp
(
[
m2SQ(J)

]
p
)+ sℓ−1 + sℓ

= · · ·= ℓTp
(
[
mℓSQ(J)

]
p
)+

ℓ

∑
i=1

si = n

where the last equality follows from mℓSQ(J)∼= B(−1)⊕s0 . Therefore A is an n-Goto ring with
respect to Q.

(1)⇒ (2) Since n ≥ 1, we note that SQ(J) 6= (0). We define the integer ℓ = max{0 ≤ k ∈
Z | mkSQ(J) 6= (0)}. Then 0 ≤ ℓ < n. As mℓSQ(J) 6= (0) and SQ(J) = T [SQ(J)]1, we get[
miSQ(J)

]
1 6= (0) for every 0 ≤ i ≤ ℓ. Besides mℓ+1J2 ⊆ QJ because mℓ+1SQ(J) = (0). For

each 0≤ i≤ ℓ, we set si = µA(
[
mℓ−iSQ(J)

]
1). Then si ≥ 1 and ∑ℓ

i=0 si = n. It is straightforward
to check that the equality

µA(
[
miSQ(J)

]
1) = µTp

(
[
miSQ(J)

]
p
)

holds, where p=mT ∈ SpecT . Since miSQ(J)/mi+1SQ(J) is a graded B-module generated by
the homogeneous elements of degree one, we get a surjective homomorphism φ : B(−1)⊕sℓ−i→
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miSQ(J)/mi+1SQ(J). Let K = Kerφ and assume that K 6= (0). Then AssT K = {p}, and the
exact sequence

0→ Kp→ (Tp/pTp)
⊕sℓ−i →

[
miSQ(J)/mi+1SQ(J)

]
p
→ 0

yields that sℓ−i = ℓTp
(Kp)+µTp

(
[
miSQ(J)

]
p
) = ℓTp

(Kp)+ sℓ−i. This shows Kp = (0), which is
impossible. Thus K = (0), and hence we have an isomorphism

miSQ(J)/mi+1SQ(J)∼= B(−1)⊕sℓ−i

of graded T -modules for every 0 ≤ i ≤ ℓ. In particular, mℓSQ(J) ∼= B(−1)⊕s0 . When we have
the equivalent conditions, if ℓ > 0, the exact sequence

0→ B(−1)⊕s0 →mℓ−1SQ(J)→ B(−1)⊕s1 → 0

is not split, because mℓSQ(J) 6= (0). □
The following is a generalization of [24, Corollary 5.3 (3)].

Corollary 10.9. Let n ≥ 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (♯). We set J = I +Q. Suppose that A is an n-Goto ring with respect to Q. Then the
Hilbert function of A with respect to J is given by

ℓA(A/Jℓ+1) = e0(J) ·
(
ℓ+d

d

)
− [e0(J)− ℓA(A/J)+n] ·

(
ℓ+d−1

d−1

)
+n ·

(
ℓ+d−2

d−2

)
for all ℓ≥ 0. Hence, e2(J) = n if d ≥ 2, and ei(J) = 0 for all 3≤ i≤ d if d ≥ 3.

Proof. By Fact 2.3 (3), we have

ℓA(A/Jℓ+1) = e0(J) ·
(
ℓ+d

d

)
− [e0(J)− ℓA(A/J)] ·

(
ℓ+d−1

d−1

)
− ℓA([SQ(J)]ℓ)

for all ℓ≥ 0. We set T = R (Q) and B = T /mT . Since A is an n-Goto ring with respect to Q,
we can choose integers 0 ≤ t < n and si ≥ 1 (0 ≤ i ≤ t) such that n = ∑t

i=0 si and mtSQ(J) ∼=
B(−1)⊕s0 , and if t > 0, there exist exact sequences

0→mtSQ(J)→ mt−1SQ(J) → B(−1)⊕s1 → 0

0→mt−1SQ(J)→ mt−2SQ(J) → B(−1)⊕s2 → 0
...

0→mSQ(J)→ SQ(J) → B(−1)⊕sℓ → 0

of graded T -modules. Hence, for each ℓ ≥ 0, we get ℓA([SQ(J)]ℓ) = ∑t
i=0 si · ℓA(Bℓ−1) =

n ·
[(ℓ+d−1

d−1

)
−
(ℓ+d−2

d−2

)]
, because B ∼= (A/m)[X1,X2, . . . ,Xd] is the polynomial ring over A/m.

Therefore the equality

ℓA(A/Jℓ+1) = e0(J) ·
(
ℓ+d

d

)
− [e0(J)− ℓA(A/J)+n] ·

(
ℓ+d−1

d−1

)
+n ·

(
ℓ+d−2

d−2

)
holds. □

We summarize some consequences of Theorem 10.8.

Corollary 10.10. Let n≥ 1 be an integer. Then the following conditions are equivalent.
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(1) A is an n-Goto ring.
(2) There exist a parameter ideal Q = (a1,a2, . . . ,ad) of A and integers 0 ≤ ℓ < n, si ≥

1 (0≤ i≤ ℓ) such that a1 ∈ I, n = ∑ℓ
i=0 si, and mℓSQ(J)∼= B(−1)⊕s0 , and if ℓ > 0, there

exist exact sequences

0→mℓSQ(J)→ mℓ−1SQ(J) → B(−1)⊕s1 → 0

0→mℓ−1SQ(J)→ mℓ−2SQ(J) → B(−1)⊕s2 → 0
...

0→mSQ(J)→ SQ(J) → B(−1)⊕sℓ → 0

of graded T -modules, where J = I +Q, T = R (Q), and B = T /mT .
When this is the case, if ℓ > 0, we have a non-split exact sequence

0→ B(−1)⊕s0 →mℓ−1SQ(J)→ B(−1)⊕s1 → 0

of graded T -modules.

Corollary 10.11. Let n ≥ 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (♯). We set J = I +Q, T = R (Q), and B = T /mT . Then the following conditions
are equivalent.

(1) A is an n-Goto ring with respect to Q and mn−1SQ(J) 6= (0).
(2) There exists an isomorphism mn−1SQ(J) ∼= B(−1), and if n ≥ 2, there exist exact se-

quences

0→mn−1SQ(J)→ mn−2SQ(J) → B(−1)→ 0

0→mn−2SQ(J)→ mn−3SQ(J) → B(−1)→ 0
...

0→mSQ(J)→ SQ(J) → B(−1)→ 0

of graded T -modules.
When this is the case, if n≥ 2, we have a non-split exact sequence

0→ B(−1)→mn−2SQ(J)→ B(−1)→ 0

of graded T -modules.

Proof. We maintain the notation as in the proof of Theorem 10.8. Since mn−1SQ(J) 6= (0), we
have ℓ= n−1, so that si = 1 for every 0≤ i≤ ℓ. □

For an integer n ≥ 2, we assume A is an n-Goto ring with dimA = 1. Then the canonical
ideal I contains a parameter ideal Q = (a) as a reduction, and mn−1SQ(I) 6= (0) if and only if
v(A/c) = 1, where K = I

a and c = A : A[K] in Q(A). Since the equivalent conditions hold for
n = 2, the next provides a natural generalization of [3, Theorem 3.7 (1)⇔ (2)].

Corollary 10.12. Let n≥ 1 be an integer. Suppose that d = 1 and I contains a parameter ideal
Q = (a) as a reduction. We set K = I

a , c = A : A[K], T = R (Q), and B = T /mT . Then the
following conditions are equivalent.

(1) A is an n-Goto ring and v(A/c) = 1.
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(2) There exists an isomorphism mn−1SQ(J) ∼= B(−1), and if n ≥ 2, there exist exact se-
quences

0→mn−1SQ(J)→ mn−2SQ(J) → B(−1)→ 0

0→mn−2SQ(J)→ mn−3SQ(J) → B(−1)→ 0
...

0→mSQ(J)→ SQ(J) → B(−1)→ 0

of graded T -modules.
When this is the case, if n≥ 2, we have a non-split exact sequence

0→ B(−1)→mn−2SQ(J)→ B(−1)→ 0

of graded T -modules.

11. EXACT SEQUENCES AND GOTO RINGS

We investigate the relation between Goto rings and the existence of a certain embedding of
the ring into its canonical module. We begin with the setup.

Setup 11.1. Let (A,m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canon-
ical module KA. Let I be a canonical ideal of A and Q = (a1,a2, . . . ,ad) a parameter ideal of A
with condition (♯). We set J = I +Q the extended canonical ideal of A.

Recall that, for a finitely generated A-module M and an m-primary ideal a of A, we
say that M is an Ulrich A-module with respect to a, if M is a Cohen-Macaulay A-module,
e0
a(M)= ℓA(M/aM), and M/aM is free as an A/a-module, where e0

a(M) denotes the 0-th Hilbert
coefficient of M with respect to a (see [14, Definition 2.1], [22, Definition 1.2], [24, Definition
2.1]).

With this notation we have the following.

Theorem 11.2. Let n≥ 1 be an integer. Suppose that A is an n-Goto ring with respect to Q and
mn−1SQ(J) 6= (0). Then there exist an exact sequence

0→ A→ KA→C→ 0

of A-modules and, for each 1 ≤ i ≤ n, an m-primary ideal ai of A with ℓA(A/ai) = i such that
C ∼=

⊕n
i=1 Mi and Mn 6= (0), where Mi denotes an Ulrich A-module with respect to ai for each

1≤ i≤ n.

Proof. By Theorem 10.4, we may assume n ≥ 2. Suppose d = 1. We set K = I
a1

inside of the
ring Q(A). Note that K is a fractional canonical ideal of A. Since A is n-Goto, we get K2 = K3

and Q :A J = Q :A I = A : K = A : A[K]. By setting c = A : A[K], we may invoke Lemma 4.3 to
obtain v(A/c) = 1. As ℓA(A/c) = n, we can choose a minimal system x1,x2, . . . ,xℓ of generators
of m such that c= (xn

1,x2, . . . ,xℓ), where ℓ= v(A). For each 1≤ i≤ n, we define

Ii = (xi
1,x2, . . . ,xℓ).

Thanks to Theorem 4.12, there is an exact sequence

0→ A→ K→C→ 0
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of A-modules such that

C ∼= K/A∼=
n⊕

i=1

(A/Ii)
⊕ℓi

where ℓn > 0, ℓi ≥ 0 (1≤ i < n), and ∑n
i=1 ℓi = r(A)−1. The A-module Mi = (A/Ii)

⊕ℓi is Ulrich
with respect to Ii and ℓA(A/Ii) = i. Moreover, as ℓn > 0, we get Mn 6= (0).

It suffices to assume that d≥ 2. Let q= (a2,a3, . . . ,ad) and A=A/q. We set m=mA, J = JA,
and Q = QA. Then A is n-Goto with respect to Q and mn−1SQ(J) 6= (0). Let x1,x2, . . . ,xℓ be a
minimal system of generators of m such that Q :A J = (xn

1,x2, . . . ,xℓ), where ℓ= v(A). For each
1≤ i≤ n, we consider the ideal Ii = (xi

1,x2, . . . ,xℓ) in A. Choose an element Xi ∈m so that xi is
the image of Xi in A. We set

Ji = (X i
1,X2, . . . ,Xℓ) and ai = Ji +q

for each 1≤ i≤ n. Then
Q :A J = an ⊊ an−1 ⊊ · · ·⊊ a1 =m

forms a chain of m-primary ideals in A and ℓA(A/ai) = i. Remember that KA/qKA ∼= KA ([28,
Korollar 6.3]). Thus there is an exact sequence

0→ A
ψ−→ KA→ D→ 0

of A-modules such that

D∼=
n⊕

i=1

(
A/Ii

)⊕ℓi ∼=
n⊕

i=1

(A/ai)
⊕ℓi

where ℓn > 0, ℓi ≥ 0 (1≤ i < n), and ∑n
i=1 ℓi = r(A)−1. Let ξ ∈ KA such that ψ(1) = ξ, where

ξ denotes the image of ξ in KA/qKA ∼= KA. We now consider the exact sequence

A
φ−→ KA→C→ 0

of A-modules with φ(1) = ξ. Then, because ψ = A⊗φ, we get D ∼= C/qC; whence dimAC ≤
d− 1 < d. By [24, Lemma 3.1 (1)], the homomorphism φ is injective. Hence C is a Cohen-
Macaulay A-module with dimAC = d−1 ([24, Lemma 3.1 (2)]). This yields that a2,a3, . . . ,ad ∈
q forms a regular sequence on C. Let

C =
t⊕

i=1

[
si⊕

j=1

N(i)
j

]
be the indecomposable decomposition of the A-module C, where t ≥ 1, si≥ 0 (1≤ i< t), st > 0,
and N(i)

j is an indecomposable A-submodule of C. We then have the isomorphisms

n⊕
i=1

(A/ai)
⊕ℓi ∼= D∼=C/qC ∼=

t⊕
i=1

[
si⊕

j=1

N(i)
j /qN(i)

j

]
.

As C/qC has finite length, after renumbering the indices if necessary, we have that

n = t, ℓi = si for all 1≤ i≤ n, and N(i)
j /qN(i)

j
∼= A/ai for all 1≤ j ≤ ℓi.
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For each 1≤ i≤ n, the A-module

Mi/qMi ∼=
si⊕

j=1

N(i)
j /qN(i)

j
∼=
(
A/Ii

)⊕ℓi

is Ulrich with respect to Ii, where Mi =
⊕si

j=1 N(i)
j ; hence Mi is an Ulrich A-module with respect

to ai = Ji + q ([14, Proposition 2.6 (4)], [24, Proposition 2.2 (5)]). In particular, since ℓn > 0,
we see that Mn 6= (0). This completes the proof. □

We close this paper by stating an example.

Example 11.3. Let T = k[[X ,Y,Z,W ]] stands for the formal power series ring over a field k. We
set A = T/I2

(
X2 Y+W Z
Y Z X2

)
and denote by x,y,w the images of X ,Y,W in A, respectively. The

ring A admits a canonical ideal I = (x2,y) and a parameter ideal Q = (x2,w). Then, by setting
J = I+Q, we get J3 =QJ2 and ℓA(J2/QJ) = 2. This implies that A is a 2-Goto ring with respect
to Q and mSQ(J) 6= (0). Let

0→ A
φ−→ I→C→ 0

be an exact sequence of A-modules with φ(1) = y. Then aC = wI and C/aC ∼= A/a, where
a= Q :A J = (x2,y,z,w). Hence C is an Ulrich A-module with respect to a and dimAC = 1.
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