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ABSTRACT. As part of stratification of Cohen-Macaulay rings, we introduce and develop the
theory of Goto rings, generalizing the notion of almost Gorenstein rings originally defined by
V. Barucci and R. Froberg in 1997. What has dominated the series of researches on almost
Gorenstein rings is the fact that the reduction numbers of extended canonical ideals are at most
2; we define Goto rings as Cohen-Macaulay rings admitting such extended canonical ideals. We
provide a characterization of Goto rings in terms of the structure of Sally modules and deter-
mine the Hilbert functions of them. Various examples of Goto rings that come from numerical
semigroups, idealizations, fiber products, and equimultiple Ulrich ideals are explored as well.
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1. INTRODUCTION

The objective of the present paper is, so as to stratify Cohen-Macaulay rings, to establish
the theory of Goto rings as a new class of rings which fills in a gap between Gorenstein and
Cohen-Macaulay properties. Underlying this we have a natural and naive query of why there
are so many Cohen-Macaulay rings which are not Gorenstein. Although Cohen-Macaulay and
Gorenstein rings are the two wings that have led to the rapid advancement of modern commu-
tative ring theory, there had been little analysis on the difference between them. Yet the above
question is attractive and has a significance, for a ring theoretic viewpoint in the sense of re-
sponding to the strong desire to classify local rings in detail, and for the development of other
fields closely related to commutative algebras.
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The first step to attack the question should be considered to find a new class of rings, which
may not be Gorenstein, but sufficiently good next to Gorenstein rings. The notion of almost
Gorenstein rings is one of the candidates for such classes. Historically the theory of almost
Gorenstein rings was introduced by V. Barucci and R. Froberg [[] in the case where the local
rings are analytically unramified and of dimension one, e.g., numerical semigroup rings over
a field. In 2013, their work inspired S. Goto, N. Matsuoka, and T. T. Phuong to extend the
notion of almost Gorenstein rings for arbitrary one-dimensional Cohen-Macaulay local rings.
More precisely, a Cohen-Macaulay local ring R with dimR = 1 is called almost Gorenstein
if R admits a canonical ideal I such that e;(/) < r(R), where e (/) denotes the first Hilbert
coefficients of R with respect to I and r(R) is its Cohen-Macaulay type ([I5, Definition 3.1]).
Two years later, Goto, R. Takahashi, and the author of this paper defined almost Gorenstein
graded/local rings of arbitrary dimension. Let R be a Cohen-Macaulay local ring with maximal
ideal m. Then R is said to be an almost Gorenstein ring if R admits a canonical module K and
there exists an exact sequence

0O—>R—>Kr—C—0

of R-modules such that ug(C) = 2 (C) ([24, Definition 3.3]). Here, ug(—) (resp. eJ(—))
denotes the number of elements in a minimal system of generators (resp. the multiplicity with
respect to m). When dimR = 1, if R is an almost Gorenstein local ring in the sense of [24], then
R is almost Gorenstein in the sense of [[3]. The converse does not hold in general ([?4, Remark
3.5], see also [15, Remark 2.10]); however it does when R/m is infinite ([24, Proposition 3.4]).
Since then and up to the present, the question of when various Cohen-Macaulay rings, including
Rees algebras, determinantal rings, Stanley-Reisner rings, and others are almost Gorenstein has
been studied ([2, 06, 17, 19, I8, 23, 29, 33, 43]). Among them, we encounter non-almost
Gorenstein rings, but some of which still have good structures; time has come to generalize
almost Gorenstein rings.

The notions of generalized Gorenstein rings ([14, Definition 3.3]) and 2-almost Gorenstein
rings ([3, Definition 1.3]) have been proposed as the generalizations of almost Gorenstein rings.
In the research on a series of almost Gorenstein rings starting from [I] of Barucci and Froberg,
what has dominated these theories is the fact that the reduction numbers of extended canonical
ideals are at most 2 ([, Theorem 3.7], [12, Theorem 1.2], [24, Corollary 5.3]). In this paper we
focus on the reduction numbers of extended canonical ideals and aim to build a new theory that
can be understood these theories in a unified manner. As it turns out, the present research has
been strongly inspired by [3, 7], but is not just routine generalization and requires a good deal
of technical development.

Let (A, m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canonical module
K4. Let 7 (£ A) be an ideal of A such that / = K4 as an A-module. An ideal J is called
an extended canonical ideal of A if J =1+ Q for some parameter ideal Q = (aj,az,...,aq)
satisfying that a; € I and Q is a reduction of J.

Definition 1.1. For an integer n > 0, we say that A is an n-Goto ring if there exists a parameter
ideal Q = (ay,az,...,aq) of A such that a; € I, rank Sg(J) = n, and Sp(J) is generated by the
homogeneous elements of degree one, where J =1+ Q and Sp(J) = @;> J' ! /JQ" denotes the
Sally module of J with respect to Q.
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The condition that Sp(J) is generated by the homogeneous elements of degree one holds
if and only if J3 = QJ?, ie., the reduction number of J is at most 2 ([20, Lemma 2.1 (5)]).
Thus the ideal J appeared in Definition [Tl forms an extended canonical ideal of A, while the
rank of Sally modules coincides with the length of J? /OJ as an A-module (Lemma 24 (2)).
Hence, Goto rings are none other than Cohen-Macaulay rings admitting extended canonical
ideals whose reduction numbers are at most 2, and the class of Goto rings provides meticulous
stratification of those kind of Cohen-Macaulay rings in terms of the rank of Sally modules.
Indeed, every 0-Goto (resp. 1-Goto) is Gorenstein (resp. non-Gorenstein almost Gorenstein)
and the converse holds if d = 1 (see Section 4), or the field A/m is infinite (Theorems [T,
M04). When d = 1, every 2-Goto ring is 2-almost Gorenstein ([3, Theorem 3.7]). By [12,
Theorem 1.2] if A is a generalized Gorenstein ring with respect to an m-primary ideal a, then A
is an n-Goto ring, where n is the length of the A-module A/a, provided that A /m is infinite and
A is not Gorenstein. Note that the notion of Goto rings in our sense is different from that in [0,
Definition 4.4], and there are no implications between Goto rings and nearly Gorenstein rings
in the sense of [’Z, Definition 2.2]; see Example [06.

The reduction numbers of ideals are closely related to the coefficients of Hilbert polynomials
and blow-up algebras. For an m-primary ideal J, we assume J contains a parameter ideal Q as
a reduction. Classically one has the inequality

61(.]) > eo(.]) —KA(A/J)

([35, Theorem 1]), where e;(J) is the i-th Hilbert coefficients of A with respect to J, and the
equality e1(J) = eo(J) —£a(A/J) holds if and only if J> = QJ ([B0, Theorem 2.1], [38, Theorem
4.3], see also [B2, Theorem 1.9]). When this is the case, both of the graded rings gr J(A) =
B,>0J" /I and F(J) = @,>0J"/mJ" are Cohen-Macaulay; moreover the Rees algebra
K(f ) is Cohen-Macaulay, provi&ed d > 2. As next border, in [42] J. Sally characterized the
ideals J with e;(J) = eo(J) —a(A/J) + 1 and e (J) # 0. W. V. Vasconcelos introduced Sally
modules, recovered Sally’s results, and made further progress in this direction, e.g., the rank of
So(J) is given by e (J) —eo(J) +£a(A/J); see [45, Corollary 3.3]. Thereafter, in [20, 21] Goto,
K. Nishida, and K. Ozeki finally brought fruit to fruition for the theory of Sally modules of rank
one. Whereas they have considered general m-primary ideals, we concentrate in this paper on
extended canonical ideals, raise the rank of the Sally modules, and attempt to understand the
relation with the structure of base rings more deeply.

We state our results explaining how this paper is organized. In Section 2 we summarize
some preliminaries on extended canonical ideals and their Sally modules, both of which play
an important role in our argument. Section B is devoted to define Goto rings and to explore
basic properties. As shown in Theorem B35, the Goto property is preserved by taking modulo
super-regular sequences. This observation suggests us that the importance of analysis in the
one-dimensional case for Goto rings.

Section B focuses on Goto rings of dimension one. For a one-dimensional Cohen-Macaulay
local ring R with maximal ideal m, the condition that R contains a canonical ideal possessing a
parameter ideal as a reduction is equivalent to the existence of a fractional canonical ideal K,
i.e., K is an R-submodule of Q(R) such that R C K C R and K = Ky as an R-module, where
R denotes the integral closure of R in its total ring Q(R) of fractions and Ky stands for the
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canonical module of R ([I5, Corollary 2.8]). Using this, the ring R is n-Goto if and only if K> =
K3 and (z(K?/K) = n, where £g(—) denotes the length as an R-module. Theorem B9 shows
that, for each n > 2, the ring R is n-Goto if and only if the blow-up B = |J,~¢ [m" : m"] of m is
(n— 1)-Goto, provided that R has minimal multiplicity, the field R /m is algebraically closed,
and R is a local ring. In Sections B and B, we investigate the question of when idealizations
and fiber products are Goto rings, which allows us to enrich the theory and produce concrete
examples of such rings. We prove that if R is n-Goto and the R-module K? /K is cyclic, both of
the trivial extension R i ¢ and the fiber product R X g/ R are n-Goto rings for every n > 1, where
¢ = R : R[K]; see Corollary 54. Let us remark here that the cyclicity of K?/K is satisfied if R
is almost Gorenstein, 2-almost Gorenstein, and generalized Gorenstein rings (Lemma B4, [15,
Theorem 3.11], [3, Proposition 3.3], [14, Theorem 4.11]). When R and S are one-dimensional
Cohen-Macaulay local rings with common residue class field &, for each n > 2, the fiber product
R xS of the canonical homomorphisms R — k <— S'is (n+ 1)-Goto provided that R is n-Goto
and S is 2-Goto (Theorem BT)).

In Section @ we aim to characterize the Goto property for semigroup rings k[[H|| over a field k,
especially, of three-generated numerical semigroups H. Besides we determine all the numerical
semigroups H corresponding to the Goto ring k[[H]] with minimal multiplicity 3 (Corollary [3).
In Section B, we provide a necessary and sufficient condition for a one-dimensional Cohen-
Macaulay ring R of the from R = T'/a to be a Goto ring, in terms of minimal free presentations
of fractional canonical ideals, where T is a regular local ring and a is an ideal of 7". Our results
Corollary B4 and Theorem B9 correspond to those about almost Gorenstein (resp. 2-almost
Gorenstein) rings given by [24, Theorem 7.8] (resp. [13, Theorems 2.2, 2.9]). Even though we
need an extra assumption on rings, Corollary B4 provides an explicit system of generators of
defining ideals in numerical semigroup rings possessing canonical ideals with reduction number
2. In addition Theorem K9 leads us to obtain, for given integers n > 2 and ¢ > 3, an example of
n-Goto rings of dimension ¢; see Example K14

The notion of Ulrich ideals is defined for m-primary ideals and is one of the modifications
of that of stable maximal ideals. The definition ([22, Definition 1.1]) was brought about by
S. Goto, K. Ozeki, R. Takahashi, K.-i. Watanabe, and K.-i. Yoshida in 2014, where they
developed the basic theory, revealing that the behavior of Ulrich ideals has ample information
about the singularities of rings. In Section B we extend the notion to equimultiple ideals and
provide a construction of Goto rings of higher dimension; see Theorem B4. In Section M,
we investigate the relation between the structure of Sally modules of extended canonical ideals
and Goto rings. Theorem is a generalization of [24, Corollary 5.3 (2)] and [B, Theorem
3.7]. As an application, we determine the Hilbert function of Goto rings as well; see Corollary
M09. In the final section, we explore the existence of a certain embedding of Goto rings into its
canonical module. Theorem shows that the cokernel of such embedding is a direct sum of
Ulrich modules.

Throughout this paper, unless otherwise specified, we fix the terminology and notation as
follows. For an arbitrary commutative ring A, an ideal I of A is called regular if it contains a
non-zerodivisor on A. We denote by Q(A) the total ring of fractions of A. For A-submodules
X and Y of Q(A), let X : Y = {a € Q(A) | a¥ C X}. If we consider ideals I,J of A, we set
I'aJ={a€cA|aJ CI}; hence I :4J = (I:J)NA. A fractional ideal I of A is a finitely
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generated A-submodule of Q(A) satisfying Q(A) -1 = Q(A). For an integer ¢t > 0, let I;(X) be
the ideal of A generated by all the 7 X f minors of a matrix X with entries in A. When (A, m) is
a Cohen-Macaulay local ring with d = dimA, for an A-module M, let £4(M) denote the length
of M and us (M) stand for the number of elements of a minimal system of generators for M.
We set v(A) = pa(m) and r(A) = £4(Ext4(A/m,A)). For an m-primary ideal I in A, let e;(I)
be the i-th Hilbert coefficient of A with respect to /. In particular, we denote by e(A) = eg(m)
the multiplicity of A. Let A be the integral closure of A in Q(A) when d = 1; otherwise it may
denote the residue class ring of A when there is no confusion. For a graded module M over
a graded ring R and for an integer ¢, let M({) denote the graded R-module whose underlying
R-module is the same as that of the R-module M and the grading is given by [M(¢)],, = My4,
for all m € Z, where [—|,, denotes the m-th homogeneous component.

2. PRELIMINARIES

Let (A, m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canonical module
K4. An ideal I of A is called a canonical ideal of A if I # A and I = K4 as an A-module.
Recall that A possesses a canonical ideal if and only if the local ring A, is Gorenstein for every
p € SpecA with dimA/p = d; see [[4, Proposition 2.3]. Hence, the canonical ideal exists if the
total ring of fractions Q(A) of A is Gorenstein. Introduced by D. G. Northcott and D. Rees
([B6]), for ideals J and Q of A with Q C J, we say that Q is a reduction of J if J”*! = QJ" for
some r > 0; the least such integer r, denoted by redg (J), is called the reduction number of J
with respect to Q. Geometrically, Q is a reduction of J if and only if the canonical morphism
Proj(A[Jt]) — Proj(A[Q¢]) is finite, provided that J is an m-primary ideal of A, where ¢ denotes
an indeterminate over A ([46, Proposition 1.44]).

We assume that A admits a canonical ideal / of A. Let us begin with the following.

Definition 2.1. We say that a parameter ideal Q = (ay,ay,...,a,) of A satisfies the condition
(#) if a; € I and Q is a reduction of Q+1. An ideal J of A is called an extended canonical ideal
of A if J = I+ Q for some parameter ideal Q with condition (f).

When dimA = 1, a parameter ideal Q satisfying the condition (f) is nothing but a parameter
ideal which forms a reduction of /. The parameter ideals exist if the field A/m is infinite, or A
is analytically irreducible, i.e., the m-adic completion A of A is an integral domain. Thus the
numerical semigroup rings over a field always possess the parameter ideals. There are examples
in higher dimensions as well.

Example 2.2. Let ¢ > 3 be an integer and T = k[[X1,X2,...,Xy,V1,Va,...,Vi—1]] the formal
power series ring over a field k. For given integers m > n > 2, we set

Xt X+Vi o Xo 0+ Vo Xe4+Vio
a1 (X 2+ Vi 1+t Vea Xet Vi)
X2 X3 Xy X"

Let] = (x},x2,...,x—1) and Q = (x},v1,...,ve—1), where x; and v; (1 <i < £) denote the images
of X; and V; in A, respectively. Then A is a Cohen-Macaulay local ring with dimA = ¢ admitting
the canonical ideal 7, and Q is a parameter ideal of A satisfying the condition (f). See Example
K14 for the proof.
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We choose a parameter ideal Q = (aj,as,...,ay) with condition (4) and set J = I + Q. When
d > 2, the ideal q = (az,as,...,ay) forms a parameter ideal in a Gorenstein local ring A /I, we
see that N1 = gl. Hence, by setting A = A/q, we get JA = [/ql = Ky, so that JA forms a
canonical ideal of A. Let

R =R({J)=AJi] CA[f] and T = R(Q) = A[Qr] C Alr]

be the Rees algebras of 7 and Q, respectively, where ¢ denotes an indeterminate over A. Follow-
ing the terminology of W. V. Vasconcelos [45], we define

Sol) =JR/IT =PI /10
i>1

and call it the Sally module of J with respect to Q. Since R is a module-finite extension of 7,
the Sally module Sp(J) is a finitely generated graded 7-module. Note that J? = QJ if and only
if So(J) = (0), and J> = QJ? is equivalent to saying that Sp(J) = T [So(J)], (20, Lemma 2.1
(3), ).

We summarize some basic facts on Sally modules that we will use throughout this paper. Let
gr;(A) = RJIR =2 @,~0J"/J"H! be the associated graded ring of J and set p = mT € Spec 7.
In this paper, we consider the module (0) as Cohen-Macaulay.

Fact 2.3 ([20, Lemma 2.1 (1), Proposition 2.2]). The following assertions hold true.
(1) m“-Sp(J) = (0) for all £ > 0.

(2) AssqSp(I) C{p}; hence dimg So(J) = d, provided Sp(J) # (0).
(3) La(A/I 1) = eo() ("5%) — [eo(d) — Ea(A/D)] ("5%") = Ca([So()],) for all n >,
(4) e1(V) = eo(J) = La(A/T) + L, ([So(D)],,).
(5) So(J) is a Cohen-Macaulay graded ‘T—module if and only if depthgr;(A) > d — 1.

We define

rank So(J) = £, ([So(/)]p)

and call it the rank of the Sally module So(J). Then e;(J) =eo(J) —a(A/J) +rank Sp(J).

A sequence x1,x2,...,x¢ (£ > 0) of elements in A is called a super-regular sequence of A with
respect to J if x¢,x2¢,...,x¢t € R_is a regular sequence on gr;(A). We then have the following.

Lemma 2.4. Suppose that So(J) = T [So(J)],. Then the following assertions hold true.

(1) If d > 2, then ay,as,...,ay € q forms a super-regular sequence of A with respect to J.
In particular, depthgr;(A) > d — 1.
(2) The Sally module So(J) is Cohen-Macaulay and rank Sg(J) = £4(J*/QJ).

Proof. (1) Thanks to [44, Corollary 2.7], it suffices to show that g NJ"*+! = qJ” for all m € Z.
We may assume m > 1. Suppose m = 1. Since J? = qJ + I, we get
qNJ> =qN(@/+1) =a/+qNI* CqJ
because qN I = gl. Suppose that m > 2 and our assertion holds for m — 1. As J? = QJ?, we
have J"+! = QJ™ = a1J™ + qJ™. Hence
anJ™ = gn(a" +qJ™) = qJ" +qN (a1 J™) = g™ +ar (qNJI™)
= q/"+ay(q") ="
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where the third and fourth equalities follow from q :4 a; = q and the induction hypothesis on m,
respectively. Therefore ay,as,...,a; € q forms a super-regular sequence of A with respect to J.

(2) By Fact 3 (3), the Sally module Sy (/) is Cohen-Macaulay as a 7-module. This shows,
by [9, Theorem 2.1] the equality

r—1
rank Sp(J) = Z Ca(JH 000
i=1

holds where r = redp(J). Since Sgo(J) = T [Sp(J)],, we get r < 2 and hence rank Sp(J) =
La(J%/0J). O

We investigate the relation between the Sally modules and super-regular elements.

Proposition 2.5. Let (A,m) be a Cohen-Macaulay local ring with d = dimA > 2 and J an
m-primary ideal of A admitting a parameter ideal Q as a reduction. Let a € Q\ mQ be a
super-regular element of A with respect to J. Then one has an exact sequence

0 So()(—1) % So(J) = Sy /(@) = 0

of graded T-modules, where T = R (Q) = A|Qt| and t is an indeterminate over A. Hence we
have an isomorphism

So(J)/(at)So(J) = Sy (J/(a))
of graded T -modules.

Proof. LetJ =J/(a) and Q = Q/(a). For each n > 1, we consider the exact sequence

0— X — 0y 7"

/Q"T =0
of A-modules. Then, because a € Q is super-regular, we get
QT+ (a)nJ" QU+ (NI QU +a)" | al”
onJ orJ oJ orJNnaJn
By choosing an ideal q of A with Q = (a) + q, we obtain the equalities
Q"JNal" =al" N (aQ" ' +q")J =aQ" U+ (aJ"NG"JT) =aQ"" T

X =

where the last comes from the fact that (a) N q" = aq”. Therefore

)

[SoDn1 =J"/Q" T 5 ad"JaQ" T =X
as desired. O

We note the following.

Proposition 2.6. Let ¢ : (A,m) — (A1, my) be a flat local homomorphim of Noetherian local
rings and J an m-primary ideal of A admitting a parameter ideal Q as a reduction. Then one
has isomorphisms

A1 ®@a80(J) = Spa,(JA1) and Ay @4 T [So(J)], = Ti [Spa, (JA1)],
of graded ‘T -modules, where T = R (Q) and T} = R (QA1).
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o
Proof. Let J; = JA; and Q) = QA;. The isomorphism A ®4 A[t] — Ay[t] of Aj-algebras
induces the isomorphisms A} ®4 R (J) = R (J;) and A] ®4 R(Q) = R(Q1). Then, because
Al @AJR ()= /R (J1) and A @4 JR(Q) = J1 R (Q1), the flatness of A| provides a commuta-
tive diagram

0 —= A1 @ JR(Q) —= A1 @A JR(J) —= A1 ®aSp(J) —= 0

i~ l~

0 ——=JiR(Q1) JIR (1) So, (/1) —— 0
of graded 7-modules. This yields that A; ®4 Sp(J) = Spa, (JA1). Similarly we have A| ®4
T[So()]; = Ti [Soa, (VA1) L

Closing this section we discuss the existence of parameter ideals with condition (f).

Lemma 2.7. Let (A,m) be a Noetherian local ring with d = dimA > 0 and J an m-primary
ideal of A. If 1,82, . ..,8a € J forms a superficial sequence of A with respect to J, then the ideal
of A generated by the sequence g1,82,...,84 is a parameter ideal which is a minimal reduction
of J.

Proof. Set Q = (g1,82,---,84)- Suppose d = 1. As J is m-primary, we note that g; € J is a sys-
tem of parameter of A. Choose an integer £ > 0 such that J* C (g;). Since g is a superficial ele-
ment of A with respect to J, there exists an integer N > 0 satisfying J" ! 14 g1 = J" +[(0) 4 g1]
for all n > N. Hence the equality J"*! = g1J" holds for every n > max{N,/ —1}.

We assume that d > 2 and our assertion holds ford — 1. LetA=A/(g1),J =JA, and Q = QA.
Note that g; € J is a subsystem of parameters of A and dimA =d — 1. For each 2 <i < d, we
denote by g; the image of g; in A. Since 27,23, .. .,84 € J forms a superficial sequence of A with
respect to J, the hypothesis of induction on d shows that Q is a reduction of J, i.e., 7 =07
for some r > 0. Besides, we can choose an integer N > 0 such that JHL g1=J"+[(0) :4 g1]
for all n > N, because g| € J is a superficial element of A with respect to J. Therefore, for every
n > max{N,r}, we have

I C (82,83, -,84)0" + (81)

which yields that
I C (82,835, 80) "+ (g)]INI"H = (82,83, 80)0" + (g1) NI = QJ"
because (g1) NJ"+! = g1J". Hence J"! = QJ", so that Q is a reduction of J. O

Remark 2.8. If ay,as,...,ap € J (£ > 0) forms a super-regular sequence of A with respect to J,
then the sequence aj,as,...,a, forms superficial of A with respect to J.

Proposition 2.9. Suppose that A has an infinite residue class field. Then there exists a parameter
ideal Q = (ay,ay,...,aq) of A which satisfies the condition (8). In particular, the extended
canonical ideal exists.

Proof. Since dimA/I = d — 1, we choose a parameter ideal Q' = (f1, f2, ..., fa) of A such that
f1 € 1. We consider the m-primary ideal J =1+ Q' = (f2, f3,..., f4) +1. Since the field A/m is
infinite, we can choose a superficial sequence g1,82,...,84 € J of A with respect to J. Thanks
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to Lemma 72, the ideal Q = (g1,42,...,84) iSa reduction of J. By setting A=A/IandJ = JA,

the ideal (g7,82,...,84) forms a reduction of J, where (—) denotes the image in A. Hence,
because J is a parameter ideal of A, we get the equality

(g_lag_za i 75) = (Ev%v ce aﬁ)
inside of the ring A. Thus

J:I+(g17g27"'7gi—1agl'+17'"7gd)

for some 1 <i<d. Weset q=1(g1,82,---,8i—1,8i+1,---,84) and write g; =E+m with & € [
and M € q. Then Q = (g1,82,---,84) = (§) + q is a parameter ideal of A which satisfies the
condition (f). O

3. DEFINITION OF GOTO RINGS

Let (A, m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canonical ideal /.
Namely, / is an ideal of A such that / £ A and I = K4 as an A-module. Here, we remark that the
existence of canonical ideals implicitly assumes the existence of the canonical module Ky.

Definition 3.1. For each integer n > 0, we say that A is an n-Goto ring if there exists a parameter
ideal Q = (ay,as,...,ay) of A such that the following conditions are satisfied, where J = I+ Q
and 7 = R (Q) denotes the Rees algebra of Q.

(1) ay €1.

(2) rankSp(J) = n.

(3) So(J) = T [So(J)];-

In Definition BT, the condition (3) is satisfied if and only if J> = QJ?; hence Q is a reduction
of J, so that the parameter ideal Q of A satisfies the condition (). By Lemma Z4 (2), the
condition (2) ensures that £4(J?/QJ) = n. Thus, roughly speaking, the notion of Goto rings
attempts to analyze and understand the structure of Cohen-Macaulay rings admitting extended
canonical ideals whose reduction numbers are at most 2, using the difference between J? and
QJ as a clue. The key to the series of researches on almost Gorenstein rings lies in the fact that
the reduction numbers of extended canonical ideals are 2. In fact, every 0-Goto (resp. 1-Goto)
ring is Gorenstein (resp. non-Gorenstein almost Gorenstein) and the converse holds if d = 1
(see Section 4), or the residue class field A/m of A is infinite (Theorems [0, T04). When
d =1, every 2-Goto ring is nothing but 2-almost Gorenstein ([3, Theorem 3.7]). Besides, by
[T2, Theorem 1.2] if A is a generalized Gorenstein ring with respect to an m-primary ideal a,
then A is an n-Goto ring with n = ¢4 (A/a), provided that A /m is infinite and A is not Gorenstein.

We define Goto rings with fixed parameter ideals as follows.

Definition 3.2. Let Q = (aj,as,...,a4) be a parameter ideal which satisfies the condition (f).
We set J =1+ Q and T = R (Q). For each integer n > 0, we say that A is an n-Goto ring with
respect to Q if Sp(J) = T [Sp(J)], and rank Sp(J) = n, i.e., J> = QJ* and (4 (J*/QJ) = n.

Every almost Gorenstein ring is 1-Goto; hence so are two-dimensional rational singularities
and one-dimensional Cohen-Macaulay local rings of finite CM representation type ([?4, Corol-
lary 11.4, Theorem 12.1]). We provide a list of examples of n-Goto rings with n > 2 that follow
from the results proved later; see Examples &8, 5.6, b3.
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Example 3.3. Let n > 1 be an integer. Let k[[¢]] stand for the formal power series ring over a
field k.

(1) The semigroup ring k|| is n-Goto and it is an integral domain.

(2) The fiber product k[[¢3,£3"+1 #3"+2]] x; k[[t]] is n-Goto and reduced, but not an integral
domain. The ring is not generalized Gorenstein when n > 2.

(3) The idealization k[[t3,£>"+1 #3"+2]] x k[[t]] is n-Goto and it is not a reduced ring.

t3 , t3n+1 7 t3"+2]]

Remark 3.4. As each parameter ideal in a Gorenstein ring is an extended canonical ideal, every
n-Goto ring with n > 1 is not Gorenstein. Note that, when dimA = 1, the Goto property does not
depend on the choice of parameter ideals ([3, Theorem 2.5]). Yet it does when dimA > 2. For

example, we consider the ring A = T/I, (’;2 Y ;W X23 ) , where T = k[[X,Y,Z,W]]| stands for the
formal power series ring over an infinite field k. We denote by x,y, w the images of X,Y,W in A,
respectively. The ring A admits a canonical ideal / = (x?,y) and a parameter ideal Q = (x*,w).
Then, by setting J = I+ Q, we get J> = QJ? and £4(J?/QJ) = 2. Hence A is a 2-Goto ring with

respect to Q. In contrast the exact sequence

O—>Ai>l—>C—>0

of A-modules where ¢(1) = x*> — y yields that A is almost Gorenstein, because mC = xC. Here
m denotes the maximal ideal of A. Thus we can choose a parameter ideal Q' = (f1, f>) of A
such that f; € I and m(I + Q') = mQ’ ([?4, Theorem 5.1]). Hence A is 1-Goto with respect to
Q' (74, Corollary 5.3], see also Theorem [04).

Let us investigate basic properties of Goto rings.

Theorem 3.5. Suppose that d > 2. Let n > 0 be an integer and Q = (ay,az, . ..,ay) a parameter
ideal of A satisfying the condition (8). We set q = (az,a3,...,aq) and J =1+ Q. Let x € q\ mq
be a super-regular element of A with respect to J. Then the following conditions are equivalent.
(1) A is an n-Goro ring with respect to Q.
(2) A/(x) is an n-Goto ring with respect to Q/(x).

Proof. Let A=A/(x), J =JA, I =1IA, and Q = QA. Then I = (I + (x))/(x) 2 1/xI = Kz, so
that 7 is a canonical ideal of A. Since Q is a reduction of J =1+ Q and X € I, the parameter
ideal Q satisfies the condition () for A, where X denotes the image of x in A. Note that x € q is
a part of a minimal basis of Q. For each m € Z, let

=m—+1

0—=X—J" 0y —T""/0"T =0

be the exact sequence of A-modules. Then

(@I + ()N QI+ (NI QUM ™

X = (0)
QJm oJm QJm
because x € q is a super-regular element of A with respect to J. Therefore we get an isomorphism
Jm+1/QJm o~ 7m+1/§m7

of A-modules. This shows So(J) = T [So(J)]; if and only if S5(J) = 7" [56(7)} - where T =
R(Q) and T’ = R (Q) stand for the Rees algebras of Q and Q, respectively. Hence, we may
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assume So(J) = T [So(J)],. Then, by Lemma 24 (2) the equalities rank S (J) = £a(J*/QJ) =
62(72 /OJ) = rank S5(J) hold, which complete the proof.

O

Remark 3.6. We maintain the notation as in the proof of Theorem B3. Suppose that Sp(J) =
T [So(J)],- Let m = mA be the maximal ideal of A. Then, for each £ € Z, we see that m‘Sp(J) #
(0) if and only if m"S5(J) # (0).

As a consequence of Theorem B, for given integers n > 2 and ¢ > 3, there exists an example
of n-Goto rings of dimension ¢. See Example B14 for the proof.

Example 3.7. Let ¢ > 3 be an integer and T = k[[X},X>,...,Xs,V1,Va,...,V,_1]] the formal
power series ring over a field k. For given integers m > n > 2,
Xt X+Vi o Xp 4+ Vio Xp+Vpo
A=T/n, (0 2+ Vi -1+ Vi Xe+Vig
X X Xy X7
is an n-Goto ring with dimA = £ and r(A) =/ — 1.

We study the question of how the Goto property is inherited under flat local homomorphisms.
Let (A;,m;) be a Cohen-Macaulay local ring and ¢ : A — A a flat local homomorphism such
that A;/mA| is an Artinian Gorenstein ring. Then JA; =2 I®4A; = Ky, and JA; CmA; C Ay,
that is, IA; is a canonical ideal of Aj. Let Q be a parameter ideal of A with condition (). Then
QA is a parameter ideal of A; which satisfies the condition (f) for A;. With this notation we
have the following.

Theorem 3.8. Let n > 0 be an integer. Then the following conditions are equivalent.
(1) Ay is an n-Goto ring with respect to QA;.
(2) There exists an integer m > 0 such that m | n, A is m-Goto with respect to Q, and
EAI(Al/mAI) = %
Proof. We set J =1+ Q, J =JA1, I} = 1A, and Q1 = QA;|. By Proposition ', we have
the isomorphisms A1 ®4 So(J) = Sp, (J1) and A1 ®4 T [So(J)]; = T1 [Sp, (J1)]; of graded 7 -
modules, where 7 = R (Q) and 7] = R(Q;). Hence the faithful flatness of A shows that
So(J) = T [Sp(J)], if and only if Sp,(J1) = 71 [Sg,(J1)];. For each £ > 0, the equality
Oay (A1 JIETY) = €4, (A1 /mAY) - L4 (A /JH1) induces that
rank Sp, (J1) = e1(J1) —eo(J1) +4a, (A1 /1)
= La,(A1/mA;) [e1(J) —eo(J) +€a(A/T)]
= l4,(A1/mA}) -rank Sp(J).
Hence the equivalence (1) < (2) follows by choosing m = rank Sp(J). O

As we prove in Theorem [4, every 1-Goto ring is almost Gorenstein but not a Gorenstein
ring. The converse holds if A possesses an infinite residue class field.

Corollary 3.9. Let n > 2 be a prime integer and suppose that A/m is infinite. Then A; is an
n-Goto ring with respect to QA1 if and only if one of the following conditions holds.

(1) A is a non-Gorenstein almost Gorenstein ring and £a, (A1 /mA;) = n.

(2) A is an n-Goto ring with respect to Q and mA| = m,.
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Corollary 3.10. For an integer n > 0, A is an n-Goto ring with respect to Q if and only if the
completion A is an n-Goto ring with respect to Q = QA.

We give examples that illustrate Theorem B8.

Example 3.11 (cf. [3, Example 3.11]). Let n > 1 be an integer. We set A} = A[X]/(X" +
o X" !4 ... +a,), where A[X] denotes the polynomial ring over A and o; € m for all 1 <
i <n. Then A is a flat local A-algebra with maximal ideal m; = mA; + XA, A;/mA;| =
(A/m)[X]/(X") is an Artinian Gorenstein ring, and ¢4, (A;/mA;) = n. Hence, if n > 2 is a
prime integer and the field A/m is infinite, then A; is an n-Goto ring with respect to Q1 = QA;
if and only if A is a non-Gorenstein almost Gorenstein ring.

As we often refer to examples arising from numerical semigroup rings, let us explain the
notation and terminology of them. We denote by N the set of non-negative integers. Let 0 <
ai,ay,...,ay € Z (£ > 0) be integers such that gcd(ay,as,...,as) = 1. We set

4
Cid;
=1

1=

H = {ay,ay,...,a;) = {

cieNforalllgiSE}

which is called the numerical semigroup generated by the numbers {a;};<;<¢. The reader may
consult the book [BY] for the fundamental results on numerical semigroups. Let V = k[[t]] be
the formal power series ring over a field k, and define

R = k[[H]] = K[ 12, ... .1%]| C V

which we call the semigroup ring of H over k. The ring R is a Cohen-Macaulay local domain
with dimR = 1 and m = (¥ 1%2 ... %) is the maximal ideal. In addition, V is a birational
module-finite extension of R, so that R = V, where R denotes the integral closure of R in its
quotient field Q(R). Let

c¢(H)=min{n € Z | m € H for all m € Z such that m > n}

be the conductor of H and set f(H) = c(H) — 1. Hence, f(H) = max (Z\ H), which is called
the Frobenius number of H. Let

PF(H)={ne€Z\H |n+a; € Hforall 1 <i</}

denote the set of pseudo-Frobenius numbers of H. Therefore, f(H) coincides with the a-
invariant of the graded k-algebra k[r%1,1%2, ... 1] and #PF(H) = r(R); see [?3, Example (2.1.9),
Definition (3.1.4)]. We set f = f(H) and

K= Y R/
c€PF(H)

in V. Then K is a fractional ideal of R such that R C K C R and

K=Kgr= ) R¢
cE€PF(H)

as an R-module ([25, Example (2.1.9)]).
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Example 3.12. Let K/k be a finite extension of fields with [K : k]=n > 2. We set 0 = 1
and choose a k-basis {®@,®,,...,m,} of K. Let K[[t]] be the formal power series ring over
K. Let ay,ay,...,ay € Z be positive integers such that ged(ay,as,...,a¢) = 1. We set H =
(ay,an,...,ay) and choose 0 < a € H. We consider the rings R = k[[t*!,t%2,... t%]] and R| =
k[t 6%, ... 1% {@it* }1<i<p]]- Suppose r(R) > 2. Then R; is a free R-module of rank n and
lg,(R1/mR;) = n. Hence, if n > 2 is a prime integer, the ring R is n-Goto if and only if R is a
non-Gorenstein almost Gorenstein ring.

Example 3.13. Let H = (aj,ay,...,ay) be a numerical semigroup. For an odd integer 0 < . €
H such that a # q; for all 1 <i < /¢, we set H; = (2ay,2ay,...,2as,0). Let R = k[[H]] and
R| = k[[H,]] be, respectively, the semigroup rings of H and H; over a field k. Then R; is a free
module of rank 2 and /g, (R;/mR;) = 2. Hence R; is 2-Goto if and only if R is a non-Gorenstein
almost Gorenstein ring.

Remark 3.14. In general, the contraction of a parameter ideal via a flat local homomorphism
is not necessarily a parameter ideal. In fact, let R denote a Cohen-Macaulay local ring with
dimR = 1. We denote by R; = R x R the idealization of R over R. We choose an Ulrich ideal /
of R generated by two-elements, say non-zerodivisors a and b (see [22, Definition 1.1] for the
definition of Ulrich ideals). Then Q) = aR; is a parameter ideal of Ry, but Q1 "R = a((a) :g
b) = (a) :g b=1= (a,b) is not, where o = (a,b) € R).

4. ONE-DIMENSIONAL GOTO RINGS

This section focuses on Goto rings of dimension one. Let (R, m) be a Cohen-Macaulay local
ring with dimR = 1 admitting a canonical ideal 7 of R. We fix an integer n > 0. Recall that
R is an n-Goto ring if and only if there exists a € I such that I> = al” and (g(1?/al) = n. By
[3, Theorem 2.5], the Goto property is independent of the choice of canonical ideals and their
reductions. Besides, the existence of canonical ideals / of R containing parameter ideals as
reductions is equivalent to saying that the existence of fractional canonical ideals K, i.e., K is
an R-submodule of Q(R) such that R C K C R and K = Ky as an R-module, where R denotes
the integral closure of R in Q(R) and K stands for the canonical module of R ([I5, Corollary
2.8]).

In this section, unless otherwise specified, we maintain the setup below.

Setup 4.1. Let (R, m) be a Cohen-Macaulay local ring with dimR = 1 possessing a canonical
module K. Let I be a canonical ideal of R, that is, I is an ideal of R such that / £ R and I = K
as an R-module. Suppose that I contains a parameter ideal Q = (a) as a reduction. Thus the
ideal Q satisfies the condition (). Let

K:fz{gjxel}gQ(A).

a
Hence K is fractional canonical ideal of R. We set S = R[K] and c =R : S.

The assumption that the field A /m is infinite in Theorems [T, T4 is used only to assure the
existence of reductions of canonical ideals. Thus, under Setup BT, a 0-Goto ring is equivalent
to Gorenstein, and 1-Goto 1s exactly the same as a non-Gorenstein almost Gorenstein ring. In
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addition, the notions of 2-Goto and 2-almost Gorenstein are equivalent. We begin with the
following, which naturally extends [3, Lemma 3.1].

Proposition 4.2. For each integer n > 0, the ring R is n-Goto if and only if K* = K> and
(r(K?/K) = n, or, equivalently, K* = K> and (g(R/c) = n.

Proof. Since I = aK, we have I° = al” if and only if K> = K. Hence the isomorphism
I?/al = K? /K guarantees the first equivalence. The second equivalence follows from the fact
that rank Sp (1) = ¢r(R/¢) ([3, Theorem 2.5]). O

The equality K2 = K* holds when £4(A/¢) < 2 ([I5, Theorems 3.7, 3.16], [3, Theorem 3.7]);
otherwise, if £4(A/c) > 3, there is an example of a ring R which possesses a fractional canonical
ideal K satisfying K? # K*. Indeed, let V = k[[t]] be the formal power series ring over a field k
and set R = k[[H]] in V, where H = (4,5,11). Then K = R+ Rt is a fractional canonical ideal
of R, K? # K3, and (g(R/c) = £g(R/t8V) = 3 (see also Example [LA).

When K? = K3, the condition m"~!'K? Z K, which is equivalent to m" 155 (I) # (0), plays
an important role in the theory of Goto rings; see e.g., Corollaries B4, IOTT. Besides, every
2-almost Gorenstein ring satisfies the condition ([3, Proposition 2.3]).

Lemma 4.3. Let n > 2 be an integer. Suppose that R is an n-Goto ring. Then m"'K?> ¢ K if
and only if v(R/c) = 1. When this is the case, the ring R/c¢ is Gorenstein.

Proof. Let R = R/c and m = mR. Since K : K = R ([28, Bemerkung 2.5]) and K? = K°, the
condition m"~'K? Z K is equivalent to saying thatm Z K : K> = (K: K) : K =R : K = c, that is,
ﬁ”‘l #£(0) in R. We first assume that m"~'K? Z K. Thenm’ #m' ™! forall 0 <i<n— 1, so that
(z(m/m'™!) = 1 because £g(R/c) = n. Hence v(R/c) = 1. Conversely, suppose v(R/c) = 1.
For each 0 < i < n— 1, we then have m’ % m'*! is cyclic as an R/m-module. As R is n-Goto,
we get fx(m'/m' 1) = 1. In particular, m" ! # (0). The last assertion follows from v(R/c) = 1
immediately. 0

The Gorensteinness of R/c¢ can be characterized as follows. Note that if R is non-Gorenstein
almost Gorenstein, 2-almost Gorenstein, or generalized Gorenstein, the ring R /¢ is Gorenstein;
see [15, Theorem 3.11], [3, Proposition 3.3], [14, Theorem 4.11].

Lemma 4.4. Suppose R is not a Gorenstein ring. Then R/¢ is Gorenstein if and only if K 2=K3
and ur(K?*/K) = 1.

Proof. Suppose that R/c is Gorenstein. As S/K is a canonical module of R/¢ (e.g., [14, Lemma
4.10]), we get S/K = R/¢ as an R-module. Choose a non-zerodivisor b € ¢ on R. We set I’ = bK
and J = bS C R. Then ug(J/I') = ur(S/K) = 1 and J?> = (bS)? = b(bS) = bJ, whence, by [T,
Proposition 2.6] we get I’ = bI'>. Thus K? = K* and ug(K?/K) = ug(S/K) = 1. The converse
holds because r(R/¢) = ur(K*/K) = 1. O

In general, the equality K> = K does not imply ug(K?/K) = 1 as we show next.

Example 4.5. Let V = k[[t]] be the formal power series ring over a field k. We consider the
semigroup ring R = k[[H]] in V, where H = (5,11,13,19). Since PF(H) = {8,14,17}, the
fractional canonical ideal K has the form K = R + Rt3 +Rt®. Then K? = K + Rt® + Rt12 K3
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and ur(K?/K) = 2. In addition, we have £x(K?/K) = 3, so that R is 3-Goto; while R is not
generalized Gorenstein because R/c¢ is not a Gorenstein ring.

If R is an n-Goto ring with r(R) = 2, the length /(K> /K) can be replaced by /z(K/R).

Proposition 4.6. Suppose that r(R) = 2. Then K* = K if and only if K/R = R/¢ as an R-
module, or, equivalently, R is a generalized Gorenstein ring. Hence, for an integer n > 1, the
ring R is n-Goto if and only if K> = K> and (x(K/R) = n.

Proof. Ast(R) =2, we write K = R+ Rf with f € K. Then K*> = K +Rf?, whence ug(K?/K) =
1 because K? # K. If K> = K3, the ring R/¢ is Gorenstein and ¢ = R : K. As K/R is faithful as
an R/c-module, we have K/R = R/c. Conversely, if K/R = R/¢, the annihilator of both sides
shows that the equality ¢ = R : K holds, i.e., K? = K3. In addition, by [14, Corollary 4.14] R is
generalized Gorenstein if and only if K> = K3. 0J

By the proof of Proposition 6, we remark that ug(K?/K) = 1 holds when r(R) = 2. Recall
that the ring R is said to have minimal multiplicity if e(R) = v(R).

Corollary 4.7 (cf. [B, Proposition 3.12]). Let n > 1 be an integer. Suppose that ¢(R) = 3 and R
has minimal multiplicity. Then R is an n-Goto ring if and only if {r(K/R) = n.

Proof. Passing to the flat local homomorphism R — R[X ]mR[X] , by Theorem B8 we may assume
R/m is infinite. As e(R) = v(R) = 3, we note that r(R) = 2. Since I = aK is an m-primary ideal
of R, we get ug(I’) < e(R) = 3 ([20]). Hence there exists b € I such that I’ = bI? ([f]), so that
K? = K3 because the reduction number of I is independent of the choice of its reductions. [

Let us note some examples of Goto rings of dimension one.

Example 4.8. Let V = k[[t]] be the formal power series ring over a field k. We consider the
semigroup ring R; = k[[H;]] (i = 1,2) in V, where H; has the following form.

(1) Hy=(3,3n+1,3n+2) (n>1).

(2) Hy = (e,{en—e+i}3<ij<e—1,en+l,en+2) (n>2,e>4).
Then, because PF(H;) = {3n—2,3n— 1}, K = R| + Rt is the fractional canonical ideal of
Ry, so that /g, (K;/R1) = n. By Corollary BT, the ring R; is n-Goto. On the other hand, since
PF(H;) ={en—2e+i|3<i<e—1}U{en—e+1,en—e+2}, the fractional canonical ideal
K> of Ry has the form Ky = Ry + Ryt + Rot® + Rpt* + -+ + Rt~ 1. Then K3 = K3 =V and
lr,(K3/K2) = €g,(V/K2) = n. Therefore R, is an n-Goto ring. Note that R, is not generalized
Gorenstein. Indeed, if R is generalized Gorenstein, then K> /Ry = (R/ cQ)@(’ -1, where ¢, =
R, : Ry[K>] and r = r(Ry). Since R, has minimal multiplicity, we get the equalities

n+(e—3)(n—1)=4Lg,(K2/R2) = (r—1)lg,(R2/c2) = (e —1—1)n.
This induces (¢ —3)(n— 1) = (e — 3)n which makes a contradiction. Hence R; is not a general-

ized Gorenstein ring.

We study the Goto property of the blow-up B = |J,~o [m”" : m”"] of the maximal ideal m. By
[T5, Theorem 5.1], the ring R is 1-Goto having minimal multiplicity if and only if B is 0-Goto
but R is not.
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Theorem 4.9. Let n > 2 be an integer. Set B = J,>o [m" : m"]. Suppose that R has minimal
multiplicity, B is a local ring, and R/m = B/n, where n denotes the maximal ideal of B. Then
the following conditions are equivalent.

(1) R is an n-Goto ring
(2) Bisan (n—1)-Goto ring.

Proof. Note that B = J,~o[m" : m"] = m : m, because R has minimal multiplicity. Since every
finitely generated R-subalgebra of R is Gorenstein if ¢(R) < 2, we may assume that R is not a
Gorenstein ring. Then L = BK is a B-submodule of Q(B) such that BC L C Band L=Kgasa
B-module, so L is a fractional canonical ideal of B and L = K : m, where B denotes the integral
closure of B in Q(B) ([3, Proposition 5.1]).

(1) = (2) We have S = R[K] = K?, because K> = K>. Since K C L C S, we see that L? =
S = L3 Then {3(L?/L) = (r(L*/L) = Lr(S/K) — £r(L/K) = n— 1, because R/m = B/n and
L =K :m. Hence B is an (n — 1)-Goto ring.

(2) = (1) Since S = B[L] = L?, we have /g(S/K) = ¢g(S/L) 4 ¢g(L/K) = n. Hence it suffices
to show that K> = K. Indeed, we can write L = K : m = K +Rg with g € (R: m)\ K. Then
[ = K2+Kg+Rg2 C K?+L,because B=R:m = % and L = mﬁf for some o0 € m. Thanks to [3,
Corollary 2.4 (1)], wehave L=K : m C K2. Therefore L2 C K>+ L = K?; hence S = L? = K2.
This shows K> = K> and R is an n-Goto ring. 0

Recall that a one-dimensional Cohen-Macaulay local ring R is called Arf, if the following
conditions are satisfied ([32, Definition 2.1]).

(1) Every integrally closed regular ideal in R has a reduction generated by a single element.
(2) If x,y,z € R such that x is a non-zerodivisor on R and y/x,z/x € R, then yz/x € R.

In [32, Theorem 2.2], it is proved that R is Arf if and only if every integrally closed regular
ideal is stable; equivalently, all the local rings infinitely near to R, i.e., the localizations of its
blow-ups, have minimal multiplicity.

We set R = Unso I : I"] for a regular ideal I of R. For an integer m > 0, we define

. { R (m = 0)
m = J(Rmf )
Rmfl :

where J(R,,—1) stands for the Jacobson radical of the ring Ry, 1.
Corollary 4.10. Let n > 2 be an integer. Suppose that R is an Arf ring, R is a local ring, and
R/m = R;/m, for all i > 0, where m; = J(R;). Then the following conditions are equivalent.
(1) R is an n-Goto ring.
(2) R;is an (n—1i)-Goto ring for every 1 <i < n.
(3) Riisan (n—i)-Goto ring for some 1 <i < n.
Moreover, if R, is not a Gorenstein ring, the condition (1) is equivalent to the following.
(4) R;is an (n—1i)-Goto ring for every 1 <i<n.
(5) R;is an (n—1i)-Goto ring for some 1 <i<n.
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Proof. Since R is a local ring, so is the ring R; for all i > 0. Hence, by [B2, Theorem 2.2], we
have v(R;) = e(R;). Besides, for each 1 <i < n, the ring R; is not Gorenstein if it is (n — i)-
Goto. Thus, the equivalence of the conditions (1), (2), and (3) follows by using Theorem &9
recursively. When R, is not a Gorenstein ring, the required equivalence follows from [I5,
Theorem 5.1]. O

The assumption in Corollary 10 that R/m = R; /m; for all i > 0 is satisfied, if either R/m is
an algebraically closed field, or R is a numerical semigroup ring over a field.

Example 4.11. Let e > 4, n > 2 be integers. Let V = k[[¢]] be the formal power series ring over
a field k. For each 0 < j <n, we set R; = k[[H/]] in V, where H; has the following form.

(e,{en—(j+1)e+i}3<i<e—1,en— je+1l,en— je+2) (0<j<n-—2)
Hi=1{ (3.4,5) Gon—1)
N (j=n).
Then R; = m;_; : m;_; has minimal multiplicity for all 1 < j < n, where m;_; denotes the
maximal ideal of R;_;. Hence Ry is an Arf ring. By Example &R (2), the ring Ry is n-Goto.
Therefore, R; is an (n — j)-Goto ring for every 1 < j < n.

For the rest of this section, under Setup B, we additionally assume that R is an n-Goto ring
with n > 2 and v(R/¢) = 1. As ¢gr(R/c) = n, we can choose a minimal system xj,x7,...,xy of
generators of m such that ¢ = (x|, x2,...,x¢), where £ = v(R). For each 1 <i <n, we define

= (xil,XQ, . ,x@).

I;
Then we get a chain ¢ =1, C I,_; € --- C I} = m of ideals in R and v(R/I;) = 1 for every
2<i<n Wesetr=r(R).

Theorem 4.12. With the notation of above, one has an isomorphism
n
K/R= P R/1)™"
i=1
of R-modules for some {,, > 0 and for some {; > 0 (1 <i < n) such that Y.} ,¢{; = r— 1. Hence
K /R is free as an R/c-module if and only if the equality {gr(K/R) = n(r — 1) holds.

Proof. The equality K> = K induces ¢ = R : K, so K/R is a finite module over R/c. Hence,
because R/c is an Artinian Gorenstein ring, the R/c-module K /R decomposes to a direct sum
of cyclic R/c-modules. Note that a cyclic module over R/c¢ is isomorphic to the module of the
form R/I; with 1 <i <n, and ur(K/R) = r — 1. Therefore we have an isomorphism K /R =
@D, (R/I})®% of R-modules for some ¢; >0 (1 < i < n) such that YY" ¢i=r—1.In particular,
we get £, > 0, because the faithful R/c-module K /R contains R/¢ itself as a direct summand.

O

By [I4, Theorem 4.11], the ring R is generalized Gorenstein if and only if K/R is free as an
R/c-module.

Corollary 4.13. Suppose that n > 2, R is n-Goto, and v(R/¢) = 1. Then R is a generalized
Gorenstein ring if and only if the equality {gr(K/R) = n(r — 1) holds.
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As an application of Theorem BET7, we get the following. Recall that R is a Gorenstein ring
if and only if e; (/) = 0; while the ring R is non-Gorenstein almost Gorenstein if and only if
e1 (1) =r(R) ([19, Theorem 3.16]).

Corollary 4.14. Suppose that n > 2, R is n-Goto, and v(R/c) = 1. Then
r(R)+n<e;(I)<n-r(R)
and the equality e1(I) = n-t(R) holds if and only if R is a generalized Gorenstein ring.

Proof. Thanks to Theorem B2, we have an isomorphism K /R = @?_, (R/ I,-)@E", where ¢, > 0
and £; >0 (1 <i<n)suchthat)? ,¢;=r—1. Then

61(1) = rankSQ(I) —l—fR(K/R) = I’l—i—iER(R/Ii) A= n—l—iﬁﬁi
i=1 i=1

< n+n(r—1)=nr.
As R is n-Goto with n > 2, we have r — 1 = ug(K/R) < ¢r(K/R). Hence
e1(I)=/lr(K/R)+n> (ug(K/R)+1)+n=r+n.

The equality e (I) = n-r(R) holds if and only if ¢; = 0 for all 1 <i <n— 1. The latter condition
is equivalent to saying that K/R is free as an R/c-module, or, equivalently, R is a generalized
Gorenstein ring. O

Corollary BE14 holds even in higher dimensions.

Remark 4.15. Let (A,m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canon-
ical ideal 1. Let Q = (ay,a2,...,a,) be a parameter ideal with condition (f). We set J =1+ Q
and q = (ay,as,...,a,). Suppose that A is an n-Goto ring with n > 2 and m"~ 15, (J) # (0).
Then

r(A)+n<e;(J)<n-r(A)
hold and if the equality e;(J) = n-r(A) holds, then A is a generalized Gorenstein ring.
Proof. Let A=A/q, m =mA, J = JA, and Q = QA. Since ay,as,...,ay is a super-regular
sequence, the ring A is n-Goto, and the condition m"~ !5, (J) # (0) implies that ﬁ”_lé‘@(j) +
(0); equivalently, v(A/(Q :5 J) = 1. By Corollary ET4, we have

r(A)+n<ei(J)<n-r(A)
because r(A) =r(A) and e; (J) = e (J) (remember that the sequence ay,as, ... ,ay is superficial).

The last assertion follows from [14, Theorem 3.9 (2)]. O

We close this section to describe the generators of the R/c-module K/R, when R is a numer-
ical semigroup ring over a field.

Proposition 4.16. Let R = P,~ R, be a Z-graded ring such that Ry = k is a field. Let M be a
non-zero finitely generated graded R-module with dimy M, < 1 for alln > 0. We set I = (0) :(x M
and assume that R/I is Gorenstein. Choose a homogeneous minimal system xi,xy,...,X; of
generators of M where { = ugr(M). Then the equality

M =Rxi ®Rx;® - ©Rxy
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holds.
Proof. The assertion is obvious when ¢ = 1. We assume ¢ > 2 and the assertion holds for £ — 1.
Note that I = (0) ;g M =N, [(0) :r x;]. As R/I is Gorenstein, we may assume I = (0) :g x;.
Then the canonical exact sequence 0 — Rx — M —» C — 0 of graded R-modules splits, because
Rx; = R/I. Thus there is a graded R-linear map ¢ : C — M of degree 0 such that the composite

map €o @ is identity on C. For each 1 <i < n, we can write ¢(&(x;)) = c;x; for some unit ¢; € k,
because dimy M,, < 1 for every n > 0. Therefore we get

M = Rx; ®0(C) = Rx; & [Ro(e(x2)) + Rp(e(x3)) +- - + Ro(e(xr))]
= Rxi ®[Ro(e(x2)) B R(e(x3)) & - - B RO(e(xr))]
= RxiORx2®--- D Rxy
where the third equality follows from the induction argument on /. 0

Hence we have the following which is a natural generalization of [173, Proposition 2.4].

Corollary 4.17. Let V = k[[t]] be the formal power series ring over a field k and R = k[[H]]
the semigroup ring of a numerical semigroup H. We set r =t(R), f = f(H) = ¢,, and write
PF(H) = {ci1,c2,...,c}. If R/c is Gorenstein, then the equality

r—1
K/R=EPRi/~<i
i=1

holds, where (—) denotes the image in K /R.

Proof. Since K =Y, Rt/ =€ we have K /R= Z,le Rt/—¢i. Without loss of generality, we may
assume R = k[H]| in the polynomial ring k[t]. Hence, by Proposition BET6 we get the required
equality. 0

Example 4.18. Let V = k[[t]] denote the formal power series ring over a field k. We consider
R=k[[H]]inV,where H = (e,{en—e+i}3<ij<e—1,en+ l,en+2) (n>2,e>4). Then R is an
n-Goto ring and K = R+ Rt + R34+ Rt* + - -+ Re¢~ ! is a fractional canonical ideal of R, so that

K/R=RIORPORA® - ©Ree !

because R/c is Gorenstein, where ¢ = R : R[K] and (—) denotes the image in K/R. Since
(0) :gf=cand (0) :g " = ¢+ (te(”_l)) =1, forall 3 <m < e— 1, we conclude that

K/R= (R/¢)® (R/L—1)P¢3),

In particular, K /R is not free as an R/c-module.

5. EXAMPLES ARISING FROM QUASI-TRIVIAL EXTENSIONS

In this section we investigate Goto rings obtained by quasi-trivial extensions. The aim is
to provide concrete examples of Goto rings and enrich the theory. We start by recalling the
definition of quasi-trivial extensions which was recently introduced in [T3, Section 3].

Let R denote an arbitrary commutative ring. For an ideal J of R and o € R, we set A(a) =
R®J as an additive group and define the multiplication on A(ct) by
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(a,x)-(b,y) = (ab,ay+xb+o(xy)) forall (a,x),(b,y) € A(q).

Then A(a) is a commutative ring which we denote by
o
Alo) =Rx J

and call it the quasi-trivial extension of R by J with respect to a.. We consider A(a) to be an
R-algebra via the homomorphism & : R — A(a), a — (a,0). Then A() is a ring extension of
R, and A(a) is module-finite provided J is finitely generated. If oo = 0, then A(0) = R x J is the
idealization of J over R, introduced by M. Nagata ([34, Page 2]), and [(0) x J]?> = (0) in A(0).
If o = 1, the ring A(1) is called the amalgamated duplication of R along J ([4]), and

A<1) ngR/]R? (aa.j) = (aaa+j)

the fiber product of the two copies of the canonical surjection R — R/J. Hence, if R is a reduced
ring, then so is A(1).

In this section we maintain Setup E1. Let T be a birational module-finite extension of R, i.e.,
T is an intermediate ring between R and Q(R) which is finitely generated as an R-module. We
assume that K CTbutR#=T. WesetJ=R:T.Then/=K:T and K :J =T ([15, Lemma 3.5

[0
(D], [28, Definition 2.4]). Let a € R and set A(a) = R X J. Since J # R, by [I3, Lemma 3.1]
the ring A(a) is Cohen-Macaulay and of dimension one, possessing the unique maximal ideal
n=m x J. We have the extensions of rings below

A(@) CTx T CRx RCA(®) C Q(R) x Q(R) = Q(A()).

o JE—
Set L=T xKinT x T. Then L is an A(a)-submodule of Q(A(at)) and A(at) C L C A(a).
We summarize some basic properties of quasi-trivial extensions, where rg(—) denotes the
Cohen-Macaulay type as an R-module.

Fact 5.1 ([3, Propositions 3.3, 3.4]). The following assertions hold true.
(1) T/K is a canonical module of R/J. Hence the equaliry (R(T/K) = Lr(R/J) holds.

(2) Lis a fractional canonical ideal of A(&) and L™ =T ” T forallm > 2.
(3) The equalities r(A(Q)) = ug(T) +1(R) = rr(J) +ur(K/J) hold. Hence the Cohen-
Macaulay type of A(Qu) is independent of the choice of o € R.

The next naturally generalizes [13, Theorem 3.6].

Theorem 5.2. Let n > 1 be an integer. Then the following conditions are equivalent.

(1) A(o) is an n-Goto ring for every o € R.
(2) A(a) is an n-Goto ring for some o. € R.

(3) The fiber product R Xg/; R is an n-Goto ring.
(4) The idealization R x J is an n-Goto ring.
(5) €r(T/K) =n.
(6) (r(R/J)=n.

Proof. Fact B (1) guarantees the equivalence of the conditions (5) and (6). Since L™ =T T
for all m > 2, we have L? = L. Then, for each o € R, the ring A(a) is n-Goto if and only
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if L4 (q) (L?/L) = n; equivalently ¢x(T /K) = n, because L?/L = T /K and A(a)/n = R/m as
R-modules. This completes the proof. U

Corollary 5.3. Let n > 1 be an integer. If R and A(o) are n-Goto rings for some o. € R, then
S=TandJ =c.

Proof. Aslr(S/K)={r(R/c) ([28, Bemerkung 2.5]), we have ¢g(T /K) = ¢r(S/K) = n. Hence
the assertion follows from S = R[K|] C T. O

The condition ug(K?/K) = 1 holds if R/c is Gorenstein (Lemma E4), so the following gives
a generalization of [15, Theorem 6.5], [3, Theorem 4.2], [173, Corollary 3.8], and [I4, Corollary
4.38] as well.

Corollary 5.4. Let n > 1 be an integer and set L = S X K. Then the following conditions are
equivalent.

(1) R is an n-Goto ring and ur(K*/K) = 1.

(2) The fiber product A = R xR is an n-Goto ring and us (L?/L) = 1.

(3) The idealization A = R x ¢ is an n-Goto ring and us (L* /L) = 1.

Proof. (1)< (3) Weset A =R x c and ¢4 = A : A[L]. By [3, Proposition 4.1], we have L> = L3,
A[L] =Sx S, and ¢4 = ¢ x ¢c. Hence A/cs = R/c as an R-module and /4 (L? /L) = (4 (A[L]/L) =
(r(S/K). Therefore, if R is n-Goto and ug(K?/K) = 1, then R/c = A/c4 is Gorenstein and
(a(I?/L) = (S/K) = n. Hence A is an n-Goto ring and u4 (L?/L) = 1. Conversely, we assume
A is n-Goto and u4 (L?/L) = 1. Then, because A/c4 = R/c is Gorenstein, we get K> = K> and
ur(K?/K) = 1. By Theorem B2, we conclude that R is an n-Goto ring because /g(K?/K) =
gR (S/K) = n.

(2) < (3) This follows from Theorem B2 by choosing T = S = R[K]. O

By the proof of Corollary B4, if R is an n-Goto ring, then so is the idealization A = R X ¢, but
the converse does not hold when n > 3.

Example 5.5. Let V = k[[t]] be the formal power series ring over a field k. We consider the
semigroup ring R = k[[H]] in V, where H = (4,13,22,27). Then K = R+ Rt> + Rt'* is the
fractional canonical ideal of R, so that ug(K?/K) =2, K> # K>, and K> = R[K] = S. Since
(a(A[L)/L) =4 and L* = 3, the ring A = R x ¢ is 4-Goto, but R is not.

Example 5.6 (cf. [3, Example 4.3]). Let n > 1 be an integer. Suppose that R is n-Goto and
,uR(K2 /K) =1 (see e.g., Example ER). For each ¢ > 0, we define recursively

R (£ =0)
Ay =
Ay xep (£>1)

where ¢y = Ay : Ay_1[Ky—1] and Ky is the fractional canonical ideal of A;,_;. Hence we
have an infinite family {A;} ;>0 of n-Goto rings with s, (K?/K;) = 1 and e(A;) = 2° - e(R) for
every £ > 0. The ring k[[t3,31,£3%2]] x k[[t]] is n-Goto, because ¢ = R : k[[t]] = t>"k[[t]] =
k[[t]], where k[[t]] denotes the formal power series ring over a field .

We note an example of Goto rings obtained from quasi-trivial extensions in the case where
J=Rand oo € m.
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Example 5.7. For each o € m, we set R =R & R. Then, by [13, Lemma 3.1] R; is a Cohen-
Macaulay local ring with dimR; = 1 possessing the maximal ideal m; = m x R. Note that
R is a finitely generated free R-module of rank 2. Since mR; = m x m and (g, (R;/mR;) =

o
lR((Rx R)/(m xm)) =2, the ring R; = R X R is 2-Goto if and only if R is almost Gorenstein
but not a Gorenstein ring.

6. EXAMPLES ARISING FROM FIBER PRODUCTS

Let (R,m),(S,n) be one-dimensional Cohen-Macaulay local rings with a common residue
class field k = R/m = S/n, and f : R — k, g : S — k the canonical surjective maps. In this
section we study the question of when the fiber product

A=Rx;S={(a,b) € Rx S| fla) = g(b)}

of R and S over k with respect to f and g is a Goto ring. Then A is a one-dimensional Cohen-
Macaulay local ring with maximal ideal / = m X n. Since B = R X S is a module-finite birational
extension of A, we get Q(A) = Q(R) x Q(S) and A = R x S, where (—) denotes the integral
closure in its total ring of fractions. We furthermore assume that Q(A) is a Gorenstein ring, A
admits a canonical module K4, and the field k = A/J is infinite. Hence, all the rings A, R, and S
possess fractional canonical ideals (see [15, Corollary 2.9]).

By [B7] (see also [&, Proposition 2.2 (3)]), A is Gorenstein if and only if R and S are discrete
valuation rings (abbr. DVRs). Besides, A is almost Gorenstein if and only if so are R and S;
equivalently, A is a generalized Gorenstein ring ([8, Theorem 4.17]).

The main result of this section is stated as follows, which gives a generalization of [8, Theo-

rem 5.1].

Theorem 6.1. Let n > 2 be an integer. Then the following conditions are equivalent.
(1) The fiber product A = R xS is an n-Goto ring.
(2) One of the following conditions holds.
(i) R is Gorenstein and S is n-Goto.
(ii) R is n-Goto and S is Gorenstein.
(iii) R is p-Goto and S is q-Goto for some integers p,q > 0 such thatn+1 = p+q.

Proof. We denote by K and L the fractional canonical ideals of R and S, respectively. We may
assume that A is not a Gorenstein ring. Hence, either R or S is not a DVR. We first consider the
case where R is a DVR and S is not a DVR. Let X be a fractional canonical ideal of A. Then,
[14, Corollary 4.15] we have X? = X3 if and only if L> = L*; while the equality £4(A/(A: X)) =
¢5(S/(S: L)) holds once we get this equivalence. Hence A is n-Goto if and only if S is n-Goto,
as claimed. It remains to consider the case where R and S are not DVRs. Then K # R, because
K : K = R ([2R, Bemerkung 2.5]). Since (g([K : m]/K) = gr(Exth(R/m,K)) = 1, we see that
K : m C R. In addition, we have R : m ¢ K. Indeed, if R: m C K, then K DR:m = (K : K) :
m=K:mK. ThusR=K: K CK:(K:mK)=mK C mR. This makes a contradiction. Hence
R:m ¢ K and therefore K : m = K+ R- g| for some g; € (R: m)\ K. Similarly, because S is
not a DVR, we can choose g2 € (S:n)\Lsuchthat L:n=L+S-gy. We set

X=(KxL)+A y
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with y = (g1,82) € A. Then X is a fractional canonical ideal of A ([R, Lemma 4.2]). With this
notation we have the following.

Claim 6.2. X> = X3 ifand only if K> = K> and L> =

Proof of Claim B2. We first assume that R and S are not Gorenstein. Then, because A : X = (R
K) x (S:L) ([8 Lemma 4.8 (i)]), we then have
(A: X)X = [(R:K)x (S:L)][(KxL)+A-y]
= [(R:K)K+(R:K)g1] x [(S: L)L+ (S: L)g2]
= (R:K)Kx (S:L)L

(R:K
(R:K

where the last equality follows from the fact that (R: K)(R:m)=R:Kand (S:L)(S:n)=(S:L)
([8, Lemma 4.14 (i)]). Therefore, by [8, Lemma 4.14 (ii)] we get the required equivalence,
because (A: X)X =A:X ifandonlyif (R: K)K=R:K and (S:L)L=S: L. Next, we consider
the case where R is Gorenstein but S is not a Gorenstein ring. Then R = K. Thanks to [,
Lemma 4.8 (ii)], we have A : X = m X (S : L) which yields that the equalities

(A:X)X = [mx(S:L)][(KxL)+A-y|
= [m+4+mg] x[(S: L)L+ (S:L)g]
= mR:m)x(S:L)L=mx (S:L)L

hold, because m(R : m) = m (remember that R is not a DVR). This shows that (A: X)X =A: X
if and only if (S: L)L = S : L; hence X? = X? if and only if L?> = L3. O

We continue to prove Theorem Bl Since n > 2, we may assume that either R or S is not a
Gorenstein ring. Suppose that both R and S are not Gorenstein. Since A: X = (R: K) x (S: L),
we have the equalities

CA(AJ[A X)) = €a(B/[A: X]) — 1 = Lg(R/[R : K]) + £s(S/[S : L]) — 1.

Thanks to Claim B2, the condition (1) is equivalent to the condition (2) (iii), because ¢4 (A/[A
X]) = n if and only if there exist integers p,qg > O such that n+ 1 = p+gq, (gr(R/[R: K]) =
and (s(S/[S : L]) = q. We may finally assume that R is Gorenstein but S is not a Gorenstein
ring. Then A : X =m x (§: L), so that

a(A/[A:X]) =Lr(R/m)+Ls(S/[S: L)) —1=1s(S/[S:L)).
This yields that the ring A is n-Goto if and only if so is S, as desired. U

As a direct consequence of Theorem B, if R is n-Goto and S is 2-Goto, the fiber product
A =R xS is an (n+ 1)-Goto ring which is not a generalized Gorenstein ring.

Example 6.3. Let k[[t]] be the formal power series ring over a field k. Since the semigroup ring
k[[3,£3"+1 £37+2]] is an n-Goto ring (see Example AR), the fiber product k[[t3, 31 37+2]] x
k[[t]] is n-Goto; while the ring k[[t3, 3"+ £3"+2]] x, k[[t3,7,£8]] is an (n+ 1)-Goto ring, where
n > 2 1is an integer.
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7. THREE-GENERATED NUMERICAL SEMIGROUP RINGS

We investigate Goto rings arising from numerical semigroups generated by three elements.
We first recall the results in [[[5, Section 4] (see also [3, Section 6]).

Let 0 < aj,az,a3 € Z be integers such that gcd(aj,a2,a3) = 1. We consider the numeri-
cal semigroup H = (aj,as,a3) which is minimally generated by aj,a,as. Let k[t] denote the
polynomial ring over a field k and set T = k[H| = k[t*!,t*2,t*3]. Then T is a one-dimensional
Cohen-Macaulay graded domain and 7 = k[t], where T denotes the normalization of 7. Let
M = (t41,¢t%2,t*3)T be the maximal ideal of T. The ring R = k[[t*1,7%2,1%3]] is obtained by the
completion R = 7/};1 of the local ring Tj,.

Let U = k[X,Y,Z] be the polynomial ring and we regard U as a Z-graded ring with Uy = k,
degX = aj, degY = ay, and degZ = a3. Look at the k-algebra map

©:U=k[X,Y,Z] - T = k[t 1% ,1*]

defined by @(X) =14, @(Y) =1, and ¢(Z) = 1.
Throughout this section, we assume that 7" is not a Gorenstein ring. By [26] the defining
ideal Ker@ of T is generated by the maximal minors of the matrix [;(; ;3 X%L] ,1.e.,
x* yB zv
Kero =1 / /
ae=n (YB z! XO‘)

for some 0 < o, B,Y,0,p',Y € Z. Let A; = ZVTY —X¥yB Ay = X%+« _yPFzY and A3 =
YB+P — X7V Then Ker@ = (A;,A,A3) and the ring T = U/ Ker @ admits a graded minimal
U -free resolution of the form

xe bl U (—d)
B 7/
U( m) [Y o S5
0— o X uca)t My e Lo
U (—m') D
U(—d3)

where d| = degA; = a3(Y+7Y), do = degAy = aj(a+ ), d3 = degAz = ax(B+B'), m =
aa+d; = azB—}-dz = a3Y+ds, and m = Cl]()cl—f—dg, = azB/—i-d] = ag,Y—{—dz. Hence m' —m =
wf —ajo= a3y —af = a1/ —azy.

Let Ky = U(—d) be the graded canonical module of U where d = a; + a» + az. Taking
Ky-dual, we get the graded minimal U -free presentation

U(di —d)
x* yB zv
@D |:YB/Z‘/X°‘,:| U(m—d) .
U(dz—d) — D — Ky —0
® U(m —d)
U(ds—d)

of the graded canonical module K7. Remember that Ky = ). .cpp(y) Tt as a T-module; see
[25, Example (2.1.9)]. Thus dimy ([K7];) < 1 foralli € Z and PF(H) = {m—d,m' —d}. There-
fore we conclude that m # m’.

Let b = |m — m’| be the absolute value of m —m’. We then have the following.
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Theorem 7.1. Let n > 1 be an integer. Suppose that R is not a Gorenstein ring. Then the
following conditions are equivalent.

(1) The semigroup ring R = k[[H]] is an n-Goto ring.

(2) 3b € H, and n = oy (resp. n=o/B'Y) if m' > m (resp. m > m’).

Proof. After a suitable permutation of a; and a3 if necessary, without loss of generality we may
assume m’ > m. Note that K = R+ Rt? is a fractional canonical ideal of R. As R is the M Tj-adic
completion of the local ring Ty where M = (1,192, ¢%3) is the graded maximal ideal of T, we
see that /(K /R) = oy ([15, Theorem 4.1]). Besides, the equality K> = K holds if and only
if 3% € K?. Equivalently, 3b € H, because b,2b ¢ H. Indeed, since ug(K) =2, we have b ¢ H.
If 2b € H, then K = K + Rr*? = K. This shows K C K:K =R, and hence R = K. This is
impossible, because R is not a Gorenstein ring. Consequently, R is an n-Goto ring if and only if
3b € H and n = ofy. O

We note an example.

Example 7.2. Let k[[t]] be the formal power series ring over a field k. We set R = k[[H]] in V,
where H = (7,10,22). Then PF(H) = {25,33} and b = |m —m'| = 8; hence 3b € H, K = R+Rt®
is a fractional canonical ideal of R, and K> = K. The k-algebra map ¢ : k[[X,Y,Z]] — R defined
by (X) =119, @(Y) =17, and ¢(Z) = ¢*? induces the isomorphism
~ xX? y?* z
Rz (v Y, %)

where k[[X,Y,Z]] denotes the formal power series ring over k. Then m' —m = a;f/ —ajo =
7-4—10-2 = 8. This yields that /g(K/R) = 4. Hence R is a 4-Goto ring.

The following generalizes the result [3, Corollary 6.7 (1)].

Corollary 7.3. Let n > 1 be an integer. Suppose that e(R) = 3 and R has minimal multiplicity.
Then the following conditions are equivalent.
(1) R=k|[[H]] is an n-Goto ring.
(2) H = (3,2n+o,n+2a) for some o. > n+ 1 such that o Z n mod 3.
When this is the case, one has the isomorphism either
REA[X,Y,Z])/L <)§ g XZQ) . or REK[X,Y.Z))/L (ﬁ“ 4 5)

where k[[X,Y,Z]] denotes the formal power series ring over k.

Proof. As R has minimal multiplcity, we have r(R) = e(R) — 1 =2, so R is not Gorenstein.
(1) = (2) Let us write H = (3,a,,a3) where 0 < ay,a3 € Z such that gcd(3,a3,a3) = 1, and
assume that H is minimally generated by three elements. Consider the ring

xe yB zv
_ 3 Lar ,a3] ~v
T —k[l 120t 3] _k[X,Y,Z]/Iz (YB/ Z,Yr X(x/>

with 0 < o, B,7,0/, ', Y € Z. We then have
3= (r(R/PPR) =t (KY, Z)/(YPP y¥ 20, 2077 ) = By+ Bly+ By > 3.
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This yields that B = B’ =y=17 = 1. Similarly we get
@ = (r(R/1R) = { (k[X,Z] J(xo+e xozY ,ZY”)) = oty + oy + oy =20+ o
a3 = (r(R/t™R) = {; (k[x,Y]/(X“+“',X°"YB,YB+B')) — af + o/B+ o/B = o+ 20

If m" > m, then n = o by Theorem [Z1. Thus a; = 2n+ o and az = n+ 20o/. Therefore,
o —n=ap’ —3c0=m'—m > 1. As H is minimally generated by three elements, we see that
o/ # n mod 3. We similarly have that, if m > m’, then n = o; hence ay = 20+ n, a3 = o+ 2n,
and o.—n =m—m’' > 1. We also have ot #Z n mod 3.

(2) = (1) Since o # n mod 3, the complement of H in N is finite and H is minimally
generated by three elements. Thus ged(3,2n + o,n+ 2a) = 1. Thanks to Corollary &7, it
suffices to show that /(K /R) = n. Indeed, the k-algebra map ¢ : k[[X,Y,Z]] — R defined by
O(X) =1, @(Y) =1*"**, and ¢(Z) = "*?* induces the isomorphism

N XY Z
R = k[[X,Y,Z]]/1» ( vy 7 X“)
of rings. Then, because (2n+ ) —3n = a—n > 0, we get {g(K/R) = n. Therefore R is an
n-Goto ring. 0J

8. MINIMAL FREE PRESENTATIONS OF FRACTIONAL CANONICAL IDEALS

Throughout this section, unless otherwise specified, we maintain the setup below.

Setup 8.1. Let (7,n) be a regular local ring with £ = dim7 > 3, a C T an ideal of T. Let
n > 2 be an integer. Set R =T /a and m = n/a. Suppose that R is a Cohen-Macaulay local ring
with dimR = 1, but not a Gorenstein ring. Let K be a fractional canonical ideal of R. We set
I=R:K,c=R:R[K],and r =1r(R) > 2.

We first assume the existence of the isomorphism

n

K/R= P (R/)*
i=1
of R-modules for some ¢, >0, ¢; > 0 (1 <i < n) such that }.}' , {; = r — 1, where, for each
1 <i < n, the ideal I; is generated by an R-regular sequence xgl),xg), ... ,x%? and m; = pr(l;).

Without loss of generality, we may assume I, = I. Then [, C [; for each 1 <i < n. We choose

XJ@ € n so that xgi) = XJ@ in R, where | <i<mand 1 < j<m;. Here, foreachac T, we
denote by a the image of a in R. By setting

Ji= (Xl(i),Xz(i),...,X,%)) Cn foreach 1 <i<n,

we then have an surjective map T /J; — R/I;. We furthermore assume the map 7 /J; — R/I; is
an isomorphism. Thus a C J; for each 1 <i < n, and Xl(l) ,Xz(l), ... ,X,gf,.) forms a regular sequence

on T'. We now choose generators f;; € K of K satisfying

K= R+ZZRfU and (R/I})® ‘%ZR/I -f;j foreach 1 <i<n
i=1j=1 j=1
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where f;; denotes the image of f;; in K/R.
With this notation we have the following.

Theorem 8.2. Suppose that IK = 1. Then the T-module K has a minimal free presentation of
the form Fy M) F & K — 0, where

N = [_1 fnl"'fn(:‘n fnfl,l"'fn—l,énfl fllmf][l]

and
[ (n n n n n—1 n—1 1 1 1 1
afyaly, o aghap, ai el o al e, agag, e
Xl(”),..xrgl’:l) 0
" 0
Xl(”)...xrgl’;)
X" Dx Y
M = )
Xl(ﬂfl)...xrsl’:;ll)
’ 1 1
XDl
. 0
_ Kl o |

withal € Jy (1< i<, 1< j<my) al) €dy (1<k<n1<i<,2<j<my), dy €
n (1 §k<n 1 <i</ty), and cq € n (g > 0). Moreover, one has the equality

@ @0 )
(Jj “n2 aj".")—l—(cl,cz,...,cq).

X Xz) XVElli)

Proof. Let F A) ) & K — 0 be a part of a minimal 7-free resolution of K with Fy =
TOT T 1q... TP where N = [ oSty Sor0-far6, - Sir-fiey |, This induces
a presentation of K /R
A’ N/
Fi — Gy— K/R—0

as a T-module, where Go T T 1@ T N = [furFaty ~ fi-Fir, |, s = ranky Fy,
and A’ denotes the (Y}, ¢;) X s matrix obtained from the matrix A by deleting its first row.
By our assumption, we have isomorphisms

K/R= PR/L)™ = @(T /1)

i=1 i=1

so that the T-module K /R has a minimal presentation of the form

G125 Gy Y K/R—0

where Gy = IO @ TOb-1m-1 gy ... g TO0™ and the matrix B is given by the form
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o 0o o o o0 o0 xV.x]
The comparison between two presentations of K /R gives rise to a commutative diagram

G —2~Gy——=K/R—=0

L

FF—=Gy——=K/R——0
T

B
Gy —=Gy—=K/R——=0

of T-modules, so the composite map 1o is an isomorphism. Thus, there exists an s X s
invertible matrix Q with entries in 7" such that the equality

A"-Q=[B| O]
holds, where O denotes the null matrix. We now consider the matrix
* * >k
M = A . Q = =
A/ 2 B|O

Hence, K has a minimal free presentation
SNk —o
of T-modules. Since N- M = O, the equality
az(;l) (=1) +X,(n) fni =0
holds in K forevery 1 <i </, and 1 < j <m,. Then
@:aﬁ? 1=x"fyclhK=LK=IK=1=J,/a

whence ag.l) € J,. In addition, for each 1 < k < n, we have

ag.c)-(—l)—kX](k) fri=0 forevery 1 <i</{, 2<j<my

which shows al(f) € J,,, as desired.

It remains to show the last equality of ideals. To do this, we need the following fact.

Lemma 8.3 ([24, Lemma 7.9]). Let (T,n) be a Noetherian local ring, * = x1,x2,...,X a
regular sequence on T and a = ay,as,...,ay a sequence of elements in T. We denote by
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K =Ko (x;T) the Koszul complex of T associated to x and by L. = L4 (a;T) the Koszul complex

of T associated to a. Then the equality
L _ a - ay
Sherd) = (32 )

holds, where 0¥ and a]% denote the first differential maps of K and L, respectively
Let e; be the standard basis of Fyp = T%" and set L = ImM. For each a € a, we see that
ae; € L, whence the equality
A o B ) (), )
n— n— n—

i=1j=

4 Z Z Cu (a( e, +X( )€z+£ 4 +éz+1> + Zd ciey)
i=1j=1 =1
holds, where ¢, € T and d; € T. By comparing with components of both sides, we get

én my nlmn] I’ll nl (1 mi
:ZZ(C )—i—Z{Z( alj )—f— —|—Z{Z(c aU)—i—ch,
= i J =1y

i=1j=1
and
my
(c(J)X](")> =0 forevery 1 <i</,,
j=1
mu—1
(cl(;l_l)XJ("_l)) =0 forevery 1 <i</¥, i,
j=1

%(C >—O forevery 1 <i</;.

]:
n and 1 <i </, we consider the Koszul complexes K =

For each integers 1 < k <
K.(Xl(k),Xz(k),. Xn({?, T) and L =Le(a l( ) ag), ,al(llfl)k, ) of T assomated to the sequences
T € Kerd¥, we have

Xl(k),Xz(k),...,Xn(li) and agf),ag), o l(,];),respectlvely As Z] | ”
k) L X (f) a(? (k)
_ i i imy,
Y cija;; €0y (Kerdy) =1 <X1(k) X X,Sf?)

j=1

by Lemma B73. Therefore, we have

n 4 (i) () ()

i a a e a
c L 2 2 M|+ (c1yc2, ... 5¢4).

,-; Jg’l (X](’) x0T x)
On the other hand, since N-M = O, the equality ¢; = (—1)-¢; =0 holds in K foreach 1 <i <g,
so that ¢; € a. In addition, for each 1 <i < /,, we have

(xa) ~x"aly) ) er =X (a1 +XVeir) — X" (alyer +X,Veir) € L

p Gij —4j dip
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for every 1 < p < j < my,. This implies (—1) (Xl(,n)ag.l) —X}n)agj)> =0in K. Hence

(n)  (n) (n)
a;,’ a, o a
12 il i2 imy, Ca.
<xf"> X" xé?)

Besides, foreach 1 <i </, _;, we have

(Dl Xt ey = KD (ot Ve X V)

—1 —1 —1
(Ve 3 Ve ) 1

forevery 1 < p < j <m,_1, so that X;}*Ial(;l*l) —X;nil)angl) € a. Therefore

(n—1) (n—1) (n—1)

—1 —1 -] ="
X

Since the same technique works for 1 < k < n — 2, we conclude that

(k) (k) (k)
a: a. [P a:
I, ( ’(lk) ’(zk) ’EZ’;) Ca forevery 1<i</y.

This finally provides the equality

@ () (i)
a . a . oo a .
a:E L i 72 J”.”)—F(q,cz,...,c)
] (Xl(’) x0 o x) !

?;

as claimed. O

We now apply Theorem to Goto rings. Suppose that a C n?, R is an n-Goto ring, and
v(R/c) = 1. Note that ug(m) = ¢. As R is n-Goto and v(R/c) = 1, we can choose a minimal
system xp,x2,...,X; of generators of m such that ¢ = R : R[K] = (x,x2,...,x¢).

Foreach1 <i<n,wesetl;,= (x’i,xz, ...,X¢). We then have a chain

R:K=¢=1,ClL1C---ChH=m

of ideals, and by Theorem we have an isomorphism

n

K/R= @ R/L)™"

i=1
of R-modules for some ¢, >0, £; >0 (1 <i<n)suchthat}! ,¢; =r—1. We choose X; € n
so that x; = X; in R. Letting J; = (Xli,Xz, ..., Xp) for each 1 <i < n, we have an isomorphism
T /J; = R/I; of T-modules, because ¢1(T /J;) = ¢r(R/I;) = i. Besides, since ¢ C ¢K C cR[K] =,
the equality cK = ¢ holds. Hence we have the following, which gives a necessary condition for
R =T /a to be an n-Goto ring.

Corollary 8.4. Suppose that a C w?. If R is an n-Goto ring and v(R/c) = 1, then the T-module
K has a minimal free presentation of the form Fy M, Fy Nk 0, where

N = [=1 farSuty SoraFa-rg, y - Jirfiey]
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and

(n) (n) _(n) (n) (n)  (n) (1 (1) (1) (n (1 . (1) 7
[aj)a)y ayy - Q19,27 Pt Ay diy by A9 2 €162

X XpXy 0

- n 0

X' Xy---Xyp .

1 Xf”le-nX[
M: .'.
X1 XXy
) X1 Xp--Xy

0

L X1 Xo-Xy 0

witha? € Jy (1< i<, 1< ]
k<n, 1§l§€k),andcq6n(

aVes, (1<k<n1<i<f,2<j<0).dVen(1<
) Moreover one has the equality
(i

n L ) (i) 0
:ZZ ( 4 aﬂ)—i—(cl,cz,...,cq).
1

i=1j=1 Xz e Xy

<{),a
>0

The next corresponds to [24, Corollary 7.10] (resp. [I3, Corollary 2.3]) for almost Gorenstein
(resp. 2-almost Gorenstein) rings.

Corollary 8.5. With the same notation as in Theorem B2 and Corollary B4, the following
assertions hold true.

(1) Ift=3andm;="{forall1 <i<n,thenr=2,q=0,{,=1,and ;=0 forall1 <i<n.
Hence, if R is an n-Goto ring with v(R/c) =1, a C n2, and ¢ = 3, the matrix M has the

form
(el
X XX X3

(2) If R has minimal multiplicity and m; = ¢ for all 1 <i < n, then ¢ = 0. Hence, if R is
n-Goto with minimal multiplicity, v(R/¢) = 1, and a C 12, then g = 0.

Proof. (1) Note that the ring R has a minimal free resolution
0—FR=T" 2 p =720 L f_7_ R0

of T-modules, where the matrix M has the form stated in Theorem K. Then

n
r+1=rankr F; =s = (Z&) A+q=3-(r—1)+gq,
i=1

whence 4 —2-r=¢ > 0. Thus r(R) =2 and g = 0, because R is not Gorenstein. Since 0 < ¢, <
* ¢ =1, we conclude that ¢, = 1 and ; =0 forall 1 <i <n.
(2) As R has minimal multiplicity, we get r = ¢ — 1 and the equalities

e

(r=1)l+q= ( El-) A+g=5s=L({-2)

i=1

where the last equality follows from [41, THEOREM 1 (iii)]. Hence ¢ = 0. [
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Although we need a mild assumption on rings, Corollary B4 provides an explicit system
of generators of defining ideals in numerical semigroup rings possessing canonical ideals with
reduction number two.

Let us note some examples illustrating Corollary B74. The first example is a 3-Goto ring with
minimal multiplicity. We denote by ’(—) the transpose of a matrix.

Example 8.6. Let V = k[[r]] be the formal power series ring over a field k, and set R =
k[[t*,¢'1,¢13,¢'4]]. Hence, R = k[[H]], the semigroup ring of the numerical semigroup H =
(4,11,13,14). Then c(H) = 11 and PF(H) = {7,9, 10}, whence K = R+ Rt +Rr3 and R[K] = V..
This shows K> = K3 and ¢ = R: V = )V = g1y = (¢11 412 413 114y = ((14)3,412,¢13,414).
Hence /g(R/c¢) =3 and v(R/c) = 1. So R is a 3-Goto ring with minimal multiplicity. Let
T =k[[X,Y,Z,W]] be the formal power series ring and @ : T — R the k-algebra map defined by
o(X) =14 oY) =1, 9(Z) =3, and (W) = t'*. Then R has a minimal T-free resolution of
the form

F:Q—s7® M o8 __ 706 7 p_q

where
Z -X3 -wW —-XY Y W X* XZ
M= |X3 Y 4 W 0 0 0 0
0 0 0 0 X>Y Z W

The T-dual of [ gives rise to the minimal presentation
7 1% k0

of the canonical fractional ideal K, so that K/R =T /(X?,Y,Z,W)&T/(X?,Y,Z,W). We then
have 3 A
zZ -X> -W —XY Y w X* XZ
Kerg=1 (X3 Y Z W )“Z <X2 Y z W)'
Note that one cannot expect ¢ = 0 in general, see [?4, Example 7.11], [13, Example 2.7].
There is an example of a Goto ring with g = 0 without assuming of minimal multiplicity.

Example 8.7. Let V = k[[r]] be the formal power series ring over a field k, and set R =

k[[£8,¢13, 415 17 119 £22]] = k[[H]], where H = (8,13,15,17,19,22). Note that c(H) = 21 and
PF(H) = {9,11,14,18,20}. Then

K = R+RZ+ RO+ R° + Re!!
2
K2 — K+(Rt2—|—Rt6+Rt9+Rt“) — K+ R

K = K2+ (R+Rt2+Rt6+Rt9+Rt“> = K2

while /(K?/K) = 3. Hence R is a 3-Goto ring which does not have minimal multiplicity. Since
¢=R:RK]=R:K=((%3,¢5¢"7 1 1%), we have v(R/c) = 1.

We now compute the generators of defining ideal of R. Let T = k[[X,Y,Z, W,V F]| denote
the formal power series ring and @ : T — R the k-algebra map defined by ¢(X) =3, @(Y) =¢'3,
0(Z2) =1, o(W) =17, o(V) = t'°, and @(F) = t*2. Then R has a minimal T-free resolution
of the form

F:Q—7® M po2d  peds _ ped0 _ pols 7 p_
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where
Y2ZW V XY X3 -F ~V-XY-XZ-XW-YZ -V —X3 —Y2-YZ -7Z2-X’W -W —F —-X? —-y2-yZ-X?Z
XxyZwv F 0 0 0 0 O 0O 0O 0O O O 0O O O 0 0 0 0 0
M=|oo00000x2y z w v Fo0o o0 0 00 0 000 0 0 0
00000O0OO0OO0O O O O 0 X Y Z W V F 00 0 0 0 0
00000O0OO0OT OO O O O OO0 0 O O 0 O X Y Z W V F

By taking the 7'-dual of I, we get the minimal presentation
7o M5 k0
of K. Then we have an isomorphism
K/R=T/(X3,Y,Z,W,V,F)®T/(X%Y,Z,W,V,F)® (T /(X,Y,Z,W,V,F))*
of T-modules and

Kero — 1 Y2 z w v xy X3 vy, (CF VXY —XZ —XW vz
P=2\x3 vy zw v F)72\x2 vy z w v F

+ 1 -V —Xx3 -y —vyz -7 —X*W 1 -W —F —-X3 —-Y? —y7 —-X%7
\x v z w v F 2\x v 2z 1% F )

As we show next, Goto rings does not satisfy the condition v(R/c) = 1 in general.

Example 8.8. Let V = k[[t]] be the formal power series ring over a field &, and set R = k[[H]],
where H = (7,10,22). Then c¢(H) = 34 and PF(H) = {25,33}. We have K> = K + Rt'®,
K?=K?4+Rt** = K?, and ¢ = (114,120,122 1**). Hence v(R/¢) = 2, although R is 4-Goto because
(r(K/R) = 4 (see Lemma [3).

We now investigate a sufficient condition for R = T'/a to be an n-Goto ring in terms of the
presentation of fractional canonical ideals. In the following, we maintain Setup BIl. We choose
generators f;; € K satisfying

n 4
K=R+Y Y Rfy.
i=1j=1
where £, >0,¢;>0(1 <i<n)suchthat)? ,/;=r—1.

The following provides a generalization of [24, Theorem 7.8] (resp. [13, Theorem 2.9]) for

one-dimensional almost Gorenstein (2-almost Gorenstein) rings.

Theorem 8.9. Let X1,X5,...,Xy € n be a regular system of parameters of T. Suppose that
a C n? and the T-module K has a minimal free presentation of the form

AR5 FR-5SK—0
where Ml and N are the matrices of the form stated in Corollary 84, satisfying the conditions
that @) € Jy (1 i<y, 1<j<0), a €y (1<k<n 1<i<l,2<j<0), and

ag() e (1 <k<n, 1 <i<l{), whereJ; = (Xf,Xg,...,Xg)for each 1 <i<n. Then R is an
n-Goto ring and v(R/¢) = 1.

Proof. Let (—) be the image in K/R. Note that K /R has a minimal free presentation

A2 Gy B k/R—0
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of T-modules, where I = [fu1fut, = fii-fie, |, B’ = [B | O], and

FX"Xy- Xy 0 0 o 0 0 0 A
0 0 0 0 0 0
: DOXMXpeX, : : :
0 0 0 0 XXXy O 0

0 0 0 0 0 0
L 0 0 0 0 0 0 X1 XXy

Here Go = T® & T®n-1 @ ... ¢ T and O denotes the null matrix. This induces an isomor-
phism

n
K/R=@(T /)"
i=1
of T-modules. By setting I = J,R, we get

n
¢=R:RIK]CR:K=[)JiR=J,R.

i=1

To show K? = K?, it suffices to check the equality ¢ = I. Indeed, it is enough to show IK C I
because R[K] = K™ for all m > 0. As N-M = O, we obtain the equality

a) (1) +2Z" - fui=0 (1<i<ty, 1<j<)

in K, where

L0 _ )X G=1)
’ X; (2<j<0

for each 1 < k < n. Hence, Zj(-n) i = ag.’) -1 € J,R =1. Similarly, for each 1 < k < n, the
equality

o) (-1)+2Y fiu=0 (1<i<f,2<j<0)

guarantees that Z](.k) - fxi € 1. In addition, we have the equality

aff)~(—1)+X1"-fki=0 (1<k<n, 1<i<t)

inside of K, so that Xlk fri €E kTR = (X{‘,Xz, ..., X¢)R. Therefore we get X['- fi; = Xln_k -Xlk - fui €
X" *JiR C J,R = I. This shows IK C I, i.e., ¢ = I. In particular, v(R/c) = 1.

It remains to show that (g(R/c) = n. We set p = {g(R/c). A surjective homomorphism
T /J, — R/cinduces that p =lg(R/c) < ¢r(T /J,) = n. Since R is a p-Goto ring and v(R/¢) = 1,
we can choose a minimal system y1,y», ...,y of generators of m such that ¢ = (y‘i7 V2 eesV0)-
By setting I/ = (y’i,yz, ...,ye) foreach 1 <i < p, we get an isomorphism

p

K/R=EP (R/I))™™

i=1
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of R-modules for some m;,, > 0, m; > 0 (1 <i < p) such that Zf;l m; =r—1. Choose ¥; € n so
that y; is the image of ¥; in R. For each 1 <i < p, we have a surjective map T /Jl’ — R/I{ and
Cr (T /J!) = lr(R/I!) =i, whence T /J! = R/I! as a T-module. Therefore

n p

@ (T/Ji)@& ~K/R= @ (T/Ji/)@mi .

i=1 i=1
Since ¢, > 0, the T-module T'/J, is a direct summand of K/R. This induces 7 /J,, = T /J] for
some 1 <i<p. Thusn=~47(T/J,) =Lr(T/J))=i<p<n,ie.,n=~Lg(R/c). Hence R is an
n-Goto ring. O

Remark 8.10. Let X1,X5,...,X; € n be aregular system of parameters of 7. We set

XM ox%ooxier o xM
I=I ( 132 23 ZB; %1
X2 X3 A Xg ’ Xl
where o;, 3; > 1 for each 1 <i < /. Then we have
0 ng . X;‘KII X;%
I+(X1) =1 a ) + (X;
R A S R

which shows 7+ (X)) is an n-primary ideal of 7. Hence A = T /I is a Cohen-Macaulay local
ring with dimA = 1.

The Eagon-Northcott complex associated to a 2 x £ matrix M provides the resolution of the
ring R = T /T,(M) (see [5]). Hence we get the following.

Corollary 8.11 (cf. [13, Corollary 2.10]). Let X1,X>,...,X; € n be a regular system of param-
eters of T. Choose integers p1,pa,...,p¢ > 0 such that p;y > n > 2 and set

xpoxps oo xPoxP
Then R =T /a is an n-Goto ring, v(R/¢) = 1, and the R/c-module K /R is free of rank { — 2.

Proof. The ring R = T /a is Cohen-Macaulay and of dimension one whose minimal free reso-
lution as a T-module is given by the Eagon-Northcott complex associated to a matrix
{X{’ X o X1 Xy }
P p e P
X2 2 X3 3. Xg [ X] 1
By taking 7'-dual of the resolution, we get the minimal free presentation
Tott-2) M, po-1) &, Kg — 0

of the canonical module Kz of R where
—sz—X§3-~~(—l)[+lX1m 0
P P p
X?—Xz"'(—])€+1X(j X22—X33"'(—1)Z+1X11
X=Xy (—1)1X,
M =
R P r
XZZ—X33"'(—1)£+1X11
D
XF—XZ"'(—I)(+1X/ XéZ_x3173...(_1)f+1X1pl
0 X2—Xp(—1)"1X,
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For each 1 <i < n, we denote by x; the image of X; in R. Note that x; € m is a non-zerodivisor
on R, x! - x" = x8% - xp, and x; - x{" = X! - x, for all 2 < i < {. By setting

i+1

P2 Pi+1 : n :

X X; 1<i</ X i=1
y:%7 fl: Hl_l (_ )a and 8i = ! ( ) ’

X/ X (i=40) xi (2<i<¥)

we see that f; = g; -y for every 1 <i < /. Hence the equalities
P2 \.P3 pe 1

n:ﬁ.é..ﬂ:’z.&...i/‘i:xzfl—n.xgz—l...ng—l cR

g1 & & X x2  Xp—1 Xy

hold, so that y € R. Let K = Zf;g Ry'. Note that K is an R-submodule of Q(R) and R C K C R.
We then have an isomorphism K = K of R-modules, i.e., K is a fractional canonical ideal of R.
In fact, we consider the T-linear map y : T9(~1) — K defined by y(e;) = (—1)%y~! for each
1 <i< ¥, where {e;}<;<¢ denotes the standard basis of T®U=1) | Since [—1y =y (=112
M’ = 0, we have a complex

7o) M, o1 Yo g g

of T-modules, and hence there is a surjective homomorphism ¢ : Kg — K with y =G oe.
We are now assuming that X = Kerc # (0), and seek a contradiction. Let p € AssgX. Then
p € AssgKg. As K is a fractional ideal of R, we see that K, = Ry,. This yields an exact sequence

0— Xy — Kg, — Ry —0

of Rp-modules, because (Kg)y = Kg,. The equality /g, (Kg,) = ¢r,(Ry) induces X, = (0),
which makes a contradiction. Therefore Kz = K, so K is a fractional canonical ideal of R, as
claimed. In what follows, we identify Kg = K and € = y. Hence

7ol-2) M rau-1) Y, g g

gives a minimal 7-free presentation of K. Since (X{',X}*,....X/") C (X', Xa,...,X), after
elementary column operations with coefficients in 7 on the matrix M, we obtain the matrix M
of the form

[aiiaia--ay azax--azy - -+ ar_p1Aag-220r—2 ¢
XXy Xy 0 0
0 XiXp X, O - 0
M = .
0 0 . 0
0 0 XXy Xy

with a;; € (X{',X3?,...,X}"). By Theorem B9, the ring R is n-Goto and v(R/c) = 1. Moreover,
we have the isomorphisms

K/R=(T/(X{ X, X0) "D 2 (Rfe) P2,
This completes the proof. 0

The simplest example of Corollary BT is stated as follows.
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Example 8.12. Let ¢ > 3 be an integer and T = k[[X}, X5, ...,X/|] the formal power series ring
over a field k. For given integers m > n > 2, the ring

Xt X - Xy X
R — T/Iz 1 2 /—1 {

X X3 -+ X X"
is n-Goto with dimR =l and r(R) =/ — 1.

Remark 8.13. We can construct higher dimensional Cohen-Macaulay rings in this direction is
just adding the indeterminates to elements in the matrix. More precisely, let £ > 2 be an integer
and T = k[[X1,X2,...,Xy,11,Y2,...,Y]] the formal power series ring over a field k. Then

A=T/1 XM 4y X524 o X Y XM+
- 2
XZBZ X33 XgB/ X1I31

is a Cohen-Macaulay local ring with dimA = £+ 1, where a;,; > 1 for each 1 <i < {. The
above Y; can be added to any element of the matrix, while the number of adding elements does
not have to be ¢. If we add Y; for m pieces, the ring has dimension m + 1. The way of this

construction has also appeared in [B1, Section 4].

The following ensures that, for given integers n > 2 and ¢ > 3, there exists an example of
n-Goto rings of dimension /.

Example 8.14. Let ¢ > 3 be an integer and T = k[[X},X>,...,Xy, V1, Va,...,Vy_1]] the formal
power series ring over a field k. For given integers m > n > 2,
X' Xo+Vi oo Xo 1+ Vio Xp+Vo
a1/, (N 2+ Vi 11+ Vo Xe+Viy
X, X3 - X, xm
is an n-Goto ring with dimA =/ andr(A) = ¢ — 1.
Proof. Note that A is a Cohen-Macaulay local ring with dimA = ¢. We denote by x; (1 <i < /)

and v; (1 <i< /) the images of X; and V; in A, respectively. Let Xy, | = X{" for convention. We
then have an isomorphism

X' X, - X1 Xy
A Ve DA Z KX, Xa, LX) ) =B
T O Y (S
of rings. By Example B2, the ring B is n-Goto and of dimension one admitting the fractional
canonical module of the form (xf,x2,...,x,—1)B = Kp; hence r(B) = ¢ — 1.

We set I = (x],x2,...,x0-1), Q= (x{,v1,...,ve—1), = (v1,...,v¢—1), and J = I + Q. Note
that Q is a parameter ideal of A. Thus r(A) = ¢ — 1. Because of the isomorphism

0oV Vo -+ Vo
A/I%k[[VI,VQ,...,Vg_l]]/IQ(O 01 02 501):k[[VbVZ,...,Vé—le

the ring A /I is Cohen-Macaulay and of dimension ¢ — 1, so that g/ = q/. We then have

1/a1 = (I+0)/q = (1,32, x01)(A/8) = K /gy = Ka /qKs

which yields that / is maximal Cohen-Macaulay as an A-module and r4(I) = r4(I/ql) =
14(Ka/qKa) =14(Ka) = 1. As x] € I is a non-zerodivisor on A, the ideal I is faithful. Hence
I =2 K4 as an A-module.
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By Theorem B, it suffices to show that vi,v;,...,vy_; forms a super-regular sequence of
A with respect to J. We actually prove J°> = QJ?. Indeed, since J = Q + (x2,x3,...,Xx—1), the
equality J?> = QJ + (x2,x3,...,x,_1)? holds. By induction argument, it is straightforward to
check that

Xjr1x € QI forall 1 <j<[i]—1and j+1<i<l—(j+1)

where | —] denotes the ceiling function. By setting o0 = [%1 , we have

o1

2

Jo=0J + Z(xj+1x£—jaxj+1x£—j+17---7xj+1x€—2axj+lxﬁ—l)
j=1

2
+ (x(x+17-x()€+2; s ,Xg_l)
which indues that the equalities

a1

3 2 2

Po= 0P+ Y xjn (X jats s xe—1) I A (Yo Xog2, - x0—1) T
j=1

o1

2 2 3

= O+ Y xjr1 (xe—jyxe—juts - X0—1) "4 (Ko 15 X025 -5 Xe—1)
J=1

XU Xo+Vy - Xp_1+Vi—o Xo+Vi_y

X, X3 - X X

x;x; € QI for every 2 < j </ — 1. By induction argument again, we get

hold. Focusing on the /-th column of the matrix [ , we obtain

Xip1xp_ixj € QFF forall 1 <k</—(a—1),2<i+1<l—kand2<j</l—]1.

This shows

o—1

2 3
ij-l—l (XK—j7x€—j+1a"'7x€—l) +(Xoc+1ax(x+27---ax€—l) gQ‘Iza
J=1

and hence the equality J?> = QJ? holds. By Lemma 4, the sequence vi,vs,...,v¢_ € q of
A forms super-regular with respect to J. Therefore, A is an n-Goto ring with dimA = ¢ and
r(A)=/0—1. O

Corollary 8.15. Let ¢ > 3 and m > n > 2 be integers. For each 2 < i </, we denote by
T; = k[[X1,X2,...,Xp,V1,Va,...,Vi_1]]| the formal power series ring over a field k, and set

X! X+vio-- Xi+Vior X o0 Xt Xo
Ai=T/L ‘.
X2 X3 e Xy X2 o0 X X

Then A; is an n-Goto ring with dimA; =i and r(A;) = { — 1.

Proof. The sequence of images of V1,V5,...,V,_1 in Ay is super-regular with respect to J =
(X! Xo,..., X0)Ar+ (V1,Va,...,Vi_1)Ay. Since A; = Ay /(Vi, Vigt, ..., Vi—1)Ay, the assertion fol-
lows from Theorem B3 and Example B-T4. UJ
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9. EQUIMULTIPLE ULRICH IDEALS AND GOTO RINGS

In this section we define Ulrich ideals for equimultiple ideals to construct Goto rings. Let
(A,m) be a Cohen-Macaulay local ring with d = dimA and  (# A) an ideal of A. The analytic
spread £(I) of I is the Krull dimesnion of the fiber cone F (I) = ,,~o " /mI". A proper ideal /
is called equimultiple if £(I) = ht4I, where ht4I denotes the height of 1.

The notion of Ulrich ideals is defined for m-primary ideals and is one of the modifications
of that of stable maximal ideals introduced in 1971 by his monumental paper [32] of J. Lip-
man. The present modification ([22, Definition 1.1]) was formulated by S. Goto, K. Ozeki, R.
Takahashi, K.-i. Watanabe, and K.-i. Yoshida [22] in 2014, where the authors developed the
basic theory, revealing that the Ulrich ideals of Cohen-Macaulay local rings enjoy a beautiful
structure theorem for minimal free resolutions.

We extend the notion of Ulrich ideals to equimultiple ideals as follows, where a(gr;(A))
denotes the a-invariant of gr;(A) ([25, Definition (3.1.4)]).

Definition 9.1 (cf. [?2, Definition 1.1]). Let I be an equimultiple ideal of A with s = htq/. We
say that I is an Ulrich ideal of A if the following conditions are satisfied.

(1) gr;(A) is a Cohen-Macaulay ring with a(gr;(A)) = 1 —s.

(2) 1/I? is a free A/I-module.
When [ contains a minimal reduction Q = (ay,ap,...,as), the condition (1) of Definition 81
is equivalent to saying that I # Q, I> = QI, and A/I is Cohen-Macaulay (see e.g., [25, Remark
(3.1.6)], [44, Corollary 2.7]). In addition, if I> = QI, the condition (2) holds if and only if 7/Q
is free as an A /I-module (the proof of [22, Lemma 2.3 (2)] works for equimultiple ideals). The
existence of minimal reductions is automatically satisfied, if the residue class field A/m of A
is infinite, or if A is analytically irreducible and dimA = 1. Besides, if A/m is infinite, all the
minimal reductions of I are minimally generated by ¢(I) elements.

In what follows, let I be an equimultiple ideals of A with ht4/ = 1 and assume that / contains
a principal ideal Q = (a;) as a minimal reduction.

Proposition 9.2. Suppose that I is an Ulrich ideal of A. Then the following assertions hold true.

(1) The equality A : I =1 :1I holds.
(2) For every system x1,X2,...,Xq—1 of parameters of A/I which is a subsystem of param-
eters of A, we set q = (x1,x2,...,xX4_1) and J =1+ q. Then J/q is an Ulrich ideal of

A/q.
Proof. (1) Since I/Q is free as an A /I-module, we get I = Q 14 [ = a(A : I). Hence the equalities
1
A:l=—-=1I:1
a

hold in Q(A), where the last follows from I? = QI.

(2) LetA=A/q,I=1IA,and O = QA. ThenT=J/q=1/qnI =1/ql. We have I = Q1. If
I=0Q, thenl+q=Q+q,sothat] = (Q+q)NI=Q+ql. This shows I = Q, a contradiction.
Thus T # Q. By setting n = s (I), we have 1/Q = (A/I)®"~1)_ Therefore

1/0=1/(Q+a)N1 =1/(Q+al) ZA/q@al/Q = (A/[I+q))*" 1 = (A/T)—)
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and hence I = J/q is an Ulrich ideal of A = A/q. 0
We need a general lemma below.

Lemma 9.3. Let (A, m) be a Cohen-Macaulay local ring with d = dimA, I an ideal of A with
n=dimA/I >0, and f1, f2,..., [n a system of parameters of A/I. Then there exists a subsystem
ai,ay,...,a, of parameters of A such that the images of f; and a; in A/I coincides for all
1<i<n.

Proof. We denote by AsshA the set of all prime ideals p in A such that dimA/p = d. Since
hta((f1) +1) =d—n+12>1,wehave (f1)+1Z Upeassha p- Choose x € I such that fi +x ¢ p
for every p € AsshA. We set a; = f1 +x. The classes of f; and a; in A/I coincides. We are
now assuming that there exists a subsystem ay,az, .. .,a; (i < n) of parameters of A such that the
images of f; and a; in A/I coincides for all 1 < j <i. Then, because hts ((f1, f2,..., fir1) +1) =
d—n+i+1>i+1andhtyp =i forevery p € AsshyA/(ay,a2,...,a;), we get
(fir1) +1 & U p
pEAsshy A/ (ay,az,...,a;)

where AsshqA/(aj,ay,...,a;) denotes the set of all p € SuppyA/(ay,az,...,a;) such that
dimA/p = d —i. Hence, we can choose y € I which satisfies a;11 = fi+1 +y & p for every
p € AsshyA/(ay,az,...,a;). This completes the proof. O

The goal of this section is stated as follows.

Theorem 9.4. Let (A, m) be a Gorenstein local ring with d = dimA > 0 and I an equimultiple
Ulrich ideal of A with ht4I = 1 admitting its minimal reduction Q = (ay). Then the quasi-trivial

o
extension A(a) = A X I is an n-Goto ring for every o. € A, where the sequence ay,a, ..., dq
is a system of parameters of A/I, ] =1+ (az,az,...,aq), and 2n = eo(J). In particular, the
idealization A X I and the fiber product A X o ;A are n-Goto rings.

Proof. Suppose d = 1. Then J =1. As us(I) =2, we have I/Q = A/I as an A-module. This
yields that eg(I) = €4(A/Q) =2-L4(A/I) ([15, Lemma 2.1]). We set T = A : I. Note that T
is a birational module-finite extension of A, A £ T, and I = A : T. Thanks to Theorem B, the
quasi-trivial extension A(a) = A % I is n-Goto for every o € A, where n is a half of eg (/).

Suppose that d > 2. By Lemma B3, we may assume the sequence aj,as,...,a; forms a
subsystem of parameters of A. Let A=A /4, I =IA, and @ = QK. Then, for each o0 € A, we
have the canonical isomorphisms

A(0)/qA(0) 2 A@p (A T) =ANT

where @ denotes the image of o in A. We consider A(at) as an A-algebra via the homomorphism
§:A—A(),a— (a,0). Thus, the regular sequence az,as, . . .,a, on A forms a regular sequence

on A(a) as well. We set Q1 = Q + q. Then, because 7" =01, we have
P =[0J+qn2=Qu+qNJ* =01 +qJ = 01J

where the third equality follows from q N/ = g/ (remember that q is a parameter ideal of A/I).
This induces that g N J"*! = qJ™ for every m € Z; hence as,as,...,ay forms a super-regular
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_ - -
sequence of A with respect to J. Since A(a)/gA(a) = A x I is an n-Goto ring with 2n = eo(I)
and eo(J) = e (I), by Theorem B3 we conclude that A(ct) is an n-Goto ring and 7 is the half of

eo(J). U
We note an example.

Example 9.5. Letd > 2, n > 1, and ¢ > 2 be integers. Let (S,n) be a regular local ring with
dimS = d + 1 admitting its regular system X1,X>,...,Xy,Y of parameters. We set

A=S/(Y"—X[X,---X;) and I=(x1,)")
where x; (1 <i<d) and y denote the images in A, respectively. Then I is an Ulrich ideal of A

o
with ht4/ = 1. Therefore the quasi-trivial extension A(o) = A X [ is an n-Goto ring for every
ocA.

Proof. Thering A/I = S/(X;,Y") is Gorenstein and of dimension d — 1. We set Q = (x). Since
Y2 :x‘{xz ---xgin A, we have I = QI + (y*") = QI. If = Q, then y"* € Q, so that Y" € (X,Y?").
This is impossible. Hence I # Q. As I/Q is a cyclic A/I-module generated by the class of ¥,
there is a surjective homomorphism ¢ : A/ — I/Q. Let X = Ker@. We set q = (x2,x3,...,X4),
Q1 = Q+q, and J =1+ q. By taking the functor A/q®, (—) to the surjective map, we obtain
the exact sequence
X/gX - A/J—=J/01—0

of A-modules, because I/(q/ + Q) = J/Q;. Note that A/Q = S/(X1,Xa,...,Xy,Y?") and
AT =S/ (X1,Xa,...,X4,Y"). This shows that £4(J/Q;) = n. Therefore X /qX = (0) and hence
X = (0). Consequently, I = (x1,y") is an Ulrich ideal of A with ht4/ = 1. Besides, because
X2,X3,...,X%q is a super-regular sequence of A with respect to J, by passing through the ring A /q

o
we geteg(J) = €4(A/Q1) = 2n. Hence A() = A x I is an n-Goto ring for every o € A. O
When ¢ = 1, the ideal I = (x1,y") in Example B3 is not necessarily an Ulrich ideal.

Example 9.6. Let S = k[[X,Y,Z]] be the formal power series ring over a field k. We set A =
S/(Z> —XY) and p = (x,z), where x and z stand for the images of X and Z, respectively. Note
that A is a normal domain whose divisor class group CI(A) = Z /27 is generated by the class
cl(p) of p ([IU, Theorem]). Thus cl(p) # 0. If p has a principal reduction Q = (a), we have
p" 1 = ap” for some r > 0. Then (r+1)cl(p) = rcl(p), so that cl(p) = 0. This makes a
contradiction. Hence p = (x,z) is not an Ulrich ideal of A.

10. SALLY MODULES AND GOTO RINGS

In this section, unless otherwise specified, let (A, m) be a Cohen-Macaulay local ring with
d = dimA > 0 and I a canonical ideal of A.
We start by characterizing 0-Goto rings.

Theorem 10.1. Consider the following conditions.
(1) Ais a 0-Goto ring.
(2) A is a Gorenstein ring.
(3) There exists a parameter ideal Q = (ayj,a,...,ay) of A suchthata; € I and 1+ Q = 1.
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(4) There exists a parameter ideal Q = (ay,ay, ... ,aq) of A such that ay € I and So(J) = (0),
where J =1+ Q.
(5) There exists a parameter ideal Q = (ay,az,...,ay) of A such that ay € I, Q is a reduction
of J, and e\ (J) < r(A), where J =1+ Q.
(6) There exists a parameter ideal Q = (ay,as,...,aq) of A such that ay € I, Q is a reduction
of J, and ey (J) =r(A) — 1, where J = I+ Q.
(7) There exists a parameter ideal Q = (ay,az,...,ay) of A such that ay € I, Q is a reduction
of J, and ey (J) =0, where J =1+ Q.
(8) There exists a parameter ideal Q = (ay,as,...,ay) of A such that ay € I, Q is a reduction
of J, and gr;(A) is a Cohen-Macaulay ring, where J =1+ Q.
Then the conditions (1), (4), (5), (6) are equivalent and the implications (3) = (1) = (2),
(3) = (8) = (2), (7) = (5) hold. If A has an infinite residue class field A/m, then the implica-
tions (2) = (3), (2) = (7) hold, so that all the conditions are equivalent.

Proof. Thanks to Proposition Z9, we may assume the existence of a parameter ideal Q =
(a1,az,...,aq) of A satisfying the condition (f). We set J =1+ Q and q = (az,as,...,aq).

(3) = (1) Since J = I, we have J? = QJ? and £4(J?>/QJ) = 0, i.e., A is 0-Goto.

(1) = (2) Suppose d = 1. By setting K = aI—l in Q(A), the equality K> = K holds. Hence
A=K, because A C K C K: K =A. Thus A is Gorenstein. We assume d > 2 and the condition
(2) holds for d — 1. As ay € q is a super-regular element of A with respect to J, by Theorem B3
the ring A/(az) is 0-Goto. The hypothesis of induction guarantees that A/(a) is a Gorenstein
ring. Hence A is Gorenstein as well.

(1) < (4) This follows from the fact that the equality J? = QJ holds if and only if Sp(J) = (0).
See [20, Lemma 2.1 (3)] for the proof.

(4) = (6) By [13, Theorem 3.7], we may assume d > 2. Since J> = QJ, we see that the
sequence ay,as, ...,aq of A forms super-regular with respect to J. Let A = A/q and J = JA.
Then dimA = 1 and J = (I+q)/q = 1/qNI =1/q] = K5. Hence the equalities

el(J) = el(J/(az,a3,...,ad_1)) = 61(7)—{—&1([(0) :Zad]) = 61(.7) :I‘(Z) —1 :I‘(A) —1

hold.
(5) = (4) By [I9, Proposition 3.6, Theorem 3.7], it suffices to assume d > 2. Let A = A/q,
J =JA, and Q = QA. Note that dimA = 1 and Q is a minimal reduction of J = K5. Since
ua(J/Q) = ua(J/Q) = ua(J) — 1 =r1(A) — 1 =r(A) — 1, we then have
rank Sp(J) +24(J/Q) = rankSp(J) +0a(A/Q) —La(A/J)
= rankSp(J) +eo(J) —a(A/J)
= e1(J)
< 1(A) = 1=ua(J/Q) < Lla(J/Q)
where the second equality follows because J contains the parameter ideal Q as a reduction. This
shows rank Sp(J) < 0 and hence Sp(J) = (0).
(6) = (5),(7) = (5) These are obvious.
(3) = (8) The polynomial ring gr;(A) = (A/J)[X1,X2,...,Xy] is Cohen-Macaulay, because
J = Q is a parameter ideal of A.
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(8) = (2) Suppose d = 1. Let A be the integral closure of A in Q(A). We consider the
fractional canonical ideal K = é in Q(A). Suppose the contrary and seek a contradiction.
Indeed, since K C K?, we have A : m C K : m C K>. By [44, Corollary 2.7], the equality
QNI? = QI holds. Let € A: m. Then a?¢ € (a)) Na?Kk? = (a;)NI* = QI = a|l = a?K, so
that @ € K. Thus A : m C K. Thanks to [28, Bemerkung 2.5], we have

A=K:KCK:(A:m)=K:((K:K):m)=K: (K:mK)=mK CmA

whence 1 € mANA = m. This is absurd. Hence A is Gorenstein. Suppose d > 2. Since gr,(A)
is Cohen-Macaulay, by [#4, Corollary 2.7] gr, ,(A/q) is a Cohen-Macaulay ring. This implies
A/q is Gorenstein, then so is A.

In the rest of this proof, we assume the field A /m is infinite.

(2) = (3) Since A is Gorenstein, the ideal I is principal. Then us(J) = d because J =
(a2,as,...,a4)+1I and Q is a minimal reduction of J. Hence J = Q.

(2) = (7) The equivalence (2) < (6) ensures thate;(J) =r(A) — 1 =0. O

Corollary 10.2. Let n > 1 be an integer and Q a parameter ideal of A with condition (8). If A
is an n-Goto ring with respect to Q, then depthgr;(A) =d — 1, where J =1+ Q.

Proof. Since So(J) = T [Sp(J)],, by Lemma 4 (1) we have depthgr;(A) > d — 1. Suppose
depthgr;(A) = d. Then Theorem IO (8) = (2) yields A is Gorenstein. This makes a contra-
diction, because every n-Goto ring with n > 1 is not Gorenstein; see Remark B-4. L]

Next, we consider the relation between 1-Goto and almost Gorenstein properties. We first
prepare an auxiliary lemma below.

Lemma 10.3. Let (A,m) be a Noetherian local ring with d = dimA > 2 and J an m-primary
ideal of A. If A has an infinite residue class field A/m, the ideal J contains a superficial sequence
81,82,---,84 of A with respect to J such that g> forms a superficial element of A with respect to
J.

Proof. Let R(J) = A[Jt] = @;>0J't" be the Rees algebra of J, where ¢ is an indeterminate
over A. We denote by ¥ the set of all associated prime ideals p € Spec R (J) of gr;(A) such that
p 2 R(J)+, where R(J)y = @,~J't'. We consider the map ¢ :J — R (J) defined by ¢(a) = at
for each a € J. Since A/m is infinite, we can choose g; € J such that g1 ¢ Upe s o (p). Let
A=A/(g1) and J = JA. We define F the set of all associated prime ideals q € Spec R (J) of
gr7(A) such that ¢ 2 ® (J) 4+ and consider the map y : J — R (J) with y(a) = ar for each a € J.
Then, because A /m is infinite, we can choose g, € J which satisfies

¢ | U (v'(a)na) U[U m"(@]-

qgeF peF

This shows g1, g2 1s a superficial sequence of A with respect to J and g itself forms a superficial
element of A with respect to J. Then all you have to do is to choose the remaining superficial
sequence g3, 84, - .,8q as usual. [
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We state the following characterization of 1-Goto rings. The condition (5) of Theorem 04
provides a natural generalization of [I5, Definition 3.1]. The equivalence (2) < (3) is essen-
tially due to [?4, Theorem 5.1], and the implication (5) = (2) was pointed out by S. Goto.

Theorem 10.4. Consider the following conditions.
(1) Ais a 1-Goto ring.
(2) A is an almost Gorenstein ring but not a Gorenstein ring.
(3) There exists a parameter ideal Q = (ay,ay,...,aq) of A such that ay € I, J # Q, and
mJ =mQ, where J =1+ Q.
(4) There exists a parameter ideal Q = (ay,az,...,aq) of A such that a; € I and Sp(J) =
B(—1) as a graded ‘T -module, where J =1+ Q and B =T /mT.
(5) There exists a parameter ideal Q = (ay,ay, ... ,aq) of A such that ay € I, Q is a reduction
of J, and e (J) =r1(A), where J =1+ Q.
Then the conditions (1) and (4) are equivalent, and the implications (3) = (1) = (2), (1) = (5
hold. If A has an infinite residue class field A/m, then the implications (2) = (3), (5) = (2)
hold, so that all the conditions are equivalent.

~—

Proof. (3)=-(1)Ifd =1, the ideal I contains a parameter ideal Q such that / # Q and mI = mQ.
Since m is faithful as an A-module, the parameter ideal Q is a reduction of 1. By [15, Theorems
3.11, 3.16], we conclude that I = QI and £4(I>/QI) = 1. Thus A is 1-Goto. When d > 2, the
condition (1) follows from [24, Corollary 5.3] and its proof.

(1) = (2) We first consider the case where d = 1. Choose a parameter ideal Q of A which
satisfies I° = QI and £4(I>/QI) = 1. Thanks to [I5, Theorem 3.16], the ring A is almost
Gorenstein, but not a Gorenstein ring. Assume d > 2 and the condition (2) holds for d — 1. Let
Q = (a1,as,...,aq) be a parameter ideal of A such that a; € I, J?> = QJ?, and £, (J?/QJ) = 1,
where J = I+ Q. Then a; € J is a super-regular element of A with respect to J. Hence, by
Theorem B3 A/(ay) is a 1-Goto ring, so that the induction argument asserts that the ring A /(az)
is almost Gorenstein, but not Gorenstein. Therefore, we get the condition (2) by [?4, Theorem
3.7()].

(1) < (4) We may assume the existence of a parameter ideal Q = (aj,az,...,a4) of A such
that Q satisfies the condition (f). WesetJ =1+ Q, T = R(Q), and B =T /m7T. Suppose that
So(J) = B(—1). Then, because B is a homogeneous ring over A/m and [So(J)], = J*/QJ, we
have J° = QJ? and ¢4 (J?/QJ) = 1. Hence A is 1-Goto. Conversely, we assume that A is a 1-
Goto ring. Since Sp(J) =T [Sp(J)], and J>/QJ = A /m, we see that Sp(J) is a cyclic B-module.
Therefore we have an surjective homomorphism B(—1) — So(J) of graded 7 -modules. Hence
B(—1) = Sp(J), because B is an integral domain with dim B = dim Sy (J) =d.

(1) = (5) We choose a parameter ideal Q = (a1,ay,...,aq) of A satisfying a; € I, J? = QJ?,
and l4(J?/QJ) = 1, where J = I+ Q. If d = 1, then e (I) = r(A) by [I5, Theorem 3.16].
When d > 2, we set q = (a,a3,...,ay). Note that A/q is a one-dimensional 1-Goto ring. Since
ar,as,...,aqg forms a super-regular, and hence superficial, sequence of A with respect to J, we
conclude that the equalities

e1(J) =e1(J/q) +La ([(0) :a/q aal) =e1(J/q) =1(A/q) =r(A)
hold, as desired.
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We assume that A/m is infinite and show the implications (2) = (3) and (5) = (2).

(2) = (3) This follows from [?4, Theorem 5.1] and Theorem MO1l. Although [?4, Theorem
5.1] is assumed the Gorensteinness of Q(A), we only need this assumption to get the existence
of canonical ideals.

(5) = (2) We choose a parameter ideal Q = (ay,ay,...,ay) of A such that a; € I, Q is a
reduction of J, and e;(J) = r(A), where J = I+ Q. By [I5, Theorem 3.16], we assume that
d > 2 and the condition (2) holds for d — 1. Then, by Lemma the ideal J contains a
superficial sequence g1,g2,...,84 of A with respect to J; while g; is a superficial element of
A with respect to J. Let Q1 = (g1,82,---,84).- Lemma 9 guarantees that Q) is a minimal
reduction of J. Let (*) be the image in A/I. Then (37,23,...,8q) is a reduction of J/I. Since
J/I = (a3,a3,...,a) forms a parameter ideal of A/I, we get the equality

(81,82,---,84) = (@2,03,...,a4q)
inside of the ring A/I. Thus there is an integer 1 < i < d such that

J=14(81,82,---:8i—1,8i+1---,8d) -

Without loss of generality, we may assume a; € J is a superficial element of A with respect to J.
We set A=A/(az),J =JA, and I = IA. Note that | 2 [/ay] = Kz and J =1+ (a3, as,...,a4)A

contains a parameter ideal (ay,as,ay, . ..,aq)A as a reduction. Besides, because e (J) = e (J) =
r(A) = r(A), the hypothesis on d shows A = A/(ay) is almost Gorenstein, but not Gorenstein.
Therefore A is a non-Gorenstein almost Gorenstein ring. This completes the proof. 0

Remark 10.5. When dimR = 1, if R is an almost Gorenstein local ring in the sense of [24], then
R is almost Gorenstein in the sense of [[3]. The converse does not hold in general ([?4, Remark
3.5], see also [15, Remark 2.10]), but it does when the canonical ideal contains a parameter
ideal as a reduction, e.g., the residue field A/m is infinite, or A is analytically irreducible.
Hence, in Theorem 04, there is no need to distinguish between these two definitions of almost
Gorenstein rings.

On the other hand, there are no implications between Goto rings, and nearly Gorenstein rings
defined in [277].

Example 10.6. Let k[[t]] be the formal power series ring over a field k. We set A = k[[t*,£>,¢1]]
and K = A +At. Then K is a fractional canonical ideal of A and K? # K>. Thus A is not a Goto
ring. Note that

A2K[X,Y.Z]])/L (X Y Z)

Yy z X3
where k[[X,Y,Z]] denotes the formal power series ring over k. By [, Proposition 6.3], the ring
A is nearly Gorenstein. Conversely, let us consider the ring

A= K[X,Y,Z]]/1, (;;2 ZYZ ;)

with n > 2. Then A is n-Goto, but it is not nearly Gorenstein.

We explore the characterization of n-Goto rings with n > 2 in terms of the structure of Sally
modules of extended canonical ideals. Remember that m‘Sy(J) = (0) for all £ > 0.
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Lemma 10.7. Let n > 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (8). Set J =1+ Q. If A is an n-Goto ring with respect to Q, then m? Sy (J) = (0) for
every p > n.

Proof. We write Q = (ay,ay,...,a;) with a; € I and set 7 = R (Q). Suppose that d = 1. By
setting K = é in Q(A), we get

[m"So(1)], = m"(1*/QI) = m" (K> /K).

If m"Sp(I) # (0), then m"K? Z K, i.e., (m/c)" # (0) in A/c where c =A : A[K] = A : K. For
each 1 <i < n, we have (m/c)’ # (m/c)*!. This makes a contradiction because £4(A/c) = n.
Hence m”Sp(I) = (0) for every p > n.

We assume d > 2 and our assertion holds for d — 1. Let q = (az,as,...,a4). Since Sp(I) =
T [So(I)],, the element a; € q\ mq is super-regular of A with respect to J. Let A = A/(az)
J=JA, and Q = QA. Then the parameter ideal Q of A satisfies the condition () and A = A/(ay
is an n-Goto ring with respect to Q. The induction hypothesis on d shows that ﬁPSQ(j) =(0
for every p > n. Hence m”$p(J) = (0).

-

~—

o=

The following generalizes both of [24, Corollary 5.3 (2)] and [3, Theorem 3.7].

Theorem 10.8. Let n > 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (§). We set J =1+ Q, T = R(Q), and B =T /mT. Then the following conditions
are equivalent.

(1) A is an n-Goto ring with respect to Q.
(2) There exist integers 0 </ <nand s; > 1 (0 <i</{) suchthatn= Zf:() s; and mESQ (J) =
B(—1)%%, and if £ > 0, there exist exact sequences
0= m‘So(J) » m~15(J) = B(—1)P1 =0
0= m 1S ) = m285(J) = B(—1)2 =0

0—>mSp(J) = Sp(J) —B(-1)¥"—=0
of graded ‘T -modules.

When this is the case, if { > 0, we have a non-split exact sequence

0— B(—1)"0 5 m'15y(1) —» B(—1)™1 -0
of graded T -modules.
Proof. (2) = (1) If £ =0, then Sp(J) = B(—1)¥%0. As B = (A/m)[B;], we have Sp(J)
T[So(J)];- Localizing the isomorphism at p = m7 € SpecZ induces that [So(J)]p
(‘I/p)?so >~ (7y/pT,)*%0. This shows rankSp(J) = g, ([So(J)],) = s0 = n, and hence A is

an n-Goto ring with respect to Q. We assume ¢ > 0. Because of m‘Sy(J) = B(—1)%%, the
exact sequence

[raml

0 - m'Sp()) = m15p() = B(—1)1 =0
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yields that the graded 7-module m€_15Q(J) is generated by the homogeneous elements of
degree one, while by the sequence

0—=mLSp) = m285p(J) = B(—1)®2 =0

of graded 7T-modules, the degree one elements generate the 7 -module mg’zé'Q(J ), as well.
Repeating the same process for m’Sp(J) recursively guarantees that So(J) = T [Sp(J)];. By
localizing the exact sequences at p = m7, we get the sequences

0 [m'Soln)| = [m~1S0)], = (F/pT)™ =0

p

0 [mT5o()] = [m2Sp0)], = (F/pT) ™ =0

p

0= mSW)], = [SoM)], — (T/pT)™" =0
of Z,-modules. Therefore we get

rankSo(J) = Lo (

[

where the last equality follows from m‘Sp(J) = B(—1)®%. Therefore A is an n-Goto ring with
respect to Q.

(1) = (2) Since n > 1, we note that Sp(J) # (0). We define the integer £ = max{0 < k €
Z | mkSo(J) # (0)}. Then 0 < £ <n. As m‘Sp(J) # (0) and Sp(J) = T [Sp(J)],, we get
[m'Sp(J)], # (0) for every 0 < i < /. Besides m‘*+1J2 C QJ because m*15,(J) = (0). For
each 0 <i </, we sets; = ua([m*~So(J)] .)- Then s; > 1 and Y _osi = n. Itis straightforward
to check that the equality

wa([miSo(0)]) = i ([0 (N)],)

holds, where p =m7 € Spec 7. Since m'Sp(J)/m 15 (J) is a graded B-module generated by
the homogeneous elements of degree one, we get a surjective homomorphism @ : B(—1)%¢-i —
miSp(J)/mt1So(J). Let K = Ker@ and assume that K # (0). Then Assy K = {p}, and the
exact sequence

0= Ky = (Tp/pT) ™" — [m'Sp(J)/m'™1Sp(J)], =0

yields that s¢_; = (q, (Kp) + p, ([m'So(J)] ) = €, (Kp) + 50— This shows K, = (0), which is
impossible. Thus K = (0), and hence we have an isomorphism

S () i So(/) = B(~1)
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of graded T-modules for every 0 < i < ¢. In particular, m’Sp(J) = B(—1)®*. When we have
the equivalent conditions, if £ > 0, the exact sequence

0— B(—1)"0 = m 1 S(J) = B(-1)"1 -0
is not split, because m‘Sp(J) # (0). O
The following is a generalization of [24, Corollary 5.3 (3)].

Corollary 10.9. Let n > 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (8). We set J =1+ Q. Suppose that A is an n-Goto ring with respect to Q. Then the
Hilbert function of A with respect to J is given by

s ) () o (55

forall 0 > 0. Hence, e3(J) =nifd > 2, ande;(J) =0forall3 <i<difd>3.

Proof. By Fact[Z3 (3), we have

a5 =) (711) e - tatarm- () - tadsol)

forall ¢ > 0. We set 7 = R (Q) and B =T /mT. Since A is an n-Goto ring with respect to Q,
we can choose integers 0 <t <nands; > 1 (0 <i<t) such that n = Y’_,s; and m’Sp(J) =
B(—1)%%, and if r > 0, there exist exact sequences
0—m'So(J) = m'~15o(J) — B(—1)"1 =0
0—m''So() = m28(J) — B(—1)"2 =0

0—-mSp(J) = So(J) —B(-1)""—0
of graded 7-modules. Hence, for each ¢ > 0, we get £4([So(/)];) = Li_osi-a(Be—1) =
n- [(%‘fll) — (%‘Sz)} , because B = (A/m)[X,Xa,...,Xy] is the polynomial ring over A /m.
Therefore the equality

(+d

EA(A/J“l)zeo(J)-( J )—[eo(J)—eA(A/J)+n]. (%ﬁl)ﬂ. (‘4;‘:2)

holds. O

We summarize some consequences of Theorem TR,

Corollary 10.10. Let n > 1 be an integer. Then the following conditions are equivalent.

(1) A is an n-Goto ring.
(2) There exist a parameter ideal Q = (ay,ay,...,aq) of A and integers 0 < { < n, s; >
1(0<i<0)suchthatay €I, n=Y'_ys;, and m’So(J) = B(—1)%%, and if { > 0, there
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exist exact sequences

0—mSp(J) = m1S() — B(—1)1 =0
0—-m1S) = mi285(J) = B(—1)2 =0

0—->mSp(J) = Sp(J) —B(-1)%" =0
of graded ‘T -modules, where J =1+ Q, T = R(Q), and B=T /mT.

When this is the case, if { > 0, we have a non-split exact sequence
0— B(—1)"0 5 m15y(1) —» B(—1)™1 -0
of graded T -modules.

Corollary 10.11. Let n > 1 be an integer. Let Q be a parameter ideal of A which satisfies the
condition (§). We set J =1+ Q, T = R(Q), and B =T /mT. Then the following conditions
are equivalent.

(1) A is an n-Goto ring with respect to Q and m"~'S,(J) # (0).

Y

(2) There exists an isomorphism w"~1S5y(J) = B(—1), and if n > 2, there exist exact se-
quences

0—=m"15p() = m"285(J) — B(—1)—=0
0—m"28(J) = m"38(J) = B(—1)—=0

0—-mSp(J) = Sp(J) —B(-1)—=0
of graded T -modules.

When this is the case, if n > 2, we have a non-split exact sequence
0— B(—1) - m"255(J) = B(—1) =0
of graded T -modules.

Proof. We maintain the notation as in the proof of Theorem MIR. Since m" 1Sy (J) # (0), we
have / =n—1, so that s; = 1 for every 0 <i < /. O

For an integer n > 2, we assume A is an n-Goto ring with dimA = 1. Then the canonical
ideal I contains a parameter ideal Q = (a) as a reduction, and m"~1$y(7) # (0) if and only if
v(A/c) = 1, where K = L in Q(A). Since the equivalent conditions hold for n = 2, the next
provides a natural generalization of [3, Theorem 3.7 (1) < (2)].

Corollary 10.12. Let n > 1 be an integer. Suppose that d = 1 and I contains a parameter ideal
Q = (a) as a reduction. We set K =1, ¢ =A:AK], T = R(Q), and B =T /mT. Then the
following conditions are equivalent.

(1) Ais an n-Goto ring and v(A/c) = 1.
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Y

(2) There exists an isomorphism w"~'So(J) = B(—1), and if n > 2, there exist exact se-
quences
0—m" 1S5o(J) = m"285(J) — B(—1)—=0
0—m"25o(J) = m"38(J) — B(—1)—=0

0—-mSp(J) = Sp(J) —B(—1)—0
of graded T -modules.

When this is the case, if n > 2, we have a non-split exact sequence
0— B(—1) - m"255(J) = B(—1) =0
of graded T -modules.

11. EXACT SEQUENCES AND GOTO RINGS

We investigate the relation between Goto rings and the existence of a certain embedding of
the ring into its canonical module. We begin with the setup.

Setup 11.1. Let (A, m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting a canon-
ical module K,. Let I be a canonical ideal of A and Q = (ay,as,...,a) a parameter ideal of A
with condition (f). We set J = I + Q the extended canonical ideal of A.

Recall that, for a finitely generated A-module M and an m-primary ideal a of A, we
say that M is an Ulrich A-module with respect to a, if M is a Cohen-Macaulay A-module,
e)(M) ={4(M/aM), and M /aM is free as an A /a-module, where e)(M) denotes the O-th Hilbert
coefficient of M with respect to a (see [14, Definition 2.1], [22, Definition 1.2], [?4, Definition
2.1]).

With this notation we have the following.

Theorem 11.2. Let n > 1 be an integer. Suppose that A is an n-Goto ring with respect to Q and
m"~155(J) # (0). Then there exist an exact sequence

0—-A—Ky—>C—0

of A-modules and, for each 1 < i < n, an m-primary ideal a; of A with {x(A/a;) = i such that
C=@! M; and M, # (0), where M; denotes an Ulrich A-module with respect to a; for each
1<i<n.

Proof. We may assume n > 2. Suppose d = 1. We set K = L inside of the ring Q(A). Note

ay
that K is a fractional canonical ideal of A. Since A is n-Goto, we get K=K and Q:aJ =04
I=A:K=A:A[K]. By setting c = A : A[K], we see that v(A/c) = 1. As l4(A/c) = n, we can
choose a minimal system xi,x2,...,x; of generators of m such that ¢ = (x{,x2,...,x/), where
¢ =v(A). For each 1 <i < n, we define
L= (x},x2,...,x0).
Thanks to Theorem B172, there is an exact sequence

0—-A—-K—-C—0
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of A-modules such that

n

C=K/A=PA/L)"
i=1
where £, >0,¢;>0 (1 <i<n),and }} | {; =1(A) — 1. The A-module M; = (A/Ii)@gi is Ulrich
with respect to ; and £4(A/I;) = i. Moreover, as ¢, > 0, we get M,, # (0).

It suffices to assume that d > 2. Let q = (a2,as, ...,a;) and A=A/q. We setm =mA, J = JA,
and Q = QA. Then A is n-Goto with respect to Q and ﬁ”_ljé(j) # (0). Let x1,x2,...,x, be a
minimal system of generators of T such that Q ;3 J = (x7,x2,...,x¢), where £ = v(A). For each
1 <i < n, we consider the ideal I; = (x’i,x27 ...,Xx7) in A. Choose an element X; € m so that x; is
the image of X; in A. We set

Ji=(X{,Xa,...,X;) and a; =J;+q
foreach 1 <i <n. Then
QuuJ=0,Ca,1C--Cap=m

forms a chain of m-primary ideals in A and /4(A/a;) = i. Remember that K4 /qK4 = K5 ([28,
Korollar 6.3]). Thus there is an exact sequence

0545 Ky—D—0

of A-modules such that
n

D= @ @/ =@ (4/a)"
i=1 i=1

where 0, > 0,4, >0 (1 <i<n),and ¥ ,¢; =r(A) — 1. Let § € K4 such that y(1) = &, where
€ denotes the image of & in K4 /qK4 = K5. We now consider the exact sequence

ALKA—>C—>O

of A-modules with ¢(1) = &. Then, because ¥ = A ® @, we get D = C/qC; whence dimy C <
d—1<d. By [24, Lemma 3.1 (1)], the homomorphism @ is injective. Hence C is a Cohen-
Macaulay A-module with dimy C =d — 1 ([24, Lemma 3.1 (2)]). This yields that ay, a3, ... a4 €
q forms a regular sequence on C. Let

t s
- |

i=1 Lj=1

be the indecomposable decomposition of the A-module C, where 7 > 1,5, >0 (1 <i<t), s, >0,
and NJ(-Z) is an indecomposable A-submodule of C. We then have the isomorphisms

n

@(A/ai)@fi ~D gC/ch é [éN](-i)/qN](-i)] ‘

i=1 i=1 Lj=1

As C/qC has finite length, after renumbering the indices if necessary, we have that

n=t, {;=s;forall 1 <i<n, and N](i)/qN](.i)§A/ai forall 1 < j</¥;.
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For each 1 < i < n, the A-module

M/ qM; = @N/('i)/qu('i) ~ (Z/Ii)@&
=1

is Ulrich with respect to /;, where M; = EB;"ZI N](-i) ; hence M, is an Ulrich A-module with respect
to a; = J; + q ([14, Proposition 2.6 (4)], [24, Proposition 2.2 (5)]). In particular, since ¢,, > 0,
we see that M, # (0). This completes the proof. O

We close this paper by stating an example.

Example 11.3. Let 7 = k[[X, Y, Z, W]] stands for the formal power series ring over a field k. We
set A=T/I (’;2 YEW XZZ) and denote by x,y,w the images of X,Y,W in A, respectively. The
ring A admits a canonical ideal 7 = (x?,y) and a parameter ideal Q = (x>, w). Then, by setting

J=1I1+Q,we getJ? = QJ?and £4(J?>/QJ) = 2. This implies that A is a 2-Goto ring with respect
to Q and mSp(J) # (0). Let

0—>Ai>l—>C—>0

be an exact sequence of A-modules with @(1) =y. Then aC = wl and C/aC = A/a, where
a=Q:aJ = (x*,,2,w). Hence C is an Ulrich A-module with respect to a and dimy C = 1.
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