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ABSTRACT. The notion of almost Gorenstein local ring introduced by V. Barucci and R.
Froberg for one-dimensional Noetherian local rings which are analytically unramified has
been generalized by S. Goto, N. Matsuoka and T. T. Phuong to one-dimensional Cohen-
Macaulay local rings, possessing canonical ideals. The present purpose is to propose a
higher-dimensional notion and develop the basic theory. The graded version is also posed
and explored.
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1. INTRODUCTION

For the last fifty years, commutative algebra has been concentrated mainly in the study
of Cohen-Macaulay rings/modules and has performed huge achievements ([6]). While
tracking the development, the authors often encounter non-Gorenstein Cohen-Macaulay
rings in divers branches of (and related to) commutative algebra. On all such occasions,
they have a query why there are so many Cohen-Macaulay rings which are not Gorenstein
rings. Gorenstein rings are, of course, defined by local finiteness of self-injective dimension
([3]), enjoying beautiful symmetry. However as a view from the very spot, there is a
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substantial estrangement between two conditions of finiteness and infiniteness of self-
injective dimension, and researches for the fifty years also show that Gorenstein rings
turn over some part of their roles to canonical modules ([19]). It seems, nevertheless, still
reasonable to ask for a new class of non-Gorenstein Cohen-Macaulay rings that could be
called almost Gorenstein and are good next to Gorenstein rings. This observation has
already motivated the research [14] of one-dimensional case. The second step should be to
detect the notion of almost Gorenstein local/graded ring of higher dimension and develop
the theory.

Almost Gorenstein local rings of dimension one were originally introduced in 1997 by
Barucci and Froberg [4] in the case where the local rings are analytically unramified. As
was mentioned by [2] as for the proof of [4, Proposition 25], their framework was not
sufficiently flexible for the analysis of one-dimensional analytically ramified local rings.
This observation has inspired Goto, Matsuoka, and Phuong [14], where they posed a
modified definition of one-dimensional almost Gorenstein local rings, which works well
also in the case where the rings are analytically ramified. The present research aims to go
beyond [14] towards a theory of higher dimensional cases, asking for possible extensions
of results known by [2, 4, 5, 14].

To explain our aim and motivation more precisely, let us start on our definition.

Definition 1.1. Let R be a Noetherian local ring with maximal ideal m. Then R is said
to be an almost Gorenstein local ring, if the following conditions are satisfied.

(1) R is a Cohen-Macaulay local ring, which possesses the canonical module Kz and
(2) there exists an exact sequence

0—-R—>Kr—>C—=0

of R-modules such that pg(C) = el (C).

Here 1ug(C) (resp. €2(C)) denotes the number of elements in a minimal system of gener-
ators for C' (resp. the multiplicity of C' with respect to m).

With this definition every Gorenstein local ring is almost Gorenstein (take C' = (0))
and the converse is also true, if dim R = 0. In the exact sequence quoted in Definition 1.1
(2), if C' # (0), then C'is a Cohen-Macaulay R-module with dimg C' = dim R — 1 and one
has the equality mC' = (fa, f3,..., f4)C for some elements fo, f5,..., fa € m (d = dim R),
provided the residue class field R/m of R is infinite. Hence C'is a mazimally generated
Cohen-Macaulay R-module in the sense of [7], which is called in the present paper an
Ulrich R-module. Therefore, roughly speaking, our Definition 1.1 requires that if R is an
almost Gorenstein local ring, then R might be a non-Gorenstein local ring but the ring
R can be embedded into its canonical module K so that the difference Kg/R should be
tame and well-behaved.

In the case where dim R = 1, if R is an almost Gorenstein local ring, then mC' = (0)
and R is an almost Gorenstein local ring exactly in the sense of [14, Definition 3.1]. The
converse is also true, if R/m is infinite. (When the field R/m is too small, the converse is
not true in general; see Remark 3.5 and [14, Remark 2.10].) With Definition 1.1, as we will
later show, many results of [14] of dimension one are extendable over higher-dimensional
local rings, which supports the appropriateness of our definition.

Let us now state our results, explaining how this paper is organized. In Section 2
we give a brief survey on Ulrich modules, which we will need throughout this paper.
In Section 3 we explore basic properties of almost Gorenstein local rings, including the
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so-called non-zerodivisor characterization. In Section 4, we will give a characterization
of almost Gorenstein local rings in terms of the existence of certain exact sequences of
R-modules. Let M be an R-module. For a sequence = x1, s, ..., x, of elements in R,
the Koszul complex of M associated to @ is denoted by K,(x, M). For each z € M, we
define a complex
Uz,M)=(—=0—-R5M—= 0 —--),
2 1 0 —1

where the map ¢ is given by a — az. Let us say that an R-complex C' = (--- — Cy —
Cy — Cp — 0) is called an acyclic complex over M, if Hy(C) = M and H;(C) = (0) for
all © > 0. With this notation the main result of Section 4 is stated as follows.

Theorem 1.2. Let (R,m) be a Cohen-Macaulay local ring with dim R = d > 1 and the
Cohen-Macaulay type r. Suppose that R admits the canonical module Kr and that the
residue class field R/m of R is infinite. Then the following conditions are equivalent.

(1) R is an almost Gorenstein local ring.

(2) There exist an R-sequence & = x1,%s,...,Tq_1 and an element y € Ky such that
Ke(x, R) @5 U(y, Kg) is an acyclic complex over k™.

(3) There exist an R-sequence x (not necessarily of length d—1) and an element y € Kg
such that K¢(x, R) @g U(y, Kg) is an acyclic complex over an R-module annihilated
by m.

In Section 5 we give the following characterization of almost Gorenstein local rings in
terms of canonical ideals. When dim R = 1, this result corresponds to [14, Theorem 3.11].

Theorem 1.3. Let (R,m) be a Cohen-Macaulay local ring with d = dimR > 1 and
infinite residue class field. Let I (# R) be an ideal of R and assume that I = Ky as an
R-module. Then the following conditions are equivalent.

(1) R is an almost Gorenstein local ring.
(2) R contains a parameter ideal QQ = (f1, fa, ..., fa) such that f; € I and m(I+Q) = mQ).

With the same notation as Theorem 1.3, if R is not a Gorenstein ring, we then have
e1({ + Q) =r(R) (here e;(I + Q) (resp. r(R)) denotes the first Hilbert coefficient of the
ideal I + @ of R (resp. the Cohen-Macaulay type of R)). A structure theorem of the
Sally module Sg(I + Q) of I + @ with respect to the reduction () shall be described.
These results reasonably extend the corresponding ones in [14, Theorem 3.16] to higher-
dimensional local rings.

In Section 6 we study the question of when the idealization A = R x X of a given
R-module X is an almost Gorenstein local ring. Our goal is the following, which extends
[14, Theorem 6.5] to higher-dimensional cases.

Theorem 1.4. Let (R,m) be a Cohen-Macaulay local ring of dimension d > 1, which
possesses the canonical module Kg. Suppose that R/m is infinite. Let p € Spec R such
that R/p is a regular local ring of dimension d — 1. Then the following conditions are
equivalent.

(1) A= R x p is an almost Gorenstein local Ting.
(2) R is an almost Gorenstein local ring.

In Section 7 we explore a special class of almost Gorenstein local rings, which we call
semi-Gorenstein. A structure theorem of minimal free resolutions of semi-Gorenstein local
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rings shall be given. The semi-Gorenstein property is preserved under localization while
the almost Gorenstein property is not, which we will show later; see Section 9.

In Section 8 we search for possible definitions of almost Gorenstein graded rings. Let
R = ,-, R, be a Cohen-Macaulay graded ring with k& = Ry a local ring. Assume
that R possesses the graded canonical module K. This condition is equivalent to saying
that k£ is a homomorphic image of a Gorenstein local ring ([17, 18]). Let 9T denote
the unique graded maximal ideal of R and let a = a(R) be the a-invariant of R. Hence
a=max{n € Z | [H&(R)], # (0)} ([17, Definition (3.1.4)]), where {[H&;(R)], }nez denotes
the homogeneous components of the d-th graded local cohomology module H&,(R) of R
with respect to 9. With this notation our definition of almost Gorenstein graded ring is
stated as follows, which we discuss in Section 8.

Definition 1.5. We say that R is an almost Gorenstein graded ring, if there exists an
exact sequence

0= R—Kg(—a) > C—0

of graded R-modules with pug(C') = e9,(C). Here Kg(—a) denotes the graded R-module
whose underlying R-module is the same as that of Kz and whose grading is given by
[Kr(—a)], = [Kg]n_q for all n € Z.

In Section 9 we study almost Gorensteinness in the graded rings associated to filtra-
tions of ideals. We shall prove that the almost Gorenstein property of base local rings
is inherited from that of the associated graded rings with a certain condition on the
Cohen-Macaulay type. In general, local rings of an almost Gorenstein local ring are not
necessarily almost Gorenstein, which we will show in this section; see Remark 9.12.

In Section 10 we explore Cohen-Macaulay homogeneous rings R = k[R;] over an infinite
field k = Ry. We shall prove the following, which one can directly apply, for instance, to
the Stanley-Reisner rings R = k[A] of simplicial complexes A over k.

Theorem 1.6. Let R = k[R] be a Cohen-Macaulay homogeneous ring over an infinite
field k and assume that R is not a Gorenstein ring. Let d = dim R > 1 and set a = a(R).
Then the following conditions are equivalent.

(1) R is an almost Gorenstein graded ring.
(2) The total ring Q(R) of fractions of R is a Gorenstein ring and a =1 — d.

In Section 11 we study the relation between the almost Gorensteinness of Cohen-
Macaulay local rings (R, m) and their tangent cones gr, (R) = @, -, m"/m"*!. We shall
prove, provided R/m is infinite and v(R) = €2 (R) + dim R — 1 (here v(R) denotes the
embedding dimension of R), that R is an almost Gorenstein local ring if and only if
Q(grn(R)) is a Gorenstein ring, which will eventually show that every two-dimensional
rational singularity is an almost Gorenstein local ring (Corollary 11.4).

In the final section we shall prove that every one-dimensional Cohen-Macaulay complete
local ring of finite Cohen-Macaulay representation type is an almost Gorenstein local ring,
if it possesses a coefficient field of characteristic 0.

As is confirmed in Sections 8, 9, 10, our definition of almost Gorenstein graded rings
works well to analyze divers graded rings. We, however, note here the following. By
definition, the ring Ryy is an almost Gorenstein local ring, if R is an almost Gorenstein
graded ring with unique graded maximal ideal 9, but as Example 8.8 shows, the converse
is not true in general. In fact, for the example, one has a(R) = —2 and there is no exact
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sequence 0 — R — Kg(2) — C — 0 of graded R-modules such that pur(C) = el (C),
while there exists an exact sequence 0 — R — Kg(3) — D — 0 such that ugr(D) =
edp(D). The example seems to suggest the existence of alternative and more flexible
definitions of almost Gorensteinness for graded rings. We would like to leave the quest to
forthcoming researches.

In what follows, unless otherwise specified, let R denote a Noetherian local ring with
maximal ideal m. For each finitely generated R-module M, let ugr(M) (resp. (r(M))
denote the number of elements in a minimal system of generators of M (resp. the length
of M). We denote by €2 (M) the multiplicity of M with respect to m.

2. SURVEY ON ULRICH MODULES

Let R be a Noetherian local ring with maximal ideal m. The purpose of this section
is to summarize some preliminaries on Ulrich modules, which we will use throughout this
paper. We begin with the following.

Definition 2.1. Let M (5 (0)) be a finitely generated R-module. Then M is said to be
an Ulrich R-module, if M is a Cohen-Macaulay R-module and pg(M) = €2 (M).

Proposition 2.2. Let M be a finitely generated R-module of dimension s > 0. Then the
following assertions hold true.

(1) Suppose s = 0. Then M is an Ulrich R-module if and only if mM = (0), that is M
is a vector space over the field R/m.

(2) Suppose that M is a Cohen-Macaulay R-module. If mM = (f1, fo, ..., fs)M for some
fi, fo, .., fs € m, then M is an Ulrich R-module. The converse is also true, if R/m is
infinite. (We actually have mM = (f1, fo, ..., fs)M for any elements fi, fo, ..., fs €
m whose images in R/[(0) :r M| generate a minimal reduction of the maximal ideal
of R/[(0) :r M].) When this is the case, the elements fi, fo,..., fs form a part of a
minimal system of generators for m.

(3) Let p : R — S be a flat local homomorphism of Noetherian local rings such that S/mS
s a reqular local ring. Then M is an Ulrich R-module if and only if S @g M is an
Ulrich S-module.

(4) Let M be an Ulrich R-module with s = dimp M > 1. Let f € m and assume that f is
superficial for M with respect to m. Then M/ fM is an Ulrich R-module of dimension
s — 1.

(5) Let f € m and assume that f is M-regqular. If M/fM is an Ulrich R-module, then
M is an Ulrich R-module and f & m?.

Proof. (1) This follows from the facts that pugr(M) = (r(M/mM) and €% (M) = Lr(M).

(2) Suppose that mM = (fi, fa,..., fs)M for some fi, fo,...,fs € m. Then
fi, f2,.--, [s is a system of parameters of M and m" ™M = (fi, fo,..., fs)""IM for
all n > 0. Hence (r(M/m™™M) = (r(M/(f1, f2,--., [s)M)-("T®) and therefore
(M) = Lr(M/(f1, fo,---, f)M) = Cr(M/mM), so that M is an Ulrich R-module.
Let R = R/[(0) :g M] and let f; denote the image of f; in R. We then have
mM = (f1, fa,..., fs)M, where m = mR. Hence (f1, f2,..., fs) is a minimal reduction
of m, because M is a faithful R-module, so that fi, fa,..., fs form a part of a minimal
system of generators for the maximal ideal m.

Conversely, suppose that R/m is infinite and that M is an Ulrich R-module. Let

us choose elements fi, fa,..., fs € m so that (fi, fa,..., fs) is a minimal reduction of
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m. Then el (M) = eX(M) = e?ﬁ,ﬁ 77777 ﬁ)(M) = lr(M/(f1, fo,..., fs)M). Hence mM =

(fb f27 R fs)M as KR(M/mM) = et%(M)

(3) Choose a regular system g1, go, ..., g, € n of parameters for the regular local ring
S/mS (here n = dim S/mS) and set S = S/(g1,62,-..,9.)S. Then the composite map
Y R— S — Sis flat ([19, Lemma 1.23]) and

(S®@pr M)/ (91,92, 9n) (S ®r M) 2 S @ M,

so that passing to the homomorphism 1, we may assume mS = n. We then have
ps(S ®@r M) = pur(M), ey(S @r M) = ey (M).

Hence M is an Ulrich R-module if and only if S ®z M is an Ulrich S-module.

(4) Since f is superficial for M with respect to m and s > 0, f is M-regular and
e (M/fM) = & (M). Therefore M/fM is a Cohen-Macaulay R-module, and con-
sequently M/fM is an Ulrich R-module, because up(M/fM) = pr(M) = &% (M) =

e (M/ fM).
(5) We put R(X) = R[X]mpx) and S(X) = S[X]usx), where X is an indeter-
minate. Then, since mR[X]| = nS[X] N R[X], we get a flat local homomorphism

Y R(X) — S(X), extending ¢ : R — S. Because pupx)(R(X) ®r M) = pur(M)
and € pxy(R(X) ®r M) = e (M), R(X) ®g M is an Ulrich R(X)-module. For the same
reason, S(X) ®g (S ®pg M) is an Ulrich S(X)-module if and only if S ®z M is an Ulrich
S-module. Therefore, since S(X)/mS(X) = (S/mS)(X) is a regular local ring, passing
to the homomorphism ¢ : R(X) — S(X), without loss of generality we may assume that

the residue class field R/m of R is infinite. We now choose elements f5, f3,..., fs € m so
that m(M/fM) = <f27f37 s 7fs)(M/fM> Then mM = (fh f27 SRR fs)M with fl = f
Therefore by assertion (2), M is an Ulrich R-module and f ¢ m?. O

3. ALMOST GORENSTEIN LOCAL RINGS

Let R be a Cohen-Macaulay local ring with maximal ideal m and d = dim R > 0,
possessing the canonical module K. Hence R is a homomorphic image of a Gorenstein
ring ([22]). The purpose of this section is to define almost Gorenstein local rings and
explore their basic properties.

We begin with the following.

Lemma 3.1. Let R -2 Kir — C — 0 be an ezact sequence of R-modules. Then the

following assertions hold true.

(1) If dimg C' < d, then ¢ is injective and the total ring Q(R) of fractions of R is a
Gorenstein ring.

(2) Suppose that ¢ is injective. If C' # (0), then C is a Cohen-Macaulay R-module of
dimension d — 1.

(3) If ¢ is injective and d = 0, then ¢ is an isomorphism.

Proof. (1) Let L = Kery and assume that L # (0). Choose p € Assg L and we have

the exact sequence 0 — L, = R, =% (Kg), = C, — 0 of R,-modules. Since p € Ass R
and dimp C' < d, we get C, = (0), whence ¢, is an epimorphism. Therefore, because
(Kr)p = Kg, ([19, Korollar 6.2]) and /g, (Kg,) = {g,(R,), ¥y is necessarily an isomorphism
and hence L, = (0), which is impossible. Thus L = (0) and ¢ is injective. The second
assertion is clear, because R, = (Kg), = Kg, for every p € Ass R.



ALMOST GORENSTEIN RINGS — TOWARDS A THEORY OF HIGHER DIMENSION — 7

(2) Let p € Suppy C with dim R/p = dimg C. If dimgrC = d, then p € Ass R and
hence (g, (R,) = {r,(Kg,) = {r,((Kg)p), so that C, = (0), because the homomorphism
¢, + Ry = (Kg), is injective, which is impossible. Hence dimp C' < d, while we get
depthp C' > d—1, applying the depth lemma to the exact sequence 0 -+ R — Kr — C —
0. Thus C' is a Cohen-Macaulay R-module of dimension d — 1.

(3) This is clear. O

Remark 3.2. Suppose that d > 0 and that Q(R) is a Gorenstein ring. Then R contains
an ideal I (# R) such that I = Kz as an R-module. When this is the case, R/I is a
Gorenstein local ring of dimension d — 1 ([19, Satz 6.21]).

We are now ready to define almost Gorenstein local rings.

Definition 3.3. Let (R, m) be a Cohen-Macaulay local ring which possesses the canonical
module Kz. Then R is said to be an almost Gorenstein local ring, if there is an exact
sequence 0 — R — Kz — C — 0 of R-modules such that ur(C) = &% (C).

In Definition 3.3, if C' # (0), then C'is an Ulrich R-module of dimension d—1 (Definition
2.1 and Lemma 3.1 (2)). Note that every Gorenstein local ring R is almost Gorenstein
(take C'= (0)) and that R is a Gorenstein local ring, if R is an almost Gorenstein local
ring of dimension 0 (Lemma 3.1 (3)).

Almost Gorenstein local rings were defined in 1997 by Barucci and Fréberg [4] in the
case where R is analytically unramified and dim R = 1. Goto, Matsuoka and Phuong [14]
extended the notion to the case where R is not necessarily analytically unramified but
still of dimension one. Our definition 3.3 is a higher-dimensional proposal. In fact we
have the following.

Proposition 3.4. Let (R,m) be a one-dimensional Cohen-Macaulay local ring. If R
is an almost Gorenstein local ring in the sense of Definition 3.3, then R is an almost
Gorenstein local ring in the sense of [14, Definition 3.1]. The converse also holds, when
R/m is infinite.

Proof. Firstly, assume that R is an almost Gorenstein local ring in the sense of Definition
3.3 and choose an exact sequence 0 — R — I — C' — 0 of R-modules so that uz(C) =
e (C), where I (# R) is an ideal of R such that I = K as an R-module (Lemma 3.1
(1) and Remark 3.2). Then, because mC' = (0) by Proposition 2.2 (1), we get mI C (f),
where f = ¢(1). We set @ = (f). Then, since m@) C m/ C @, we have either mQ) = m/
orml = Q. If mI = m(Q, then @ is a reduction of I, so that R is an almost Gorenstein
local ring in the sense of [14, Definition 3.1] (see [14, Theorem 3.11] also). If mI = @,
then the maximal ideal m of R is invertible, so that R is a discrete valuation ring. Hence
in any case, R is an almost Gorenstein local ring in the sense of [14].

Conversely, assume that R is an almost Gorenstein local ring in the sense of [14] and
that R/m is infinite. Let us choose an R-submodule K of Q(R) such that R C K C R
and K 2 Ky as an R-module, where R denotes the integral closure of R in Q(R). Then
by [14, Theorem 3.11], we get mK C R, and therefore R is an almost Gorenstein local
ring in the sense of Definition 3.3 (use Proposition 2.2 (1)). O

Remark 3.5. When the field R/m is finite, R is not necessarily an almost Gorenstein
local ring in the sense of Definition 3.3, even though R is an almost Gorenstein local ring
in the sense of [14]. The ring

R=E[X,Y, Z]]/[(X,Y) N (Y, Z2) N (Z, X)]
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is a typical example, where k[[X, Y, Z]] is the formal power series ring over k = Z/(2) ([14,
Remark 2.10]). This example also shows that R is not necessarily an almost Gorenstein
local ring in the sense of Definition 3.3, even if it becomes an almost Gorenstein local ring
in the sense of Definition 3.3, after enlarging the residue class field R/m of R.

We note the following.

Proposition 3.6. Suppose that R is not a Gorenstein ring and consider the following
two conditions.

(1) R is an almost Gorenstein local ring.
(2) There exist an exact sequence 0 — R — Kr — C' — 0 of R-modules, a non-zerodivisor
f€(0):rC, and a parameter ideal q (S R) for R/(f) such that mC = qC.

Then the implication (2) = (1) holds. If R/m is infinite, the reverse implication (1) =
(2) is also true.

Proof. (2) = (1) We have C' # (0), so that by Lemma 3.1 (2) C is a Cohen-Macaulay
R-module of dimension d — 1. Hence Proposition 2.2 (2) shows C' is an Ulrich R-module,
because mC = qC.

(1) = (2) We take an exact sequence 0 - R — Kr — C — 0 of R-modules such that
C'is an Ulrich R-module of dimension d—1. Hence [(0) :g C] contains a non-zerodivisor f
of R. We choose elements { f; }a<i<q of m so that their images in R/(f) generate a minimal
reduction of the maximal ideal of R/(f). We then have mC' = qC by Proposition 2.2 (2),
because the images of {fi}o<i<a in R/[(0) :g C] also generate a minimal reduction of the
maximal ideal of R/[(0) :g C]. O

Let us now explore basic properties of almost Gorenstein local rings. We begin with
the non-zerodivisor characterization.
Theorem 3.7. Let f € m and assume that f is R-reqular.

(1) If R/(f) is an almost Gorenstein local ring, then R is an almost Gorenstein local ring.
If R is moreover not a Gorenstein ring, then f & m2.

(2) Conversely, suppose that R is an almost Gorenstein local ring which is not a Goren-
stein ring. Consider the exact sequence

0—-R—-Kr—-C—=0

of R-modules such that ugr(C) = e2(C). If f is superficial for C with respect to m
and d > 2, then R/(f) is an almost Gorenstein local ring.

Proof. We set R = R/(f). Remember that K/ fKgr = Kz ([19, Korollar 6.3]), because f
is R-regular.
(1) We choose an exact sequence 0 — R N Kz — D — 0 of R-modules so that D is

an Ulrich R-module of dimension d — 2. Let & € K such that ¢(1) = £, where ¢ denotes
the image of ¢ in Ky = Kr/fKr. We now consider the exact sequence

RS Kpr—>C—0

of R-modules with (1) = ¢. Then, because 1 = R ®p ¢, we get D = C/fC, whence
dimp C < d, because dimg D = d—2. Consequently, by Lemma 3.1 (1) the homomorphism
¢ is injective, and hence by Lemma 3.1 (2), C'is a Cohen-Macaulay R-module of dimension
d — 1. Therefore, f is C-regular, so that by Proposition 2.2 (5), C' is an Ulrich R-module
and f ¢ m?. Hence R is almost Gorenstein.
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(2) The element f is C-regular, because f is superficial for C' with respect to m and
dimrp C = d —1 > 0. Therefore the exact sequence 0 = R — Kr — C' — 0 gives rise to
the exact sequence of R-modules

0= R—Kg— C/fC —0,

where O/ fC' is an Ulrich R-module by Proposition 2.2 (4). Hence R is almost Gorenstein.
]

The following is a direct consequence of Theorem 3.7 (1).

Corollary 3.8. Suppose that d > 0. If R/(f) is an almost Gorenstein local ring for every
non-zerodivisor f € m, then R is a Gorenstein local ring.

We are now interested in the question of how the almost Gorenstein property is inherited
under flat local homomorphisms. Let us begin with the following. Notice that the converse
of the first assertion of Theorem 3.9 is not true in general, unless R/m is infinite (Remark
3.5).

Theorem 3.9. Let (S,n) be a Noetherian local ring and let ¢ : R — S be a flat local
homomorphism such that S/mS is a reqular local ring. Then S is an almost Gorenstein
local ring, if R is an almost Gorenstein local ring. The converse also holds, when R/m is
infinite.

Proof. Suppose that R is an almost Gorenstein local ring and consider an exact sequence
0 - R — Kgr — C — 0 of R-modules such that ug(C) = €2 (C). If C = (0), then R
is a Gorenstein local ring, so that S is a Gorenstein local ring. Suppose C' # (0). Then
S ®r C is an Ulrich S-module by Proposition 2.2 (2), since C' is an Ulrich R-module.
Besides, K¢ = S ®r Kg as an S-module ([19, Satz 6.14]), since S/mS is a Gorenstein
local ring. Thus S is almost Gorenstein, thanks to the exact sequence of S-modules

0—-95—>Kyg—S®rC — 0.

Suppose now that R/m is infinite and S is an almost Gorenstein local ring. Let n =
dim S/mS. We have to show that R is an almost Gorenstein local ring. Assume the
contrary and choose a counterexample S so that dimS = n + d is as small as possible.
Then S is not a Gorenstein ring, so that dim S = n + d > 0. Choose an exact sequence

0—-S—>Kg—>D—0

of S-modules with ug(D) = €2(D). Suppose n > 0. If d > 0, then we take an element
g € nso that g is superficial for D with respect to n and g is a part of a regular system of
parameters of S/mS, where § denotes the image of g in S/mS. Then g is S-regular and

the composite homomorphism R % S — S /S is flat. Therefore the minimality of n + d
forces R to be an almost Gorenstein local ring, because S/¢S is an almost Gorenstein
local ring by Theorem 3.7 (2). Thus d = 0 and p = mS is a minimal prime ideal of S.
Hence the induced flat local homomorphism R 5 S — Sy shows that R is a Gorenstein
ring, because S, is a Gorenstein ring (Lemma 3.1 (1)). Consequently n =0 and n =mS.

Suppose now that d > 2. Then because n = mS, we may choose an element f € m so
that f is R-regular and ¢(f) is superficial for D with respect to n. Then by Theorem 3.7
(2) S/fS is an almost Gorenstein local ring, while the homomorphism R/fR—S/fS is
flat. Consequently, R/fR is an almost Gorenstein local ring, so that by Theorem 3.7 (1)
R is an almost Gorenstein local ring.
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Thus d = 1 and n = mS, so that R is an almost Gorenstein local ring by [14, Proposition
3.3], which is the required contradiction. O

Let 1(R) = (g(Ext%(R/m, R)) denote the Cohen-Macaulay type of R.

Corollary 3.10. Let R be an almost Gorenstein local ring and choose an exact sequence
0= R -5 Kr — C — 0 of R-modules so that ur(C) = e2(C). If ¢(1) € mKg, then R
is a regqular local ring. Therefore, ur(C) =1(R) — 1, if R is not a regular local ring.

Proof. Enlarging the residue class field of R, by Theorem 3.9 we may assume that R/m
is infinite. Suppose ¢(1) € mKg. Then C # (0) and therefore d > 0 (Lemma 3.1 (3)).
Assume d = 1. Then by Lemma 3.1 (1) Q(R) is a Gorenstein ring. Therefore by Remark

3.2 we get an exact sequence 0 — R Yy T = C = 0 of R-modules with (1) € mli,
where I (C R) is an ideal of R such that [ = Kg as an R-module. Let a = (1). Then
m/ = (a), because mC = (0) and a € mI. Hence R is a discrete valuation ring, because
the maximal ideal m of R is invertible.

Let d > 1 and assume that our assertion holds true for d — 1. Let f € m be a non-
zerodivisor of R such that f is superficial for C' with respect to m. We set R = R/(f) and
C = C/fC. Then by Theorem 3.7 (2) (and its proof) R is an almost Gorenstein local

ring with the exact sequence 0 — R —— Kz — C — 0 of R-modules, where 3 = R ®p ¢
and Kz = Kg/fKg. Therefore, because p(1) € mKg, the hypothesis of induction on d
shows R is regular and hence so is R.

The second assertion follows from the fact that ug(C) = ur(Kg) — 1 =r(R) — 1 (]19,
Korollar 6.11]), because ¢(1) € mKg. O

The following is an direct consequence of Theorem 3.9. See [19, Satz 6.14] for the
equality r(S) = r(R).

Corollary 3.11. Suppose that R is an almost Gorenstein local ring. Then for everyn > 1
the formal power series ring S = R[[X1, X, ..., X,]] is also an almost Gorenstein local
ring with r(S) = r(R).

Proposition 3.12. Let (S,n) be a Noetherian local ring and let ¢ : R — S be a flat
local homomorphism such that S/mS is a Gorenstein ring. Assume the following three
conditions are satisfied.

(1) The field R/m is infinite.

(2) R and S are almost Gorenstein local rings.

(3) S is not a Gorenstein ring.

If dim R = 1, then S/mS is a regular local ring.

Proof. When dim S/mS > 0, we pass to the flat local homomorphism R — S/gS, choosing
g € nso that g is S/mS-regular and S/¢S is an almost Gorenstein local ring. Therefore
we may assume that dim S/mS = 0. Choose an ideal I C R of R so that I = Kg as an
R-module. Therefore 1S = Kg as an S-module, since S/mS is a Gorenstein local ring.
Let e (1) (resp. e1(1S)) be the first Hilbert coefficient of R (resp. S) with respect to I
(resp. IS). Then by [14, Theorem 3.16] and [19, Satz 6.14] we have

er(I) = 1(R) = 1(8) = er(IS) = ls(S/mS)-er (1),

because R and S are almost Gorenstein local rings and both of them are not Gorenstein
rings. Thus £g(S/mS) = 1, so that S/mS is a field. O
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Unless dim R = 1, Proposition 3.12 does not hold true in general, as we show in the
following.

Example 3.13. Let T" be an almost Gorenstein local ring with maximal ideal my, dim 7" =
1, and r(T) = 2. Let R = T|[[X]] be the formal power series ring and let R[Y] be the
polynomial ring. We set S = R[Y]/(Y? — X). Then the following assertions hold true.

(1) R and S are two-dimensional almost Gorenstein local rings with r(R) = r(5) = 2.
(2) S is a finitely generated free R-module of rank two but S/mS is not a field, where
m = myR + X R denotes the maximal ideal of R.

Proof. We set k = T/my. Notice that S is a local ring with maximal ideal mS + yS,
where y denotes the image of Y in S. The R-module S is free of rank two and S/msS =
(R/m)[Y]/(Y?) = k[Y]/(Y?). The T-algebra S is flat with

S/moS = (K[[X]NY]/(YV* = X),

which is a discrete valuation ring. By Corollary 3.11 R is an almost Gorenstein local ring
with r(R) = 2. We now consider the exact sequence

) 0T —=>Kpr—T/myg—0

of T-modules. Then since Kg & S ®1 K7, tensoring exact sequence (f) by S, we get the
exact sequence

0—=S5—Kg— S/myS—0

of S-modules. Therefore S is an almost Gorenstein local ring by definition, since S/myS
is a discrete valuation ring, while r(S) = 2 by [19, Satz 6.14], since S/mS is a Gorenstein
ring. 0

Let us note a few basic examples of almost Gorenstein local rings.

Example 3.14. Let U = k[[ X1, Xo, ..., X;, Y1, Y2, , ..., Y]] (n > 2) be the formal power
series ring over a field k and put R = U/I;(M), where I5(M) denotes the ideal of U
generated by 2 x 2 minors of the matrix Ml = (f,ll )éj - ig: ) Then R is almost Gorenstein

with dimR =n+1and r(R) =n — 1.

Proof. 1t is well-known that R is a Cohen-Macaulay normal local ring with dim R = n+1
and r(R) = n — 1 ([8]). The sequence {X; — Y;_1}1<i<n (here Yy =Y, for convention)
forms a regular sequence in R and

R/(Xl - Y;‘_l | 1 S 1 S n)R = k’[[Xl,XQ, e ,XnH/IQ(N),

where N = (1277 %1 4). Let S = k[[X1, X, ..., X,]]/Io(N). Then S is a Cohen-
Macaulay local ring of dimension one, such that n? = xn and Kg & (21, 22,...,Zn 1),
where n is the maximal ideal of S and x; is the image of X; in S. Hence S is an almost

Gorenstein local ring, because n(xq, s, ..., 2,—1) C (x1). Thus R is an almost Gorenstein
local ring by Theorem 3.7 (1). O

Example 3.15. Let S = k[[X,Y, Z]] be a formal power series ring over a field k and let

M = (;; g; ;;g) be a matrix such that f;; € kX + kY + kZ for each 1 < i < 2 and

1 < j < 3. Assume that htglo(M) = 2 and set R = S/I3(M). Then R is an almost
Gorenstein local ring if and only if R % S/(Y, Z)%.
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Proof. Since Q(S/(Y, Z)?) is not a Gorenstein ring, the only if part follows from Lemma
3.1 (1). Suppose that R % S/(Y,Z)?. Then, thanks to [16, Classification Table 6.5],
without loss of generality we may assume that our matrix M has the form M = (% § %),
where g; € kX + kY +kZ forevery 1 <1 < 3. Let dy =Y g3 — Zgo, dy = Zg; — X g3, and
ds = Xgo — Yg;. Then the S-module R = S/(dy, ds, d3) has a minimal free resolution

[d1d2d3]
—=,

0 52 M g3 S—>R—=0

and, taking the S-dual, we get the presentation S3 —— S% —=5 Kp — 0 of the canonical
module K = Ext,(R, S). Hence Kg/RE = S?/L = S/(X,Y, Z), where £ = £((3)), and L
denotes the S-submodule of S? generated by (i ), (Y), (Z ), and ((1)) We therefore have

g2 g3
an exact sequence R — Kz — R/m — 0 of R-modules, where m is the maximal ideal of

R. Hence R is almost Gorenstein by Lemma 3.1 (1). O
Example 3.16. Let a,f € Z such that a > 4, £ > 2 and let
R = k[t ¢4, {1 hicicas}]] C K[[t])

be the semigroup ring of the numerical semigroup H = (a,al — 1,{al +i}i1<i<a—3),
where k[[t]] denotes the formal power series ring over a field k. Then R is an al-
most Gorenstein local ring with r(R) = a — 2. Therefore the formal power series rings
R[[X1, X2, ..., X,]] (n > 1) are also almost Gorenstein.

Proof. Let [ = (t?af-a-1 [(g3af=2a=i=1} . ). Then I = Kz and m/ = mt?*=271 where
m denotes the maximal ideal of R. Hence R is an almost Gorenstein local ring (see [11,
Example 2.13] for details). O

Remark 3.17. The local rings R, (p € Spec R\ {m}) of an almost Gorenstein local ring
(R, m) are not necessarily Gorenstein rings (Example 10.9). Also, the local rings R, of an
almost Gorenstein local ring R are not necessarily almost Gorenstein (Example 9.13).

4. CHARACTERIZATION IN TERMS OF EXISTENCE OF CERTAIN EXACT SEQUENCES

In this section we investigate the almost Gorenstein property of local rings in terms of
the existence of certain exact sequences.

Throughout this section, let (R, m, k) be a Cohen-Macaulay local ring of dimension d
and Cohen-Macaulay type r, admitting the canonical module K. In what follows, all
R-modules assumed to be finitely generated. For each sequence x = xy,xs,...,x, of
elements in R and an R-module M, let K,(, M) be the Koszul complex of M associated
to . Hence

K.(dﬁ, M) = K.(Jil,R) ®R s ®R K.(xn, R) ®R M.

For each z € M let R = M stand for the homomorphism a ~ az. Denote by Ug(z, M)
the complex
Up(z,M)=(-—=0—=R3M— 0 —---).
2 1 0 —1
When there is no danger of confusion, we simply write U(z, M) as Ugr(z, M). Let D(R)
denote the derived category of R. Hence for two complexes X,Y of R-modules, one has
H;(X) 2 H;(Y) foralli € Z, if X 2Y in D(R).
Let us begin with the following.
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Lemma 4.1. Let x = x1,29,...,x, be an R-sequence and let y € Kr. Then

R/(x) @ Ur(y, Kr) = Ugy@) (7, Kr/®Kg)
in D(R), where y denotes the image of y in Kr/xKg.

Proof. Since Ug(y, Kg) is the mapping cone of the map R % Kg, we get an exact triangle
R 4 Ki — Ug(y,Kg) ~» in D(R), which gives rise to, applying the triangle functor
R/(x) ®% —, an exact triangle

ok
F)(2) @k R =2 B (@) % K — R/ (@) 9% Un(y, Ke)

Notice that R/(x) ®% R = R/(x) and that Tor®(R/(x),Kg) = H;(K.(x,Kg)) = (0) for

all i > 0, since x is also an Kg-sequence; hence R/( ) @58 K = Kg/xKg. Observe that

R/(x) ®% Ug(y, Kg) is isomorphic to the mapping cone of the map R/(x) % Kg/zKg,

which is nothing but Ug/ () (¥, Kr/xKg). O

We firstly give a characterization of Gorenstein local rings.

Proposition 4.2. The following conditions are equivalent.

(1) R is a Gorenstein ring.
(2) There exist an R-sequence x and an element y € Kg such that K¢(x, R) @r U(y, Kg)
is an eract sequence.

Proof. (1) = (2) Choose y € Kg so that Kg = Ry and notice that U(y, Kg) = K,(1, R) =
(0) in D(R). Therefore for each R-sequence x we get

Ko(z, R) @z U(y, Kg) 2 K. (z, R) @% U(y, Kg) =2 K(z, R) @% (0) = (0)

in D(R), where the first isomorphism comes from the fact that Ke(x, R) is a complex of
free R-modules. Thus the complex Kq(x, R) ® U(y, Kg) is exact.
(2) = (1) By Lemma 4.1

(0) = Ko(z, R) @ U(y, Kr) = R/(x) ®F Ur(y, Kr) = Ur/(a) (7, Kr/xKg)

in D(R). Hence the map R/(x) % Kp/xKp is an isomorphism, which shows R/(z)
Kpg/(z). Therefore R/(x) is a Gorenstein ring and hence so is R.

R

The following theorem 4.3 is the main result of this section, characterizing almost
Gorenstein local rings. For an R-module M and a complex C' = (--- — Cy — C} —
Co — 0) of R-modules, we say that C' is acyclic over M, if Hy(C') =2 M and H;(C) = (0)
for all 2 > 0.

Theorem 4.3. Assume that d = dim R > 1 and the field k = R/m is infinite. Then the
following conditions are equivalent.

(1) R is an almost Gorenstein local Ting.

(2) There exist an R-sequence ® = x1,T,...,Tq_1 and an element y € Kg such that
Ko(z, R) ®r U(y,Kg) is an acyclic complex over k™*.

(3) There exist an R-sequence & and an element y € Kg such that K¢(x, R) ®r U(y, Kg)
is an acyclic complex over an R-module M such that mM = (0).
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Proof. (1) = (2) By Theorem 3.7 (2) applied repeatedly, we get an R-sequence & =
Z1,%2,...,T4—1 such that R/(x) is an almost Gorenstein local ring of dimension one.
Choose an exact sequence

0— R/(x) 5 Kg/xKr — k"1 — 0.

Setting ¥ = (1) with y € Kg, we see that U(y, Kp/xzKpg) is quasi-isomorphic to k"'
By Lemma 4.1

Ke(x, R) @r Uy, Kg) = R/(z) @3 Uy, Kg) = U(y, Kp/xKg) = &

in D(R). Hence K,(x, R) ®p U(y, Kr) is an acyclic complex over k" ~1.
(2) = (3) This is obvious.
(3) = (1) By Lemma 4.1

U(y, Kr/2Kr) = R/(z) ®F Uy, Kg) = Ke(z, R) @ Uy, Kg) = k"

for some n > 0. Hence there exists an exact triangle R/(x) EN Kr/xKgp — k" ~~ in

D(R), which gives the exact sequence 0 — R/(z) % Kp/xKr — k" — 0 of homology.
Thus R/(x) is an almost Gorenstein local ring of dimension one, whence by Theorem 3.7
(1) R is an almost Gorenstein local ring. O

Applying Theorem 4.3 to local rings of lower dimension, we readily get the following.

Corollary 4.4. Assume that k = R/m is infinite.

(1) Let d = 1. Then R is an almost Gorenstein local ring if and only if there exist an
element y € Kg and an exact sequence

0>RLKpr—= kK =0

(2) Let d = 2. Then R is an almost Gorenstein local ring if and only if there exist an
R-regular element x, an element y € Kg, and an exact sequence

0> R Kpe RO K bt S0

(3) Let d = 3. Then R is an almost Gorenstein local ring if and only if there exist an
R-sequence x1, x5, an element y € Kg, and an exact sequence

y T2 —Y 0
( 9 ) —z1 0 —y
—x1 0 x1 xo
_—

0= R——5Kpo R
For an R-module M let pdy M and Gdimpg M denote the projective dimension and the
G-dimension of M, respectively (we refer the reader to [9] for details of G-dimension).

Z1,%2,Y)

K% & R Kr— k1 —=0.

Corollary 4.5. Assume that R is an almost Gorenstein local ring of dimension d > 1.
Then the following assertions hold true.

(1) The exact sequence

. d-1
0= R—KnaR ' = K er() S 5 KU aRrtt LK IgR S5 Ky = ! S0

arising from Theorem 4.3 (2) is self-dual with respect to Kg, that is, after dualizing
this exact sequence by Kg, one obtains the same ezxact sequence (up to isomorphisms).

(2) Suppose that R is not a Gorenstein ring. Then R is G-reqular in the sense of [27],
that 1s Gdimp M = pdy M for every finitely generated R-module M.
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Proof. (1) Let X[n] denote, for a complex X of R-modules and n € Z, the complex X
shifted by n (to the left). Then with the same notation as in Theorem 4.3 (2), K
Ke(x, R) and U = U(y,Kg). Therefore Homg(K, R) = K[1 — d] and Homg (U, Kg)
U[—1], which show
HOIHR(K QR U, KR) = HOIIIR(K, HOIIIR(U, KR)) = HOIHR(K, U[—l])
= HOHIR(K, R) QR U[—l] = K[l — d] QR U[—l] = (K Qpr U)[—d]

[t

(for the third isomorphism, remember that K is a bounded complex of free R-modules).
Hence we get the assertion, because Hy(K @ U) 2 k™! and H;(K ®x U) = (0) for i > 0
by Theorem 4.3 (2).

(2) It suffices to show that every R-module M of finite G-dimension is of finite projective
dimension. Let N be a high syzygy of M. Then since N is totally reflexive and maximal
Cohen-Macaulay, we have

Exti(NV, R) = (0) = Exty(N. Kp)

for all ¢ > 0. Apply the functor Hompg (N, —) to the exact sequence in assertion (1) and
we get

Ext’% (N, k") = (0)
for ¢ > 0. Since r — 1 > 0 (as R is not Gorenstein), N has finite projective dimension,
and so does M. O

Let us consider the Poincaré and Bass series over almost Gorenstein local rings. First
of all let us fix some terminology. Let X (respectively, Y) be a homologically right
(respectively, left) bounded complex of R-modules, possessing finitely generated homology
modules. The Poincaré series of X and the Bass series of Y are defined as the following
formal Laurent series with coefficients among non-negative integers:

Px(t) = dimy Torf (X, k)", () = Y _ dimy Ext}y(k,Y)-¢".
nez nez
We then have the following, in which the Poincaré and Bass series of C' = Coker ¢ are
described in terms of the Bass series of R.

Theorem 4.6. Let (R,m, k) be an almost Gorenstein local ring of dimension d > 1 and
assume that R is not a Gorenstein ring. Consider an exact sequence

1) 0RE5Kzr—C—0
of R-modules such that C' is an Ulrich R-module. We then have the following.
(1) RHompg(C,Kg) = C[—1] in D(R).
(2) Po(t) = t1918(t) — 1 and 1€(t) = 17 (¢t) — t*1.
Proof. (1) Since C'is a Cohen-Macaulay R-module of dimension d — 1, Ext%(C, Kg) = (0)

for all i # 1 ([19, Satz 6.1]). To see C = Ext(C, Kg), take the Kz-dual of exact sequence
(#) and we get the following commutative diagram

0 —— Homp(Kg, Kg) ~2E80 gomp(R, Kr) —— Exth(C,Kg) — 0
®

0 —— R — Kgr e C — 0,
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where the vertical isomorphisms are canonical ones. Hence C' = Ext}%(C’, Kg), so that
rr(C) = pr(C) =r — 1 by Corollary 3.10 and [19, Satz 6.10].
(2) By [9, (A7.7)]

t1°(t) = 190 H(2) = TRHemORR) (1) = Po()IR (1),
while
I°(t) = t*"'Pe(t),
as IX(t) = t?. Therefore, since rg(C) = ur(C) = r — 1, applying Homg(k, —) to exact
sequence (f) and writing the long exact sequence, we get

Exth(k,C) = { k! (i=d-—1),
Ext ' (k,R) (i >d).
Hence 1¢(t) = T7(t) — t4-1. O

5. CHARACTERIZATION IN TERMS OF CANONICAL IDEALS

Let (R, m) be a Cohen-Macaulay local ring of dimension d > 0, which possesses the
canonical module Kg. The main result of this section is the following characterization of

almost Gorenstein local rings in terms of canonical ideals, which is a natural generalization
of [14, Theorem 3.11].

Theorem 5.1. Suppose that Q(R) is a Gorenstein ring and take an ideal I (# R) such
that I = Kg as an R-module. Consider the following two conditions:

(1) R is an almost Gorenstein local ring.
(2) R contains a parameter ideal Q = (f1, fa, ..., fa) such that f; € I and m(I+Q) = mQ.

Then the implication (2) = (1) holds. If R/m is infinite, the implication (1) = (2) is also
true.

Proof. (2) = (1) Let q = (f2, f3,..., fa). Then q is a parameter ideal for the Cohen-
Macaulay local ring R/I, because I +Q = I +q. We set R = R/q, m = mR, and [ = IR.
Notice that I = I/qI = Ky, since qN 1 = ql. Let f; be the image of f; in R. Then since
m-I = m-f1, by [14, Theorem 3.11] R is an almost Gorenstein local ring, so that R is an
almost Gorenstein local ring by Theorem 3.7.

(1) = (2) Suppose that R/m is infinite. We may assume that R is not a Gorenstein
ring (because [ is a principal ideal, if R is a Gorenstein ring). We consider the exact
sequence

() 0-R-5T1T—-C—0

of R-modules such that C'is an Ulrich R-module. Let f; = ¢(1) € I. Choose an R-regular
sequence fo, f3,..., fa € mso that (1) fi, fo,..., fa is a system of parameters of R, (2)
fa, f3,. .., fa is a system of parameters for the ring R/I, and (3) mC = (fa, fs,..., fa)C
(this choice is, of course, possible; see Proposition 2.2 (2)). Let q = (fs, f3,..., fa) and
set R = R/q, m = mR, and [ = IR. Then exact sequence () gives rise to the exact
sequence

0—>R-S5T—-C—=0
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of R-modules where C' = C/qC, because I = I/ql and fo, fs,..., fa form a C-regular
sequence. Therefore, since I 2 Kz and mC = (0), R is an almost Gorenstein local ring.
We furthermore have that m-I = m-f; (here f; denotes the image of f; in R), because R is
not a discrete valuation ring (see Corollary 3.10; remember that f; = 3(1)). Consequently,
since m/ C mf; + q, we get

m/ C (mfi+q)NI=mfi+(qNI)=mf +ql CmQ,
where Q = (f1, f2, .., fa). Hence m(I + Q) = m(Q as wanted. O

Let R be an almost Gorenstein local ring of dimension d > 2. Let I be an ideal of
R such that I = Ky as an R-module. Suppose that R is not a Gorenstein ring but
contains a parameter ideal Q = (fi, fa,..., fa) such that fi € I and m(I + Q) = mQ.
Let q = (fo, f3,..., f4). Weset R = R/q, m =mR and I = IR. Then R is an almost
Gorenstein local ring with I = K3 and (f) is a reduction of I with mI = mf, where f
denotes the image of f in R (see Proof of Theorem 5.1).

We explore what kind of properties the ideal J = I 4+ @) enjoys. To do this, we fix the
following notation, which we maintain throughout this section.

Notation 5.2. Let T = R[Qt] C R = R[[t] C R[t] where t is an indeterminate and set
gr;(R) =R/JR (= @,z J"/J"). We set
S=8q(J)=JR/IJT
(the Sally module of J with respect to Q; [28]). Let
B=T/mT
(= (R/m)[T1, Ty, ..., Ty, the polynomial ring) and
redg(J) = min{n > 0| J"" = QJ"}.

We denote by {e;(J)}o<i<q the Hilbert coefficients of R with respect to J.

Let us begin with the following. We set f = f;.

Corollary 5.3. The following assertions hold true.

(1) redg(J) = 2.

(2) So(J) = B(—1) as a graded T -module.

(3) Lr(R/J™) = Ur(R/Q)- (”+d) r(R)-(”ﬁIl) + (”er %) for allm > 0. Hence e;(J) =
r(R), ea(J) =1, and e;(J) =0 for 3 <1 <d.

(4) Let G = ng(R). Then the elements fot, fst,..., fat (€ T1) form a regular sequence
m G but ft is a zero-divisor in G. Hence depthG = d — 1 and the graded local

cohomology module H4(G) of G is not finitely generated, where M = mG + G

Proof. Let K = @ :g m. Then Q@ C J C K. Notice that (g(J/Q) = ur(J/Q) =
pr(I/(f)) =1(R) — 1 =1(R) — 1, because f ¢ mI and I = Kg. Therefore ((K/J) =1
since (z(J/Q) = r(R), so that K = J + (x) for some z € K, while K? = QK ([10]), as
R is not a regular local ring. Consequently, J3 = QJ? by [15, Proposition 2.6]. Thus
redg(J) = 2, since T # f-I ([14, Theorem 3.7]).

Let us show (x(J?/QJ) = 1. We have KR(72/7-7) = 1 by [14, Theorem 3.16]. Choose
g € I* so that I? C fI + (g) +q. Then

P=(fI+(9)+a)NI*C fI+(g9)+al,
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since qNI = qI. Hence J? = QJ+(g), because J> = QJ+I?. Consequently (r(J?/QJ) =
1, since mJ? = mQ? (remember that mJ = mQ). Therefore, thanks to [25, 28], we have
So(J) = B(—1) as a graded T-module, e1(J) = eo(J) — lr(R/J) + 1, and
(R I) = e (75) — (D) + (735)
for all n > 0. Hence
e1(J) = eo(J) = lr(R/J) +1=Lr(R/Q) = (r(R/J) + 1 =(r(J/Q) + 1 =r(R).

Thus assertions (1), (2), and (3) follow.
To see assertion (4), we claim the following, which shows the sequence fot, fst, ..., fat
is gr;(R)-regular.

Claim. qN J" = qJ" ! for all n € Z.
Proof of Claim. As J> = QJ + (g9) = fJ + (g) + qJ, we have
qNJ*=qJ +qN[fJ+(9)] CaJ+(@qnI)=qJ.
Suppose that n > 3 and that our assertion holds true for n — 1. Then
9nJ" =anQJ" " =" +(anf ") = " fo(@n T = q " fa 0" =g
Hence qN J* = qJ" ! for all n € Z. O

To show that ft is a zero-divisor in gr;(R), remember that g € Q.J, because J* # Q.J.
Since J? C Q, we may write ¢ = fy + h with y € R and h € q. Then because fy =
g—hel?+q, we see

fye(P+q)NI=1*+ql CJ?
while y ¢ J. In fact, if y € J, then
h=g-fyeqnJ?=qJCQJ,
so that g = fy + h € @QJ, which is impossible. Thus ft is a zero-divisor in gr;(R). U

Let p : gr;(R) - gr,(R) N gr7(R) be the composite of canonical homomorphisms
of associated graded rings and set A = Imp. We then have gr;(R) = A[&, &3, ..., &),
where & = fit denotes the image of f;t in gr,;(R). We are now interested in the question
of when {&; }a<i<q are algebraically independent over A. Our goal is Theorem 5.7 below.

We begin with the following, which readily follows from the fact that Kerp =

DrzolI"H + (@ 1))/ 17
Lemma 5.4. Ker ¢ = Ker p if and only if g I™ C J"* for all n > 2.

Lemma 5.5. Let n > 2. Then qNI™ = qI™ if and only if R/I" is a Cohen-Macaulay
ring.

Proof. If R/I™ is a Cohen-Macaulay ring, then q N I™ = qI", because fa, f3,..., fs form
a regular sequence in R/I"™. Conversely, suppose that g N I™ = q/™. Then the descending
induction on ¢ readily yields that

(fos fos fos s fi) VI = (f2, f3, ., fi) I
for all 2 < i < d, from which it follows that the sequence fs, fs, ..., fgis R/I"regular. O

Proposition 5.6. The following assertions hold true.
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(1) If R/I? is a Cohen-Macaulay ring, then I® = fI? and therefore the ideal I has analytic
spread one and red ) (I) = 2.

(2) If R/I? is a Cohen-Macaulay ring and I* = fI?, then R/I™ is a Cohen-Macaulay ring
foralln > 1

Proof. (1) We have q N I* = qI® by Lemma 5.5, while T = 772 by Corollary 5.3 (1).
Therefore I? C (fI?+q)NI3 = fI*+qI3, so that ]3 f]2 by Nakayama’s lemma. Hence
I is of analytic spread one and red (/) = 2, because I # f-1 ([14, Theorem 3.7)).
(2) We show that qN 1" = qI" for all n € Z. By Lemma 5.5 we may assume that n > 3
and that our assertion holds true for n — 1. Then
qnI" =qn fI" = fqn ") = f-qI" Cql".

Hence q N I™ = qI™ for all n € Z, whence R/I™ is a Cohen-Macaulay ring by Lemma
5.5. O

We are now ready to prove the following.

Theorem 5.7. Suppose that R/I? is a Cohen-Macaulay ring and I3 = fI?. Then A is a
Buchsbaum ring and &3,&3, ..., &4 are algebraically independent over A, whence gr;(R) =
Ao, &5, ..., &4 is the polynomial ring.

Proof. We have Kerp = Kerp by Lemma 5.4, 5.5, and Proposition 5.6, which shows

that the composite homomorphism A < gr J(R) N gr7(R) is an isomorphism, where
t: A — gr;(R) denotes the embedding. Hence A is a Buchsbaum ring ([14, Theorem
3.16]). Let k = A and let C = k[X3, X3, ..., X4| denote the polynomial ring. We regard
C to be a Z-graded ring so that Cp = k and degX; = 1. Let B = A®,C. Then B
is a Z-graded ring whose grading is given by B, = >_,.,_ A; ®; C; for all n € Z. We
put ¥; = 1 ® X; and consider the homomorphism ¥ : B = A[Y>,Ys,..., Yy — gr ;(R) of
A-algebras defined by ¥(Y;) = & for all 2 < i < d. Let K = Ker . We then have the
exact sequence 0 — K — B — gr;(R) — 0, which gives rise to the exact sequence

0— IC/(}/%}/?)?; )IC — B/(%,}%,,Yd) — ng(R)/(£27§37"'7£d) - 07
since the sequence &, &3, ..., &, is gr;(R)-regular (Corollary 5.3 (4)). Because

B/(}/%}/?n s 7Yd) = A= g]ﬁ'j(}_%) = ngR/(§2a€37 s 7£d)7
we have K/(Ys,Ys,...,Yy)K = (0) and hence K = (0) by graded Nakayama’s lemma.
Thus ¥ : B — gr;(R) is an isomorphism of .4-algebras. O

The ring R/I™ is not necessarily a Cohen-Macaulay ring. Let us explore one example.

Example 5.8. Let S = ks, t]] be the formal power series ring over a field k& and set
R = Kk[[s®, s*t,st*,t?]] in S. Then R is a Cohen-Macaulay local ring of dimension 2.
Setting x = s3, y = s%t, z = st?, and w = £, we have [ = (y,2) = Kg as an R-module
and m-(/ + Q) = m-Q, where Q) = (y,z — w). Hence R is an almost Gorenstein local ring
with r(R) = 2. Let ¢ = (z — w). Then q N I? = qI?, because
(x—w)NI?C (z—w)(s**’SNR) C (x —w)-I>

However, q N I3 # qI3. In fact, if g N I3 = qI3, by Proposition 5.6 (1) I is of analytic
spread one, which is however impossible, because (R/m) ®g gr;(R) = kly, 2]. Hence R/I*

is a Cohen-Macaulay ring but R/I® is not a Cohen-Macaulay ring (Lemma 5.5). We have
e1(J) =r(R) =2 and depth gr;(R) =1, where J =1+ Q = (z — w, y, 2).
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Question 5.9. Let T be an almost Gorenstein but non-Gorenstein local ring of di-
mension 1 and let K be an ideal of T with K = K¢ as a T-module. Let R =
T[[ X2, X3, ..., X4]] (d>2) be a formal power series ring and set / = KR. Then I = Kp
as an R-module and R/I™ is Cohen-Macaulay for all n > 1. We suspect that this is the
unique case for gr;(R) to be the polynomial ring over A.

6. ALMOST GORENSTEIN LOCAL RINGS OBTAINED BY IDEALIZATION

Throughout this section let (R, m) be a Cohen-Macaulay local ring, which possesses
the canonical module K. For each R-module M let MY = Hompg(M,Kg). We study the
question of when the idealization R x MV is an almost Gorenstein local ring.

Let us begin with the following, which is based on [14, Proposition 6.1] and gives an
extension of the result to higher dimensional local rings.

Theorem 6.1. Let (R,m) be a Cohen-Macaulay local ring of dimension d > 1, which
possesses the canonical module Kg. Let I (# R) be an ideal of R and assume that R/I is
a Cohen-Macaulay ring of dimension d — 1. We consider the following two conditions:

(1) A= R x IV is an almost Gorenstein local ring.

(2) R contains a parameter ideal Q = (f1, fo, ..., fa) such that f; € I, m(I + Q) = mQ),
and (I +Q)*=Q(I + Q).

Then one has the implication (2) = (1). If R/m is infinite, the reverse implication

(1) = (2) is also true.

Proof. (2) = (1) Let q = (fa, f3,..., fa) and set R = R/q, m = mR, and [ = IR. Then
122 1/ql, since fo, fs, ..., fa is a regular sequence in R/I, while Homy(I, K5) = IV /ql",
because fs, f3,..., fq is an R-sequence and [ is a maximal Cohen-Macaulay R-module
([19, Lemma 6.5]). Therefore since T = fi-T and m-T = m-f; (here f; denotes the image
of fi in R), by [14, Proposition 6.1] the idealization A/qA = R x Homz(I,Kz) is an
almost Gorenstein local ring. Hence A = R x IV is an almost Gorenstein local ring by
Theorem 3.7, because fs, f3,..., fg form a regular sequence in A.

(1) = (2) Suppose that R/m is infinite and that A = R x I" is an almost Gorenstein
local ring. Choose an exact sequence

(#) 0>A—=>Ky—C—0

of A-modules such that p4(C) = ¢%(C), where n = m x I is the maximal ideal of A. If
C = (0), then A is a Gorenstein local ring. Hence IV = Kg ([22]), whence I 2 K}, = R
and assertion (2) is certainly true. Assume that C' # (0). Then C is an Ulrich A-module
of dimension d — 1. We put a = (0) :4 C and consider R to be a subring of A via the
homomorphism R — A, r — (r,0). Then, since B = A/a is a module-finite extension
of S=R/[anR], dimS = dimB = dimyC = d— 1. We set ng = nB and mg = mS.
Then mgB is a reduction of ng, because [(0) x IV]?> = (0) in A. We choose a subsystem
fo, f3, ..., fa of parameters of R so that fs, f3,... fq is a system of parameters for R/
and (fa, fs,..., fa)B is a reduction of ng. Then nC' = (fa, f3,..., f4)C by Proposition 2.2
(2). Consequently, since fa, f3,..., fq is a C-regular sequence, from exact sequence ()
above we get the exact sequence

0— A/qgA = Ka/qgK4 — C/qC — 0

of A/qA-modules, where q = (fs, f3,..., fa). Hence A/qA is an almost Gorenstein local
ring of dimension one, because K4/qK4 = K444 and n(C/qC) = (0). Let R = R/q,
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m =mR, and I = IR. Then since qN I = ql, we get I = [I + q]/q = I/ql and therefore
the ring
R x Homg(I,Kg) = (R/q) x (I"/q1¥) = A/qA

is an almost Gorenstein local ring. Consequently, by [14, Proposition 6.1] we may choose
fi € I so that m-I = m-f; and 7= fi-1, where f; denotes the image of f; in R. Let
Q = (f1, for -+, fa)- We will show that m(I +Q) = mQ and (I +Q)? = Q(I + Q). Firstly,
since m-/ =m-f;, we get mI C (mf; +q)NI=mf; + (qNI). Hence mI C m@), because
qN 1 =ql, so that m(I + Q) = mQ. Since I~ = f,-I, we similarly have

PC(fil+qnI*C fil+ql =QlI,

whence (I + Q)? = Q(I + Q). Notice that @ is a parameter ideal of R, because /@ =
VI + @ = m, which proves Theorem 6.1. OJ

Let us consider the case where R is a Gorenstein ring. The following result extends [14,
Corollary 6.4] to local rings of higher-dimension.

Corollary 6.2. Suppose that (R, m) is a Gorenstein local ring of dimension d > 1. Let

M be a Cohen-Macaulay faithful R-module and consider the following two conditions:

(1) A= R x M is an almost Gorenstein local ring.

(2) M =2 R or M = p as an R-module for some p € Spec R such that R/p is a reqular
local Ting of dimension d — 1.

Then the implication (2) = (1) holds. If R/m is infinite, the reverse implication (1) = (2)

1s also true.

Proof. (2) = (1) We may assume M = p, where p € Spec R such that R/p is a regular
local ring of dimension d — 1. We choose a subsystem fs, f3,..., f4 of parameters of R so

that m=p-+ (f27f37"'7fd) and set q= (f27f37"'7fd)' Then

p/ap = [p+q]/qg=m/qg

and hence A/qA = R/q x m/q. Therefore A/qA is an almost Gorenstein local ring by
[14, Corollary 6.4] and hence A is an almost Gorenstein local ring by Theorem 3.7.

(1) = (2) Suppose that R/m is infinite and let p € Ass R. Then Ay = R, X M,
and M, # (0). Because Q(A) is a Gorenstein ring, we get M, = Kg, = R, ([22]). Hence
Q(R) ®r M = Q(R) and therefore we have an exact sequence

(1) 0—>R—>M-—>X—0

of R-modules such that Q(R)®r X = (0). Notice that X is a Cohen-Macaulay R-module
of dimension d — 1, because X # (0) and depthy M = d. Take the Kg-dual (in fact,
Kgr = R) of exact sequence (f;) and we get the exact sequence

0— MY 5 R— Exth(M,Kg) =0

of R-modules. Let I = o(M"Y). Then M = IV and R/I is a Cohen-Macaulay local ring
of dimension d — 1. Consequently, because A = R x I is an almost Gorenstein local
ring, by Theorem 6.1 R contains a parameter ideal @ = (f1, fa, ..., fq) such that f; € I,
m(l +Q) =mQ, and (I +Q)?> = QI + Q). We set q = (fo, f3,..., f4). Then, since
QCI+Q CQ:gmand R is a Gorenstein local ring, we have either ) = [ 4+ @) or
I+ Q = Q ‘r M.
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IfQ=1+0@Q, then

rc@ni=|[(fi)+ani=(fi)+al,
since qN I = ql, so that I = (f;) = R. Therefore M = Y = R, which is impossible.
Hence I+ Q =@ :gmand I € Q. Choose x € I\ Q. We then have [ +Q = Q + (x) and
therefore I = [(Q + (x)] N1 = (f1,2) + ql, so that I = (fi,z). Notice that ug(I) = 2,
because I 22 R. Let p = (f1) :gr . Then I/(f1) = R/p and hence dim R/p < d. On the
other hand, thanks to the depth lemma applied to the exact sequence

(#2) 0—R-251—R/p—0

of R-modules where ¢(1) = fi, we get depth R/p > d — 1. Hence dimR/p = d — 1. Set
R=R/q, m=mR, and [ = [R. Then m-I C (f1), where f; denotes the image of f; in
R. Since [ = R®pg I, we see

RerR/Ip2Rp[I/(f)]=1/(f1)

and therefore m = p 4 q, because m-(1/(f1)) = (0). Thus R/p is a regular local ring. Now
we take the Kg-dual of exact sequence (f3) and get the exact sequence

0—IY— R— Extp(R/p,Kr) — 0

of R-modules. Because Ext},(R/p, Kr) = R/p, we then have IV = p. Hence M = [V = p
as R-modules, which proves the implication (1) = (2). O

When R contains a prime ideal p such that R/p is a regular local ring of dimension
d — 1, we have the following characterization for A = R X p to be an almost Gorenstein
local ring, which is an extension of [14, Theorem 6.5].

Theorem 6.3. Let (R,m) be a Cohen-Macaulay local ring of dimension d > 1, which
possesses the canonical module Kg. Suppose that R/m is infinite. Let p € Spec R and
assume that R/p is a regular local ring of dimension d — 1. Then the following conditions
are equivalent.

(1) A= R x p is an almost Gorenstein local ring.
(2) R is an almost Gorenstein local ring.

Proof. By [14, Theorem 6.5] we may assume that d > 1 and that our assertion holds true
for d — 1.

(1) = (2) Let 0 > A - K4 — Y — 0 be an exact sequence of A-modules such that
pa(Y) =e2(Y), where n = m x p is the maximal ideal of A. Let us choose a parameter
f of R so that f is superficial for Y with respect to n and R/[p + (f)] is a regular local
ring of dimension d — 2. Then A/fA is an almost Gorenstein local ring (see the proof of
Theorem 3.7 (2)) and

A/fA=R/(f) xp/fp=R/(f)x p+ (N]/(F),

which shows R/(f) is an almost Gorenstein local ring. Thus R is almost Gorenstein by
Theorem 3.7.

(2) = (1) We consider the exact sequence 0 - R — Kr — X — 0 of R-modules
with up(X) = €2(X) and choose a parameter f of R so that f is superficial for X with
respect to m and R/[p + (f)] is a regular local ring of dimension d — 2. Then because
AJfAZR/(f) % [p+ (f)]/(f), the ring A/fA is an almost Gorenstein local ring. Hence

by Theorem 3.7 A is an almost Gorenstein local ring. 0
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The following example extends [14, Example 6.10].

Example 6.4. Let (R,m) be a Gorenstein local ring of dimension d > 1 and infinite
residue class field. Let p € Spec R and assume that R/p is a regular local ring of dimension
d—1. We set A= R x p. Then, thanks to Theorem 6.3, A is an almost Gorenstein local
ring. Therefore because p x p € Spec A with A/[p x p] = R/p, setting

R (n=0) p (n=0)
R, = ) Pn = >
R, 1 X Prn—1 (n > 0) Prn—1 X Pp_1 (n > O)

we get an infinite family { R, },>o of almost Gorenstein local rings. Notice that R, is not
a Gorenstein ring, if n > 2 ([14, Lemma 6.6]).

7. GENERALIZED GORENSTEIN LOCAL RINGS

Throughout this section let (R, m) denote a Noetherian local ring of dimension d > 0.
We explore a special class of almost Gorenstein local rings, which we call semi-Gorenstein.
We begin with the definition.

Definition 7.1. We say that R is a semi-Gorenstein local ring, if R is an almost Goren-
stein local ring, that is R is a Cohen-Macaulay local ring having a canonical module Kp
equipped with an exact sequence

) 0> R—-Kr—C—0

of R-modules such that pr(C) = €2 (C), where either C' = (0), or C' # (0) and there exist
R-submodules {C;},<i<¢ of C such that C' = @_,C; and up(C;) =1 for all 1 <4 < /.

Therefore, every Gorenstein local ring is a semi-Gorenstein local ring (take C' = (0)) and
every one-dimensional almost Gorenstein local ring is semi-Gorenstein, since mC' = (0).
We notice that in exact sequence () of Definition 7.1, if C' # (0), then each C; is a cyclic
Ulrich R-module of dimension d — 1, whence C; = R/p; for some p; € Spec R such that
R/p; is a regular local ring of dimension d — 1.

We note the following. This is no longer true for the almost Gorenstein property, as we
will show in Section 9 (see Remark 9.12).

Proposition 7.2. Let R be a semi-Gorenstein local ring. Then for every p € Spec R the
local ring R, is semi-Gorenstein.

Proof. We may assume that R is not a Gorenstein ring. Choose an exact sequence
0—-R—-Kr—>C—=0

of R-modules which satisfies the condition in Definition 7.1. Hence C' = @®!_, R/p;, where
for each 1 < i < ¢, p; € Spec R and R/p; is a regular local ring of dimension d — 1. Let
p € Spec R. Then since Kg, = (Kg),, we get an exact sequence

0— Ry - Kg, - Cp, —0

of Ry-modules, where C, = @, Ry /i Ry is a direct sum of finite cyclic Ulrich R,-modules
R, /p; Ry, so that by definition the local ring R, is semi-Gorenstein. 0

Let us define the following.

Definition 7.3 (cf. [5]). An almost Gorenstein local ring R is said to be pseudo-
Gorenstein, if r(R) < 2.
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Proposition 7.4. Let R be a pseudo-Gorenstein local ring. Then R is semi-Gorenstein
and for every p € Spec R the local ring R, is pseudo-Gorenstein.

Proof. We may assume that r(R) = 2. Because R is not a regular local ring, in the exact
sequence 0 — R 5 K — C — 0 of Definition 3.3 we get (1) ¢ mKg by Corollary
3.10, whence pgr(C) = pr(Kgr) — 1 = 1. Therefore R is semi-Gorenstein, and the second
assertion follows from Proposition 7.2. 0

We note one example.

Example 7.5. Let k[[t]] be the formal poser series ring over a field k. For an integer
a > 4 we set
R=k[t""|0<i<a—1buti#a—2]
in k[[t]]. Then Kr = R+ Rt ' and mKgz C R. Hence R is a pseudo-Gorenstein local
ring with r(R) = 2.
Whether C' is decomposed into a direct sum of cyclic R-modules depends on the choice

of exact sequences 0 -+ R — K — C' — 0 with up(C) = €2(C), although R is semi-
Gorenstein. Let us note one example.

Example 7.6. Let S = k[X,Y] be the polynomial ring over a field k£ and consider the
Veronesean subring R = k[X* X3Y, X2Y2 XVY3 Y4 of S with order 4. Then Kp =
(X3Y, X?Y? XY?) is the graded canonical module of R. The exact sequence

0= R5Kg(l) = R/(XPY, X?Y2, XY3 YY) @ R/(X* XY, X?Y2, XY?) = 0

of graded R-modules with (1) = X2Y? shows that the local ring Ry is semi-Gorenstein,
where 9t = R,. However in the exact sequence

O—>RE>KR(1)—>D—>0

with (1) = XY, Dgy is an Ulrich Ry-module of dimension one, but Dy is indecompos-
able. In fact, setting A = Ryy and C' = Dgy, suppose C' = A/p; & A/p, for some regular
local rings A/p; (p; € Spec A) of dimension one. Let a = XY3A 14 (X3Y, X?Y?2 XY?3)A.
Then a = (0) :4 C' = p; NP2, so that a should be a radical ideal of A, which is impossible,
because XY? € a but X3Y ¢ a.

Let us examine the non-zerodivisor characterization.

Theorem 7.7. Suppose that R/m is infinite. If R is a semi-Gorenstein local ring of
dimension d > 2, then R/(f) is a semi-Gorenstein local ring for a general non-zerodivisor
fem\m?

Proof. We may assume R is not a Gorenstein ring. We look at exact sequence (f) 0 —
R — Kgr — C — 0 of Definition 7.1, where C' = @/_] R/p; (r = r(R)) and each R/p; is
a regular local ring of dimension d — 1. Then R/(f) is a semi-Gorenstein local ring for

every f € m such that f & Uf:l[m2 + 9 UUpcass r P- O

We now give a characterization of semi-Gorenstein local rings in terms of their minimal
free resolutions, which is a broad generalization of [14, Corollary 4.2].

Theorem 7.8. Let (S,n) be a regular local ring and a C S an ideal of S with n = htga.
Let R = S/a. Then the following conditions are equivalent.

(1) R is a semi-Gorenstein local ring but not a Gorenstein ring.
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(2) R is Cohen-Macaulay, n > 2, r = r(R) > 2, and R has a minimal S-free resolution
of the form:

0—>Fn:S’“M>Fn,1:Sq—>Fn,2—>-~—>F1—>F0:S—>R%O

where
Yo1Y22 -+ Yoo Y31Y32: - -Y3e o YrilUr2t ot Yre R1%2 0 2y
To1X22 "+ * Ty 0 0 0 0
M = 0 23132+ -x3 0 0 0 :
0 0 0 Lp1lyg - Ty 07

C=n+1,q>r—00 m=q— (r—1)¢, and x4,%;2,...,xy is a part of a reqular
system of parameters of S for every 2 < <r.

When this is the case, one has the equality
a= (21,2, 2m) + Y Lo (HL42 0 by,
i=2

where 13(N) denotes the ideal of S generated by 2 x 2 minors of the submatric N =
(3 43 = 2%) of ML
Proof. (1) = (2) Choose an exact sequence

05> RE5Kr—C—=0

of R-modules so that C' = &]_,S/p;, where each S/p; (p; € Spec S) is a regular local ring
of dimension d — 1. Let p; = (x;; | 1 < j < {) with a part {z;;}1<j</ of a regular system
of parameters of S, where £ =n+ 1 (= htgp;). We set fi = p(1) € Kg and consider the
S-isomorphism

Kr/Sfi —2 S/ps @ S/ps @ -+ ® S/p,,

choosing elements { f; € Kg}o<i<, so that

O(F) = (0,...,0,1,0...,0) € S/ps@® S/ps @ --- B S/py,

where f; denotes the image of f; in Kz/Sf;. Hence {f;}1<i<, is a minimal system of
generators of the S-module Kg. Let {e;}1<;<, denote the standard basis of S™ and let
e : 8" — Kg be the homomorphism defined by e(e;) = f; for each 1 < i < r. We now
look at the exact sequence
0—>L—S =5 Kp—0.

Then because mwﬁ = 0in Kgr/Sfi, we get y;; f1 + x5 fi = 0 in Kg for some y;; € n. Set
a;; = Yij€1 + Ti;€; € L for each 2 S 1 S r and 1 S j S ¢. Then {az‘j}ggisr71§j§g is a part
of a minimal basis of L, because {z;;}1<j</ is a part of a regular system of parameters of
S (use the fact that L C nS"). Hence ¢ > (r — 1){.

Let a € L and write a = >, a;e; with a; € S. Then a; € p; = (x;; | 1 < j < () for
every 2 < i < r, because y . , aifi = 0 in Kg/Sf,. Therefore, writing a; = Z§=1 CijTij
with ¢;; € S, we get a — >"'_, ¢;;a;; = cey for some ¢ € S, which shows L is minimally
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Ul >

the S-module K = Ext¢(R, S) possesses a minimal free resolution
o8t e S Ke 0
with ¢ = m+(r—1)¢, in which the matrix M has the required form. Since R = Ext§(Kg, S)
([19, Satz 6.1]), the minimal S-free resolution of R is obtained, by taking the S-dual, from
the minimal free resolution of Kg, so that assertion (2) follows.
(2) = (1) We look at the presentation
51 5 S Ky 0

of Kp = Ext$(R, S). Let {e;}1<i<, be the standard basis of S™ and set f; = (e;). Then
Kp/Rfi 2= S"/[Im"M + Se)] = €D /(i | 1 <j < 0),
i=2

where each S/(z;; | 1 < j < /) is a regular local ring of dimension d — 1, so that R is a
semi-Gorenstein local ring, because the sequence

0> R5Kp—ES/(x|1<j <) =0

1=2

is exact by Lemma 3.1 (1), where ¢(1) = f;. This completes the proof of equivalence

(1) & (2).
To prove the last equality in Theorem 7.8, we need a preliminary step. Let S be
a Noetherian local ring. Let * = z1,x9,...,2y be a regular sequence in S and y =

Y1, Ya, - - -, Yo @ sequence of elements in S. We denote by K = K, (x, 5) the Koszul complex
of S associated to z1, g, ...,xp and by L = K,(y, S) the Koszul complex of S associated
to Yy = y1,92,...,ys. We consider the diagram.

o of

K24>K1:L1

Lo(’!/; S) =S

and set L = 97 (Ker 0¥). Then because Ker 9% = Im 9%, we get the following.
Lemma 7.9. L = (2,yp —2pya | L <a< <) =L (52 0%).

Let us now check the last assertion in Theorem 7.8. We maintain the notation in the
proof of implication (1) = (2). Let a € S. Then a € a if and only if af; = 0, because
a = (0) :s Kg. The latter condition is equivalent to saying that

aer = Y cij(yijes + xyjer) + Y di(zker)
k=1

ey, x>

for some ¢;;, di, € S, that is

r J4 m 4
a= Z (Z cijyij> + dezk and Z%%’j =0 forall 2<i<r.
k=1

i=2 \j=1 j=1
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¢
If 375, cijzij = 0, then by Lemma 7.9 we get
¢
Yil Yi2 - Yie
§ CijYij € IQ (ﬂle yiz CU;/Z) )
j=1
because x;1, T, ..., x; is an S-sequence. Hence
T
Yil Yi2 - Yie
aC (217227---72771) + E 12<x11 Yia - xze)
i=2

To see the reverse inclusion, notice that z, € a for every 1 < k < m, because z;f; = 0.
Let 2<i<rand 1 <a< p </ Then since

(TiaVip — TigYia)€1 = Tin(Vige1 + Tip€i) — Tig(Yin€1 + Tin€i) € Kere,

we get (Tialip — TipTia)f1 = 0, so that z,,Yig — TigYia € a. Thus (z1,22,...,2m) +
S oL (¥t yz i ¥ie) C a, which completes the proof of Theorem 7.8. O

Corollary 7.10. With the notation of Theorem 7.8 suppose that assertion (1) holds true.
We then have the following.
(1) If n =2, then r =2 and q = 3, so that "M = (2! ¥22 923,
(2) Suppose that a C n®. If R has mazimal embedding dimension, then r = n and
g=n?—1, so that m = 0.

Proof. (1) Since n =2, we get g=r+1> (r —1){. Hence 2 > (r — 1)({ — 1) = 2(r — 1),
as { = 3. Hence r =2 and q = 3.

(2) We set v = fpr(m/m?) (= dimS), ¢ = €2(R), and d = dim R (= v — n). Since
v =e+d—1, we then have r = v —d = n, while ¢ = (e — 2)-(_°,) by [24]. Hence
q=n?>—1=(r —1)¢, so that m = 0. O

One cannot expect m = 0 in general, although assertion (1) in Theorem 7.8 holds true.
Let us note one example.

Example 7.11. Let V' = k[[t]] be the formal power series ring over a field k& and set
R = K[[t>, 15,17, ¢%]]. Let S = k[[X,Y,Z, W]] be the formal power series ring and let
¢ : S — R be the k-algebra map defined by p(X) = 5, ¢p(Y) = 5, ¢(Z) = t7, and
©(W) =1t Then R has a minimal S-free resolution of the form

0-552Ms6 495 5 R0,

M — (W X2 XY YZ Y2-XZ Z2-XW ; . o _
where "M = (W} X7 XY Yz yi XW). Hence R is semi-Gorenstein with r(R) = 2 and

Kero=(Y?-XZ2° - XW)+1 (WX Xyvz).

8. ALMOST GORENSTEIN GRADED RINGS

We now explore graded rings. In this section let R = @, ., R, be a Noetherian graded
ring such that k = Ry is a local ring. Let d = dim R and let 91 be the unique graded
maximal ideal of R. Assume that R is a Cohen-Macaulay ring, admitting the graded
canonical module Kg. The latter condition is equivalent to saying that k£ = Ry is a
homomorphic image of a Gorenstein ring ([17, 18]). We put a = a(R). Hence a =
max{n € Z | [Hi(R)]n # (0)} = —min{n € Z | [Kg|n # (0)}.
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Definition 8.1. We say R is an almost Gorenstein graded ring, if there exists an exact
sequence 0 — R — Kg(—a) — C' — 0 of graded R—modules such that pug(C') = eX(C).
Here Kg(—a) denotes the graded R-module whose underlying R-module is the same as
that of K and the grading is given by [Kg(—a)], = [Kg]n—q for all n € Z.

The ring R is an almost Gorenstein graded ring, if R is a Gorenstein ring. As (Kg)m =
Kpg,,, the ring Rgy is an almost Gorenstein local ring, once R is an almost Gorenstein
graded ring.

The condition stated in Definition 8.1 is rather strong, as we show in the following.
Firstly we note:

Theorem 8.2 ([13]). Suppose that A is a Gorenstein local ring and let I (# A) be an
ideal of A. If gr;(A) = €D, 5o I"/I™* is an almost Gorenstein graded ring, then gr;(A)
is a Gorenstein ring. B

We secondly explore the almost Gorenstein property in the Rees algebras of parameter
ideals. Let (A, m) be a Gorenstein local ring of dimension d > 3 and Q = (a1, as, ..., aq)
a parameter ideal of A. We set R = R(Q) = A[Qt] C A[t], where ¢ is an indeterminate.
We then have the following.

Theorem 8.3. The Rees algebra R = R(Q) of Q is an almost Gorenstein graded ring if
and only if @ = m (and hence A is a regular local ring).

To prove Theorem 8.3, we need some preliminary steps. Let B = A[X;, Xo, ..., X4] be
the polynomial ring and let ¢ : B — R be the homomorphism of A-algebras defined by
¢(X;) = a;t for all 1 < i < d. Then ¢ preserves grading and Kerp = I, (%1 42 - 54) is a

perfect ideal of B, since dim R = d + 1. Therefore R is a Cohen-Macaulay ring. Because
M = /(X1 {Xis1 — @i }1<ica—1, —aq) R and

R/(X1,{Xis1 — aiti<ica1, —aq)R = Af[(a1) + (az, a3, . . ., aq)?],

we get 1(R) = r(A/[(a1) + (as,as,...,aq)?]) =d—1 > 2. Hence R is not a Gorenstein
ring.
I%et G = grg(A) and choose the canonical Q-filtration w = {wy fnez of A which satisfies

the following conditions ([13, HTZ]).

(i) w, = A, if n <d and w, = Q" %wy, ift n > d.

(ii) [R(w)]+ = Kg and gr, (A)(—1) = Kg as graded R—modules, where R(w) =

ano wpt™ and gr (A) = @nzo Wn /W1

On the other hand, since G = (A/Q)[T},T5, ..., Ty is the polynomial ring, we get K =
G(—d). Therefore wy_1/wy = A/Q by condition (ii) and hence wy = @, because wy_1 = A
by condition (i). Consequently w, = Q"4+ for all n > d. Therefore Kp = del At +

Rt?1, so that we get the exact sequence 0 — R AN Kz(1) = C — 0 of graded R-modules,
where (1) = t. Hence a(R) = —1, because C,, = (0), if n < 0.

Let f = t¢1 denote the image of %! in C' and put D = C/Rf. Then it is standard
to check that (0) :x C' = (0) :x f = Q¥ *R. Hence D = 3.9 D, is a finitely graded
R-module and £4(D) < oo.

Let R = R/Q% 2R and look at the exact sequence

(1) 0-R2-—d)S5C—-D—=0
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of graded R-modules, where (1) = f. Then since Ry = A/Q%? is an Artinian local
ring, the ideal MR of R contains [R|+ = (ait,ast,...,aqt)R as a reduction. Therefore
thanks to exact sequence (f), we get efy(C) = ey ~(C) = e?ﬁH(C) = e([%H(R), because

{4(D) < oo but dimz C' = dim R = d. In order to compute e?ﬁh(R)’ it suffices to see the

Hilbert function ¢4 ([R],). Since
Ca([R]n) = £a(A/Q"H72) = £a(A/Q™) = La(A/Q)- [("7370) = (™71

for all n > 0, we readily get e, (C) = e([%H(R) = (4(A/Q)(d—2). Summarizing the above

observations, we get the following, because ur(C) =1r(R) —1=d — 2.
Lemma 8.4. ur(C) = e} (C) if and only if L4(A/Q) =1, i.e., Q = m.
We are now ready to prove Theorem 8.3.

Proof of Theorem 8.3. If Q@ = m, then ug(C) = eJ,(C) by Lemma 8.4. Let us show the
only if part. Since R is an almost Gorenstein graded ring, we get an exact sequence
0 - R % Kg(l) = X — 0 of graded R-modules such that pr(X) = ey (X). Let
¢ = p(1) € [Kg]; = At and remember that & ¢ MKy (Corollary 3.9). We then have
¢ = et for some € € U(A) and therefore X = C = (Kg/Rt)(1) as a graded R-module.
Hence @ = m by Lemma 8.4, because pur(X) = 9 (X). O

We thirdly explore the almost Gorenstein property in the polynomial extensions.

Theorem 8.5. Let (R,m) be a Noetherian local ring with infinite residue class field. Let
S = R[Xy, Xy,...,X,] be the polynomial ring and consider S to be a Z-graded ring such
that So = R and deg X; = 1 for every 1 < ¢ < n. Then the following conditions are
equivalent.

(1) R is an almost Gorenstein local ring.
(2) S is an almost Gorenstein graded ring.

Proof. We put 9 =mS + S5,

(2) = (1) This follows from Theorem 3.9, because Sgy is an almost Gorenstein local
ring and the fiber ring Sgy /mSyy is a regular local ring.

(1) = (2) We may assume that R is not Gorenstein. Hence d = dim R > 0. Choose an
exact sequence

(#1) 0>R—->Krg—C—0

of R-modules so that ur(C) = €% (C) and consider R to be a Z-graded ring trivially.
Then, tensoring sequence (f;) by S, we get the exact sequence

() 05S—>SrKr— S®rC =0

of graded S-modules. Let D = S ®g C. Then D is a Cohen-Macaulay graded S-module
of dimD = dimgC +n = dim S — 1. We choose elements fi, fo,..., fq—1 € m so that
mC = qC, where q = (f1, f2, ..., fa—1). Then

so that pug(D) = e9;(D). Therefore, exact sequence (#) shows S to be an almost Goren-
stein graded ring, because a(S) = —n and S ®r Kr = Kg(n). O
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Corollary 8.6. Let (R, m) be an Artinian local ring and assume that the residue class field
R/m of R is infinite. If the polynomial ring R[X1, Xo, ..., X,] is an almost Gorenstein
graded ring for some n > 1, then R is a Gorenstein ring.

The last assertion of the following result is due to S.-i. Iai [20, Theorem 1.1].

Corollary 8.7. Let (R,m) be a Noetherian local ring with d = dim R > 0 and infinite
residue class field. Assume that R is a homomorphic image of a Gorenstein local ring.
We choose a system ay,as, ..., aq of parameters of R. Let 1 <r < d be an integer and set
q = (ay,as,...,a,). If gr,(R) is an almost Gorenstein graded ring, then R is an almost
Gorenstein local ring. In particular, R is a Gorenstein local ring, if r = d and gr,(R) is
an almost Gorenstein graded ring.

Proof. The ring R is Cohen-Macaulay, because the associated graded ring gr,(R) of g
is Cohen-Macaulay. Hence ay,as,...,a, forms an R-regular sequence, so that grq(R) =
(R/q)[ X1, Xo, ..., X,]is the polynomial ring. Therefore by Theorem 8.5, R/q is an almost
Gorenstein local ring, whence R is almost Gorenstein. Remember that if » = d, then R
is Gorenstein by Corollary 8.6, because dim R/q = 0. U

Unfortunately, even though Ry is an almost Gorenstein local ring, R is not necessarily
an almost Gorenstein graded ring. We explore one example.

Example 8.8. Let U = k[s, t] be the polynomial ring over a field k£ and look at the Cohen-
Macaulay graded subring R = k[s, s3t, s3t?, s3t3] of U. Then Ry is almost Gorenstein.
In fact, let S = k[X,Y,Z, W] be the weighted polynomial ring such that deg X = 1,
degY =4, degZ =5, and degW = 6. Let ¢ : S — R be the k-algebra map defined by
Y(X) =5, p(Y) =%, ¥(Z) = $3%% and (W) = s*3. Then Keryp = I, (XY, Z) and
the graded S-module R has a graded minimal free resolution

()§Z/3 V}%/) (A1 Az A3) Y
0—S5(-13) ¢ S(—14) —=——= S(-10) & S(-9) e S(-8) ———= S > R—0,
where Ay = Z2 — YW, Ay = X3W — Y Z, and A3 = Y? — X3Z. Therefore, because
Ks = S(—16), taking the Kg-dual of the resolution, we get the presentation
(V%)
(#) S(=6) & S(=7) & 5(=8)
of the graded canonical module Ky of R. Hence a(R) = —2. Let £ = ((})) € [Kgs and

we have the exact sequence 0 — R 2 Kx(3) — S/(Y, Z,W)(1) — 0 of graded R-modules,
where ¢(1) = £. Hence Ryy is a semi-Gorenstein local ring. On the other hand, thanks
to presentation (f) of K, we know [Kglo = kn # (0), where n = £((})). Hence if R

is an almost Gorenstein graded ring, we must have ur(Kgr/Rn) = e (Kr/Rn), which is
impossible, because Kr/Rn = [S/(X3,Y, Z)](-3).

S(=3)® S(—2) = Kr — 0

This example 8.8 seems to suggest a correct definition of almost Gorenstein graded
rings might be the following: there exists an exact sequence 0 — R — Kg(n) - C — 0
of graded R-modules for some n € Z such that up(C) = €3 (C). We would like to leave
further investigations to readers as an open problem.
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9. ALMOST GORENSTEIN ASSOCIATED GRADED RINGS

The purpose of this section is to explore how the almost Gorenstein property of base
local rings is inherited from that of the associated graded rings. Our goal is the following.

Theorem 9.1. Let (R, m) be a Cohen-Macaulay local ring with infinite residue class field,
possessing the canonical module Kg. Let I be an m-primary ideal of R and let gr;(R) =
B, I"/I™ be the associated graded ring of I. If gr;(R) is an almost Gorenstein graded
ring with r(gr;(R))) = 1(R), then R is an almost Gorenstein local ring.

Theorem 9.1 is reduced, by induction on dim R, to the case where dim R = 1. Let us
start from the key result of dimension one. Our setting is the following.

Setting 9.2. Let R be a Cohen-Macaulay local ring of dimension one. We consider a
filtration F = {1, }nez of ideals of R. Therefore {I, },ez is a family of ideals of R which
satisfies the following three conditions: (1) I, = Rforalln <0but I} # R, (2) I, 2 1,11
for all n € Z, and (3) I,I,, C I,pyp for all m,n € Z. Let t be an indeterminate and we set

= It" C R[]

n>0

R =R/(F) => Lt C R[t,t""], and
nez
G = G(F) = R/(F)/tT'R/(F).
We call them respectively the Rees algebra, the extended Rees algebra, and the associated
graded ring of F. We assume the following three conditions are satisfied:

(1) R is a homomorphic image of a Gorenstein ring,
(2) R is a Noetherian ring, and
(3) G is a Cohen-Macaulay ring.

Let a(G) = max{n € Z | [Hy(G)]. # (0)} ([17]), where {[Hy(G)], }nez stands for
the homogeneous components of the first graded local cohomology module Hi,(G) of G
with respect to the graded maximal ideal 9 = mG + G4 of G. We set ¢ = a(G) + 1
and K = Kg. Then by [13, Theorem 1.1] we have a unique family w = {wy}nez of
R-submodules of K satisfying the following four conditions:

(1) wp 2 wpy for all n € Z,

(i) w, = K for all n < —¢,
(iii) mwn C Wiy for all m,n € Z, and
(iv) Krr & R/(w) and K¢g = G(w)( 1) as graded R’-modules,
where R'(w) = Y, cpwat” C K[t,t7'] and G(w) = R'(w)/t7'R/(w), and Kg/ and K¢
denote respectively the graded canonical modules of R' and G. Notice that [G(w)], = (0)
if n < —c (see condition (ii)).

With this notation we have the following.

Lemma 9.3. There exist integers d > 0 and k > 0 such that wg, . = Igfkwdk,c for all
n > k.

Proof. Let L = R(w)(—c), where R(w) = > qwnt" C KJ[t]. Then L is a finitely
generated graded R-module such that L, = (0) for n < 0. We choose an integer d > 0
so that the Veronesean subring R4 = ano Ran of R with order d is standard, whence
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R@ = R[R4. Then, because L@ = Y _ L, is a finitely generated graded R@-
module, we may choose a homogeneous system { f;}1<;<, of generators of L(9) so that for
each 1 <</
fi € [L DT, = [R(w)]as—e

with k; > £. Setting k = max{k; | 1 <i </}, for all n > k we get

¢

Wan—c © Z Litn—kpWaks—c S I Fwap—c,
i=1

as asserted. O

Let us fix an element f € K and let £ = ft=¢ € G(w)(—c) denote the image of
ft7¢ € R'(w) in G(w). Assume (0) :¢ & = (0) and consider the following short exact
sequence

(E) 0G5 Gw)(—c) = C =0,
of graded G-modules, where ¢)(1) = £. Then C}, = (0) for all p € AssG, because [G(w)], =
[Kalp = Kg, as Gy-modules by condition (iv) above and (¢, (Gy) = {a, (Ke,) ([19, Korollar
6.4]). Therefore ((C) = {(C) < oo since dim G = 1, so that C is finitely graded. We
now consider the exact sequence

R 5 R (w)(—c) = D —=0
of graded R’-modules defined by ¢(1) = ft=¢. Then C' = D/uD as a G-module, where
u = t~!. Notice that dimR'/p = 2 for all p € AssR/, because R’ is a Cohen-Macaulay
ring of dimension 2. We then have D, = (0) for all p € AssR/, since dimg' D < 1.
Hence the homomorphism ¢ is injective, because R'(w) = Kgs by condition (iv) and
lry ([RN(w)]p) = lrrp([Krrlp) = lrip(Kry) = lry(R,) for all p € AssR’. The snake lemma
shows u acts on D as a non-zerodivisor, since u acts on R'(w) as a non-zerodivisor.

Let us suppose that C' # (0) and set S = {n € Z | C,, # (0)}. We write S = {n; <
ng < --- < ny}, where £ = £S5 > 0. We then have the following.

Lemma 9.4. D, = (0) ifn > n, and D, = K/Rf if n < 0. Consequently, {r(K/Rf) =
(r(C).

Proof. Let n > ny. Then C,, = (0). By exact sequence (E) above, we get I,,/I,11 =
Wh—c/Wn+1—c, whence wy,_. = I, f +wy41-.. Therefore w, —c C I, f +w, for all ¢ € Z. By
Lemma 9.12 we may choose integers d > 0 and k& > 0 so that

Wn—c - Inf + Wam—c - Inf + IZlnikf
for all m > k. Consequently, w,_. = I,,f. Hence D, = (0) for all n > n,. If n <0, then
D, = [R'(w)(—¢)|n/Ri,f = K/Rf (see condition (ii) above). To see the last assertion,
notice that because S = {n; < ny < -+ < g}, D, = u"™D,, = D,, if n <ng and
D, = u"+1 "D =D if 1 <i </ and n; <n < n;yp. Therefore since D,, = (0) for
n > ng, we get

Ni+1 Mi4+1

¢
(R(E/Rf) = tr(Do) = tr(Dy,) = > Lr(Cn,) = (r(C).

=1
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Exact sequence (E) above now shows the following estimations. Remember that r(R) <
(@), because Kg[t] = K[t,t7!] so that pur(K) < ug(Kg).

Proposition 9.5. 1(R) — 1 <1(G) — 1 < pe(C) < l(C) = lr(C) = Lr(K/Rf).
We are now back to a general situation of Setting 9.2.

Theorem 9.6. Let G be as in Setting 9.2 and assume that G is an almost Gorenstein
graded ring with v(G) = r(R). Then R is an almost Gorenstein local ring.

Proof. We may assume that G is not a Gorenstein ring. We choose an exact sequence
0— G5 Gw)(—c) = C =0

of graded G-modules so that C' # (0) and 9MC = (0). Then ug(C) = La(C). We set
¢ = ¢(1) and write £ = ft—< with f € K. Hence (0) :¢ & = (0). We now look at the
estimations stated in Proposition 9.5. If r(R) — 1 = ¢5(C), then (r(K/Rf) = pr(K/Rf)
because 1(R) — 1 = pr(K) — 1 < pr(K/Rf) < lr(K/Rf) = {s(C), so that m-(K/Rf) =
(0). Consequently, we get the exact sequence

0-R5K— K/Rf -0

of R-modules with ¢(1) = f, whence R is an almost Gorenstein local ring. If r(R) — 1 <
lc(C), then (1) € M-[G(w)(—c)] because r(G) — 1 < ug(C), so that Gy is a discrete
valuation ring. This is impossible, since G is not a Gorenstein ring. 0

The converse of Theorem 9.6 is also true when G satisfies some additional conditions.
To see this, we need the following. Recall that our graded ring G is said to be level, if
Kg = G-[Kg]—q, where a = a(G). Let R denote the m-adic completion of R.

Lemma 9.7. Suppose that Q(R) is a Gorenstein ring and the field R/m is infinite. Let
us choose a canonical ideal K of R so that R C K C R. Let a € m be a reqular element
of R such that I = aK C R. We then have the following.

(1) Suppose that G is an integral domain. Then there is an element f € K \ wi_
so that af € I generates a minimal reduction of I. Hence (0) :q & = (0), where
E=ftee Gw)(—c).

(2) Suppose that Q(G) is a Gorenstein ring and G is a level ring. Then there is
an element f € K such that af € I generates a reduction of I and Gp-% =

éG(w()()—c)]p = Gy for allp € AssG, where £ = ft=¢ € G(w)(—c). Hence (0) :¢
= (0).

Proof. (1) Let L = w;_.. Then aL C aK = I, since L C K. We write [ = (x1,2z2,...,x,)
such that each x; generates a minimal reduction of I. Choose f = z; so that z; € L,
which is the required one.

(2) Let M = G(w)(—c). Then since M = G-M, and M, # (0), My € pM, N M for
any p € AssG. Choose an element f € K so that af generates a reduction of I and
&= ftc¢gpM,N M for any p € AssG. Then Gp~§ = M, for all p € AssG, because
M, = G,. OJ

Theorem 9.8. Suppose that R is an almost Gorenstein local ring and the field R/m is
infinite. Assume that one of the following conditions is satisfied:

(1) G is an integral domain;
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(2) Q(G) is a Gorenstein ring and G is a level ring.
Then G is an almost Gorenstein graded ring with r(G) = r(R).

Proof. The ring Q(ﬁ) is Gorenstein, since R is an almost Gorenstein local ring. Let K
be a canonical ideal of R such that R C K C R. We choose an element f € K and a € m
as in Lemma 9.7. Then ugr(K/Rf) =1r(R) — 1, since f is a part of a minimal system of
generators of K (recall that af generates a minimal reduction of I = aK). Therefore by
Proposition 9.5, r(G) = r(R) and 9MM-C = (0), whence G is an almost Gorenstein graded
ring. 0
Suppose that (R, m) is a complete local domain of dimension one and let V' = R. Hence

V' is a discrete valuation ring. Let n be the maximal ideal of V' and set [,, = n" N R for
each n € Z. Then F = {I,},ez is a filtration of ideals of R. We have I; = m and
G(F) (Cgr, (V) = @, -on"/n""!) is an integral domain. The ring R(F) is Noetherian,
since n” C R for all n > 0. Therefore, applying Theorems 9.6 and 9.8 to this setting, we
readily get the following, where the implication (2) = (1) is not true in general, unless
1(G) = r(R) (see Example 9.13).
Corollary 9.9 (cf. [4, Proposition 29]). Let R and F be as above and consider the
following conditions.

(1) R is an almost Gorenstein local ring;

(2) G is an almost Gorenstein graded ring and r(G) =r(R).
Then the implication (2) = (1) holds true. If the field R/m is infinite, the converse is
also true.

To prove Theorem 9.1, we need one more result.

Proposition 9.10. Let G = Go[G1] be a Noetherian standard graded ring. Assume that
Gy is an Artinian local ring with infinite residue class field. If G is an almost Gorenstein
graded ring with dim G > 2, then G/(x) is an almost Gorenstein graded ring for some
non-zerodivisor x € (1.

Proof. We may assume that G is not a Gorenstein ring. Let m be the maximal ideal of
Go and set M = mG + G. We consider the sequence

0—>G—Kg(—a)—C—=0

of graded G-modules such that pg(C) = e3;(C), where a = a(G) is the a-invariant of G.
Then because the field Go/m is infinite and the ideal G, = (G) of G is a reduction of 9N,
we may choose an element x € GG; so that x is G-regular and superficial for C' with respect
to M. We set G = G/(z) and remember that z is C-regular, as dimg C' = dim G — 1 > 0.
We then have the exact sequence

0— G/(z) = (Kg/zKg)(—a) — C/xzC — 0
of graded G-modules. We now notice that a(G) = a + 1 and that
(Ka/2Kg)(—a) = Kg(—(a +1))
as a graded G-module, while we see
egn/(x)(O/xO) = egﬁ(c) = uc(C) = pua(C/z0C),

since z is superficial for C' with respect to 9t. Thus G is an almost Gorenstein graded
ring. 0
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We are now ready to prove Theorem 9.1.

Proof of Theorem 9.1. We set d = dim R and G = gr;(R). We may assume that G is not
a Gorenstein ring. Hence d = dim G > 1. By Theorem 9.6 we may also assume that d > 1
and that our assertion holds true for d — 1. Let us consider an exact sequence

0—-G—Kg(—a) - C—=0
of graded G-modules with pug(C) = €3,(C), where M = mG + G, and a = a(G). We

choose an element a € I so that the initial form a* = a+ 1% € G| = I/I? of a is G-regular
and G/a*G = gry ),y (R/(a)) is an almost Gorenstein graded ring (this choice is possible;
see Proposition 9.10). Then the hypothesis on d shows R/(a) is an almost Gorenstein
local ring. Therefore R is an almost Gorenstein local ring, because a is R-regular. 0J

In general, the local rings R, (p € Spec R) of an almost Gorenstein local ring R are not
necessarily almost Gorenstein, as we will show by Example 9.13. To do this, we assume
that R is a Cohen-Macaulay local ring of dimension d > 0, possessing the canonical
module Kg. Let F = {I,,},ez be a filtration of ideals of R such that Iy = R but I # R.
Smilarly as Setting 9.2, we consider the R-algebras

R=> Lt'CRlt], R'=> It"CR[tt"], and G=R/t"'R

n>0 nez

associated to JF, where t is an indeterminate. Notice that R’ = R[¢t"!] and that G =
®n>0ln/Ins1. Let M denote the graded maximal ideal of R’. We then have the following.

Theorem 9.11. Suppose that R/m is infinite and that R is a Noetherian ring. If Gy is
a pseudo-Gorenstein local ring, then R is pseudo-Gorenstein.

Proof. By Theorem 3.7 (1) R’y is an almost Gorenstein ring with r(Gyn) = r(R'n) < 2,
as Gy = R'p/t7'R'n and t7! is R/-regular. Let p = m-R[t,¢t7!] and set P = pNR'.
Then P C M, so that by Proposition 7.2 R[t,t7!], is an almost Gorenstein ring, because
R[t,t7 ', = R'p = (R'n) prry- Thus by Theorem 3.9 R is an almost Gorenstein ring with
r(R) < 2, because R/m is infinite and the composite homomorphism R — R[t,t7!] —
R[t,t7], is flat. O

Remark 9.12. The following example 9.13 is given by V. Barucci, D. E. Dobbs, and M.
Fontana [5, Example I1.1.19]. Because R[t,t '], = R'p = (R'n) pry With the notation of
the proof of Theorem 9.11, Theorem 3.9 and Example 9.13 show that (R'n)pr/, is not
an almost Gorenstein local ring (here we assume the field k is infinite). Hence, in general,
local rings R, (p € Spec R) of an almost Gorenstein local ring R are not necessarily almost
Gorenstein. Notice that Ry, is not a semi-Gorenstein local ring (remember that the local
rings of a semi-Gorenstein local ring are semi-Gorenstein; see Proposition 7.2). Therefore
the example also shows that a local ring R is not necessarily semi-Gorenstein, even if
R/(f) is a semi-Gorenstein ring for some non-zerodivisor f of R.

Example 9.13. Let k be a field with ch k # 2 and let R = k[[z*, 2%+ 27, 21°]] C V', where
V = k[[z]] denotes the formal power series ring over k. Then V = R. Let v denote the
discrete valuation of V' and set H = {v(a) | 0 # a € R}, the value semigroup of R. We
consider the filtration F = {(zV)" N R},ez of ideals of R and set G = R'/t"'R’, where
R’ = R/(F) is the extended Rees algebra of F. We then have:

(1) H = (4,6,11,13).
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(2) G = k[z*, 25, 2 23] (C k[z]) as a graded k-algebra and Gy is an almost Goren-
stein local ring with r(Gy) = 3, where 91 is the graded maximal ideal of R'.
(3) R is not an almost Gorenstein local ring and r(R) = 2.

10. ALMOST GORENSTEIN HOMOGENEOUS RINGS

In this section let R = k[R;] be a Cohen-Macaulay homogeneous ring over an infinite
field k = Ry. We assume d = dim R > 0. Let M = R, and a = a(R). For each finitely
generated graded R-module X, let [X]= > dimy X,,-A" € Z[\] be the Hilbert series
of X, where X,, (n € Z) denotes the homogeneous component of X with degree n. Then

as it is well-known, writing [R] = (1F(>\§d with F'(X) € Z[A], we have deg F(A\) =a+d >0

and [Kg(—a)] = % Let f1, fa,..., fq be a linear system of parameters of R.
Then, because a(R/(f1, fo,--.,f4)) = a + d, we have a = 1 — d if and only if IM? =
(f1, fo, -, fa)O and M # (f1, f2, ..., fa). Conversely, we get the following. Remember
that the graded ring R is said to be level, if K = R:[Kg]_q.

Proposition 10.1. Suppose that a = 1 —d. Then R is a level ring with [R] = AT and

(1=2)¢
[Kr(—a)] = ﬁ, where ¢ = dimy, Ry — d.

The following lemma shows that the converse of Proposition 10.1 is also true, if R is
an almost Gorenstein graded ring.

Lemma 10.2. Suppose that R is an almost Gorenstein graded ring and assume that R is
not a Gorenstein ring. If R is a level ring, then a =1 — d.

Proof. Suppose that R is a level ring and take an exact sequence 0 — R — Kg(—a) —
C — 0 of graded R-modules so that ur(C) = €3,(C). Then C' # (0) and hence C is a
Cohen-Macaulay R-module of dimension d — 1 (Lemma 3.1 (2)). We have C' = RC), and
ur(C) = r(R) — 1 (Corollary 3.10). Remember that MMC = (fa, fs,..., f4)C for some
fay f3, -+, fa € Ry (see Proposition 2.2 (2)) and we have [C] = W, where r=r1(R).
Consequently, [Kr(—a)] — [R] = W’ so that F/(5)-A*td — F()\) (r—1)(1—M\). Let
us write F(\) = Z‘Hd c;\' with ¢; € Z. Then the equality ZZ o Catd—iN' = Z;Hgl i\ +
(r—1)(1—\) forces that if a+d > 2, then copA** = ¢, g\ and ¢,y q = o+ (r—1), which
is impossible, since ¢g = 1 and r > 1. Therefore we have a + d = 1, because 0 < a + d
and R is not a Gorenstein ring. O

The following is a key in our argument.

Lemma 10.3. Suppose that R is a level ring and Q(R) is a Gorenstein ring. Then
there ezists an exact sequence 0 — R — Kgr(—a) — C — 0 of graded R-modules with
dimp C < d.

Proof. Let V = [Kg]_4. Then Kgr = RV. For each p € Ass R, let L(p) be the kernel of the
composite of two canonical homomorphism h(p) : Kg = (Kg)y, = (Kg),/p(Kg)y. Then
V' & L(p), because Kp = RV and (Kg), = R,. Let us choose £ € V' \ U,ca g L(p) and
let ¢ : R — Kg(—a) be the homomorphism of graded R-modules defined by (1) = &.
Look now at the exact sequence R % Kgz(—a) — C — 0 of graded R-modules. Then,
because (Kg), = Ry$ for all p € Ass R (remember that (Kg), = R,), we have C, = (0)
for all p € Ass R. Hence dimp C' < d and therefore ¢ is injective (see Lemma 3.1 (1)). O
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We now come to the main result of this section.

Theorem 10.4. Suppose that Q(R) is a Gorenstein ring. If a = 1 — d, then R is an
almost Gorenstein graded ring.

Proof. We may assume that R is not a Gorenstein ring. Thanks to Lemma 10.3,
we can choose an exact sequence 0 — R — Kg(—a) — C — 0 of graded R-
modules so that C' is a Cohen-Macaulay R-module of dimension d — 1 (see Lemma
3.1 (2) also). Then Proposition 10.1 implies [C] = [Kg(—a)] — [R] = ﬁ, where
¢ = dimy Ry — d. Let fi, fo,..., fsu1 (€ Ry) be a linear system of parameters for C.
Then because [C/(fa, ..., f)C] = (1 =X)4C] =c—1, we get C/(f1, f2,---, fa-1)C =
[C/(f1, fas- -, fa—1)C]o, which shows that MC' = (f1, fa, ..., fa_1)C. Thus urC = €3,(C)
and hence R is an almost Gorenstein graded ring. O

Example 10.5. Let S = k[X1, Xo, ..., X,,, Y1, Ys,...,Y,] (n > 2) be the polynomial ring
over an infinite field k£ and let R = S/, (i(,ll )f,j . if: ). Then R is a Cohen-Macaulay
normal ring with dim R = n+ 1. We have a(R) = 1 —dim R, because IM? = (X, {X;1 —
Yihi<icn—1, o). Hence by Theorem 10.4, R is an almost Gorenstein graded ring.

We explore almost Gorenstein Veronesean subrings.

Corollary 10.6. Suppose that d = 2, R is reduced, and a(R) < 0. Then the Veronesean
subrings R™ = k[R,] of R are almost Gorenstein graded rings for all n > 1.

Proof. Let S = R™. Then S = k[S,] is a Cohen-Macaulay reduced ring and dim S = 2.
Since H2,(S) = [HZ;(R)]™ (here M = S, ), we get a(S) < 0. Hence it suffices to show that
R is an almost Gorenstein graded ring, which readily follows from Theorem 10.5, because

Q(R) is a Gorenstein ring and a(R) < 1 — dim R (remember that R is the polynomial
ring, if a(R) = —dim R). O

Let us explore a few concrete examples.

Example 10.7. Let R = k[X,Y, Z]/(Z* — XY), where k[X,Y, Z] is the polynomial ring
over an infinite field k. Then R™ is an almost Gorenstein graded ring for all n > 1

Proof. The assertion follows from Corollary 10.6, since R is normal with dim R = 2 and
a(R) = —1. O

Example 10.8. Let R = k[ X1, Xs, ..., X4] (d > 1) be the polynomial ring over an infinite
field k. Let n > 1 be an integer and look at the Veronesean subring R™ = k[R,] of R.
Then the following hold.

(1) R™ is an almost Gorenstein graded ring, if d < 2.
(2) Suppose that d > 3. Then R™ is an almost Gorenstein graded ring if and only if
either n | d, or d =3 and n = 2.

Proof. Assertion (1) follows from Corollary 10.6. Suppose that d > 3 and consider as-
sertion (2). The ring R™ is a Gorenstein ring if and only if n | d ([21]). Assume that
ntdand put S = R™. If d =3 and n = 2, then S = k[X?, X2, X2, X, X5, X2 X3, X3X/]
with [Sy]? = (X?, X2, X2)S,. Hence S is an almost Gorenstein graded ring by The-
orem 10.4. Conversely, suppose that S is an almost Gorenstein graded ring. Let
L = {(a1,q9,...,04) | 0 < oy € Z}. We put |a| = 30, oy and X* = [[L, X for
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each a = (ay, a9,...,04) € L. Let s =min{s € Z | sn > ¢} where ¢ = (n—1)(d — 1) and
put a = (X7, X7,..., X7). We then have

a:S; =a+ (X*X?|a, B € Lsuch that |a| = ¢, |8] = sn — q),
which shows the homogeneous Cohen-Macaulay ring S is a level ring with a(S) = 1 — d.
Therefore, because HE (S) = [H%+(R)](") and because [H% (R)]; # (0) if and only if
i < —d, we have —n(d — 1) < —d < —n(d — 2), which forces n = 2 and d = 3, because
n > 2 (remember that n t d). O

Example 10.9. Let n > 1 be an integer and let A be a simplicial complex with vertex
set [n] = {1,2,...,n}. Let R = k[A] denote the Stanley-Reisner ring of A over an infinite
field k. Then e} (R) is equal to the number of facets of A. If R is Cohen-Macaulay and
n= eOR+ (R) +dim R — 1, then R is an almost Gorenstein graded ring. For example, look
at the simplicial complex A :

3 4

2 5

with n = 6. Then R = k[A] is an almost Gorenstein graded ring of dimension 3. Note
that Rp is not a Gorenstein local ring for P = (X3, X3, X4, X5, X6) R.

11. TWO-DIMENSIONAL RATIONAL SINGULARITIES ARE ALMOST (GORENSTEIN

Throughout this section let (R, m) denote a Cohen-Macaulay local ring of dimension
d > 0, admitting the canonical module Kz. We assume that R/m is infinite. Let v(R) =
pr(m) and e(R) = €2 (R). We set G = gr, (R) = @ m"/m™"! be the associated graded
ring of m and put 9 = GG. The purpose of this section is to study the question of when
GG is an almost Gorenstein graded ring, in connection with the almost Gorensteinness of
the base local ring R. Remember that, thanks to [24], v(R) = e(R) + d — 1 if and only if
m? = Qm for some (and hence any) minimal reduction @ of m. When this is the case, G
is a Cohen-Macaulay ring and a(G) = 1 — d, provided R is not a regular local ring.

Our result is stated as follows.

Theorem 11.1. The following assertions hold true.

(1) Suppose that R is an almost Gorenstein local ring with v(R) = ¢(R) +d — 1. Then G
1s an almost Gorenstein level graded ring.

(2) Suppose that G is an almost Gorenstein level graded ring. Then R is an almost
Gorenstein local ring.

Proof. (1) If R is a Gorenstein ring, then e(R) < 2 and R is an abstract hypersurface,
since m? = Qm for some minimal reduction @) of m. Therefore G is also a hypersurface
and hence a Gorenstein ring.

Assume that R is not a Gorenstein local ring. Hence d > 0 and a(G) = 1 —d. We show
that G is an almost Gorenstein graded ring by induction on d. First we consider the case
d = 1. Let R denote the integral closure of R in Q(R). Choose an R-submodule K of R so
that R C K C R and K = Ky as an R-module (this choice is possible; see [14, Corollary
2.8]). We have mK C R by [14, Theorem 3.11] as R is an almost Gorenstein local ring.
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Hence mK = m (see Corollary 3.10), and m"K = m” for all n > 1. Let C' = K/R and
consider the m-adic filtrations of R, K, and C'. We then have the exact sequence

(%) 0—=G—gr (K)—gr,(C)—=0

of graded G-modules induced from the canonical exact sequence 0 - R - K — C — 0
of filtered R-modules. Notice that gr, (C) = [gr,(C)]o, since mC = (0). Thanks to exact
sequence (#) above, the following claim yields that G is an almost Gorenstein graded ring.

Claim 1. gr (K) = K¢ as a graded G-module.

Proof of Claim 1. Since a(G) = 0 and G is a graded submodule of gr, (K), it suffices to
show that depth, gr,(K) > 0 and rg(gr,,(K)) = 1. Choose a € m so that m? = am and
let f = a (€ m/m?) denotes the image of a in G. Let z € m"K (n > 0) and assume
that arx € m""™2K = m""2. Then, since m"*? = am™™!, we readily get x € m"*! =
m" K. Thus f is gry,(K)-regular, [gr,(K)/fern (K)o = K/m, [gr,(K)/fgra(K)]i =
m/aK, and gr,(K)/fgr,(K) = K/m @ m/aK. Let x € K \ m and assume that Mz C
fer,(K), where T (€ K/m) denotes the image of = in gr, (K). Then, since mz C aK
and rgp(K) = 1 (remember that K = Ky as an R-module), we get aK :x m = aK + Rx.
Therefore m(K/aK) = (0); otherwise m(K/aK) 2 [(0) :x/ax m] and hence v € mK = m.
Consequently, because K/aK = Eg/ ) (R/m) (the injective envelope of the R/(a)-module
R/m; see [19, Korollar 6.4]) is a faithful R/(a)-module, we have m = (a). This is, however,
impossible, because R is not a discrete valuation ring. Let 2 € m \ aK and assume that
Mz C fer,(K), where T (€ mK/m?K) denotes the image of x in gr,,(K). Then mx C aK
and hence aK :x m = aK + Rx, which proves (g ((0) \gr(K)/fgr, (K) M) = 1. Thus
re(gra(K)) =1, so that gr,(K) = K¢ as a graded G-module. O

Assume now that d > 1 and that our assertion holds true for d — 1. Let 0 - R —
Kr — C — 0 be an exact sequence of R-modules such that up(C) = €2(C). Choose
a € m so that a is a part of a minimal reduction of m and a is superficial for C' with
respect to m. Let f = a (€ m/m?) denote the image of a in G = gr,(R). We then have
G/fG = grn(R/(a)) and v(R/(a)) = e(R/(a)) + d — 2. By the hypothesis of induction,
G/fG is an almost Gorenstein graded ring, because R/(a) is an almost Gorenstein local
ring (see Proof of Theorem 3.9). Choose an exact sequence 0 — G/fG — Kg/pa(d —
2) = X — 0 of graded G/fG-modules so that jg/r(X) = e?G/fG]+(X). Recall that
Kg/ra(d — 2) = Kg/px,(d — 1) as a graded G-module and we get an exact sequence
0> G — Kg(d—1) - Y — 0 of graded G-modules, similarly as in Proof of Theorem
3.7, such that ug(Y) = e (V). Hence G is an almost Gorenstein graded ring.

(2) We may assume G is not a Gorenstein ring. Hence d > 0 and @ = 1 — d (Lemma
10.2). Suppose that d = 1 and choose an exact sequence

() 0— G —Kg(—a) = C—0

of graded G-modules so that MMC = (0), where a = a(G).

We now take the canonical m-filtration w = {wy}nez of Kg so that w, = Kg if n <
—a and Kg = gr, (Kg) (see, e.g., [13] for the existence of canonical filtrations). Let
f € Kg = w_, such that ¢(1) = f, where f (€ Kg/w_o11) denotes the image of f in
Kg(—a). Let a be the R-linear map R — Kg defined by «(1) = f and consider R to be
filtered with filtration F = {m"*%}, ;. Then the homomorphism « : R — Kp preserves
filtrations and G(a) = grg(R) as an graded G-module. Consequently, exact sequence (f)

turns into 0 — grg(R)(—a) — gr,(Kg)(—a) - C — 0 with ¢(1) = f. We now notice
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that C' = Cp, because G is a level ring. Hence w,, = m"™*f + w,, 1 for n > —a. Therefore
W_gr1 Cmf+wy forall ¢ € Z and hence w_,1 = mf. Thus w_,1 = mf = mKg, because
mKp = mw_, C w_q1. Consequently, in the exact sequence R — Kz — X — 0, we have
mX = (0). Thus R is an almost Gorenstein local ring (see Lemma 3.1).

Now suppose that d > 1 and that our assertion holds true for d — 1. Look at the
exact sequence 0 — G — Kg(d — 1) — C — 0 of graded G-modules with pg(C) =
eg(C). Choose f € Gy so that f is G-regular and 9MC = (f, fo,..., fa_1)C for some
fa, f3, ..., fa—1 € Gy (Proposition 2.2 (2)). We then have the exact sequence 0 - G/ fG —
(Kg/fKg)(d—1) — C/fC — 0 of graded G/ fG-modules, which guarantees that G/ fG
is an almost Gorenstein graded ring (remember that (K¢ /fKe)(d — 1) =2 Kg/pa(d —2)).
Consequently, thanks to the hypothesis of induction, the local ring R/(a) (here a € m
such that f =@ in m/m? = [gr,,(R)]1) is an almost Gorenstein local ring and therefore by
Theorem 3.7, R is an almost Gorenstein local ring, because a is R-regular. 0

When v(R) = e(R) +d — 1, the almost Gorensteinness of R is equivalent to the Goren-
steinness of Q(G), as we show in the following.

Corollary 11.2. Suppose that v(R) = e(R) +d — 1. Then the following are equivalent.

(1) R is an almost Gorenstein local ring,
(2) G is an almost Gorenstein graded ring,
(3) Q(G) is a Gorenstein ring.

Proof. Since G is a Cohen-Macaulay level graded ring (Proposition 10.1 and [24]), the
equivalence (1) < (2) follows from Theorem 11.1. See Theorem 10.4 (resp. Lemma 3.1
(1)) for the implication (3) = (2) (resp. (2) = (3)). O

We say that m is a normal ideal, if m” is an integrally closed ideal for all n > 1.

Corollary 11.3. Suppose that v(R) = e¢(R) +d — 1 and that R is a normal ring. If m is
a normal ideal, then R is an almost Gorenstein local ring.

Proof. Let R = R/(m) = R[mt,t"!] be the extended Rees algebra of m, where ¢ is an
indeterminate. Then R’ is a normal ring, because R is a normal local ring and m is a
normal ideal. Hence the total ring of fractions of G = R//t 'R’ is a Gorenstein ring, so
that R is almost Gorenstein by Corollary 11.2. O

We now reach the goal of this section.

Corollary 11.4. FEvery 2-dimensional rational singularity is an almost Gorenstein local
TIng.

Auslander’s theorem [1] says that every two-dimensional Cohen-Macaulay complete lo-
cal ring R of finite Cohen-Macaulay representation type is a rational singularity, provided
R contains a field of characteristic 0. Hence by Corollary 11.4 we get the following.

Corollary 11.5. Every two-dimensional Cohen-Macaulay complete local ring R of finite
Cohen-Macaulay representation type is an almost Gorenstein local ring, provided R con-
tains a field of characteristic 0.
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12. ONE-DIMENSIONAL COHEN-MACAULAY LOCAL RINGS OF FINITE
CM-REPRESENTATION TYPE ARE ALMOST (GORENSTEIN

The purpose of this section is to prove the following.

Theorem 12.1. Let A be a Cohen-Macaulay complete local ring of dimension one and
assume that the residue class field of A is algebraically closed of characterisic 0. If A has
finite Cohen-Macaulay representation type, then A is an almost Gorenstein local ring.

Let A be a Cohen-Macaulay complete local ring of dimension one with algebraically
closed residue class field k of characterisic 0. Assume that A has finite Cohen-Macaulay
representation type. Then by [29, (9.2)] one obtains a simple singularity R so that R C
A C R, where R denotes the integral closure of R in the total ring Q(R) of fractions. We
remember that R = S/(F), where S = k[[X,Y]] is the formal power series ring over k
and F' is one of the following polynomials ([29, (8.5)]).

(A,) X?2-Y"t (n>1)
(D,) X?Y —Y" ! (n>4)

(Eg) X®—Y4
(E7) X3 — XY3
(Es) X3 — Y5,

Our purpose is, therefore, to show that all the intermediate local rings R C A C R are
almost Gorenstein.
Let us begin with the analysis of overrings of local rings with multiplicity 2.

Lemma 12.2. Let (R, m) be a Cohen-Macaulay local ring with dim R = 1 and €% (R) = 2.
Let R C S C Q(R) be an intermediate ring such that S is a finitely generated R-module.
Then the following assertions hold true.

(1) If S is a local ring with mazimal ideal n, then €2(S) < 2. We have e2(S) = 2 and
R/m=S/n, if SCR.

(2) Suppose that S is not a local ring. Then R\®R S = V) x Vy with discrete valuation
rings Vi and Vs, where R denotes the m-adic completion of R. Hence S is a reqular
ring and S = R.

(3) Let A=R:m in Q(R). Then A=m:m and if RC S, then AC S.

Proof. (1), (2) We have m?> = fm for some f € m, since €2 (R) = 2 (see [26, Theorem
3.4]). Let @ = (f). Then

2= e(R) = eo(Q. R) = 0(Q. S) = ((S/£S) > (5(S/S) = un(S).

because ¢r(S/R) < oco. Therefore assertion (1) follows, since £5(S/fS) > €2(S). We have
R/m = S/n, if 2(S) = 2 (remember that (r(S/fS) = [S/n : R/m]-Ls(S/fS)). Assume
now that S is not a local ring. To see assertion (2), passing to E, we may assume that
R is complete. Then pgr(S) = 2. Hence S contains exactly two maximal ideals n; and
ny, so that S = Sy, X Sy, with ug(S,,) = 1 for ¢ = 1,2. Because (g(S/fS) = 2, we get
Cr(Sn,/fSy,) = 1, whence the local rings S,, are discrete valuation rings. Therefore S is
regular.

(3) Because R is not a discrete valuation ring, we get A = m : m. We also have
(r(A/R) =1 ([19, Satz 1.46]), since R is a Gorenstein ring. Therefore A C S, if R C
S. O
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Proposition 12.3. Let (R,m) be a Cohen-Macaulay local ring with dim R = 1 and
e (R) =2 Let RC S C Q(R) be an intermediate ring such that S is a finitely gen-

m

erated R-module. Let n = fr(S/R). We then have the following.
(1) There exists a unique chain of intermediate rings

R=ACA C...CA, =5
(2) Ewvery intermediate ring R C A C S appears as one of {A;}o<i<n-

Proof. Let Ay = R : m. Then by Lemma 12.2 (3) A; C A for every intermediate ring
R C A C S, which enables us to assume that n > 1 and that the assertion holds
true forn — 1. As R C A; € S, by Lemma 12.2 A; is a local ring with e} (4;) = 2 and
R/m = A, /ny, where ny is the maximal ideal of A;. Hence €4, (S/A1) = (r(S/A1) = n—1,
so that the assertion follows from the hypothesis of induction on n. 0J

Corollary 12.4. Let (R,m) be a Cohen-Macaulay local ring with dim R = 1 and % (R) =
2 and let R C A, B C Q(R) be intermediate rings such that A and B are finitely generated
R-modules. Then A C B or B C A.

Proof. Let S = R[A,B]. Then R C S C Q(R) and S is a finitely generated R-module.
Hence assertion follows from Proposition 12.3. O

For a Cohen-Macaulay local ring R of dimension one, let X denote the set of interme-
diate rings R C A C Q(R) such that A is a finitely generated R-module.

Corollary 12.5. The following assertions hold true.

(1) Let V = Kk[[t]] be the formal power series ring over a field k and R = K[[t?, t**1]]
where £ > 0. Then Xg = {k[[t*,t?771]] | 0 < ¢ < (}.
(2) Let S = E[[X,Y]] be the formal power series ring over a field k of chk # 2 and
R=S/(X2-Y?) with ¢ > 0. Letx,y denote the images of X,Y in R, respectively.
Then Xy = {R[%] 0 < g < ()
Proof. (1) Let R, = k[[t?,t*¢™]] for 0 < ¢ < ¢. Then we have the tower
R=R/ CR 1 C...CRy=V

of intermediate rings. Hence the result follows from Corollary 12.3.
(2) Let Ry = R[.Z] for 0 < g < {. We then have a tower

R=RyCR/C...CR/,CR

of intermediate rings. Since £z(R/R) = { (remember that R = S/(X +Y*)® S/(X —Y?),
because chk # 2), the assertion follows Corollary 12.3. O

We need one more result.

Proposition 12.6. Let (R, m) be a Gorenstein local ring with dim R = 1 and assume that
there is an element f € m such that fR is a reduction of m. Let R C A C Q(R) be an
intermediate ring and assume that (r(A/R) =1 and that A is a local ring with mazimal
tdeal n. Then the following assertions hold.

(1) If A has mazimal embedding dimension and fA is a reduction of n, then A is an
almost Gorenstein local ring.
(2) If 2 (R) = 3, then A is an almost Gorenstein local Ting.
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Proof. (1) We get A = R : m, since R C A C R: m and (g([R : m]/R) = 1. Hence
Ki=R:A=R:(R:m)=m ([19, 5.19, Definition 2.4]). Since fA is a reduction of
n and A has maximal embedding dimension, we get n* = fn, so that n-(m/fA) = (0),
because m/fA Cn/fA. Hence A is an almost Gorenstein local ring (Lemma 3.1 (1)).

(2) We may assume v(A) > 3, where v(A) denotes the embedding dimension of A.
Remember

3= en(R) = eo(fR, A) = Lr(A/fA) = La(A/fA) = €}(A) = v(4) = 3,

so that (4(A/fA) = eX(A) = v(A) = 3. Hence fA is a reduction of n by a theorem of
Rees [23] and the assertion follows from assertion (1), because A has maximal embedding
dimension. O

We shall now check, for the five cases from (A,,) to (D,) separately, that all the inter-
mediate local rings R C A C R are almost Gorenstein.

(1) The case (A,). Let R C A C R be an intermediate local ring such that A is a
finitely generated R-module. Let n be the maximal ideal of A. Then e(A) < 2 by Lemma
12.2 (2), so that A is Gorenstein.

(2) The cases (Eg) and (Eg). Let V' = k[[t]] be the formal power series ring over k.
We then have S/(X? — Y*) = k[[t3,t%]] and S/(X? — Y?) = k[[¢3,°]]. We begin with the
following.

Proposition 12.7. The following assertions hold true.
(1) Xypespa oy = {R[[E3, 4, ¢°]], K[[¢%, ¢%]), V' }.
(2) Xjps oy = {K[[E7, 1], K[[£, °, )], R[22, £°]), V')
(3) Ao oy = LRI, €11, K[[E%, 6°, 7], R[22, ¢4, 1), K[[¢%, €], V']

Proof. (1) Let A = k[[t3,t4,#°]] and let B € X4 such that B # A. We choose f € B\ A
and write
f=at+et’+g
with ¢1,co € k and g € A. If ¢; # 0, then fV =V, so that V' = E[[f]] C B. Suppose
c1 = 0. Then f = c3t? + g and ¢y # 0, so that t* € B. Hence k[[t?,%]] C B, which shows
B = E[[t?,¢%]] or B =V, because {y2 2 (V/E[[t?, t*]]) = 1.
(2) Let A = k[[t3,t1]] and let B € X4 such that B # A. We choose f € B\ A and write

f=at+et?+ett+g

with ¢; € k and g € A. If ¢; # 0, then V' = k[[f]] C B. Suppose ¢; = 0 but ¢y # 0. Then,
rechoosing f so that ¢y = 1,we get t2 + c5t> € B. Hence t3(t* + c5t®) = t° + ¢c5t® € B.
Therefore t> € B, because (3,4) 3 n for all n > 8 (here (3,4) denotes the numerical
semigroup generated by 3,4). Thus k[[t3,t%,t°]] C B, whence B = k[[t?,t3]] or B =V by
Lemma 1.5. Suppose that ¢; = ¢ = 0 for any choice of f € B\ A. We then have t° € B
since ¢5 # 0, so that B = k[[t3,t*,1°]].

(3) Let A = k[[t3,¢°]] and let B € X4 such that B # A. We choose f € B\ A and write

f=at+et?+at et +g

with ¢; € k and g € A. If ¢; # 0, then B = V. Suppose ¢; = 0 but ¢ # 0, say ¢ = 1.
Then, since t°f = t7 + ¢4t° + c7t'? + t°g € B, we get t” € B (remember that (3,5) > n
for all n > 8). Hence (t* + c4t*)?> € B, so that t* € B. Therefore k[[t?,t3]] C B. If
cp = cy =0 but ¢y =1, then t* + ¢;t7 € B, so that t” € B because 3 (t + c7t7) € B.
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Hence k[[t3,t1]] € B. Suppose that ¢; = ¢; = ¢; = 0 for any choice of f € B\ A. We
then have t” € B, whence B = k[[t3,t5,17]]. O

It is standard to check that k[[t3,t%,°]] and k[[t3,t%,¢7]] are almost Gorenstein local
rings, which proves the case (Eg) or (Eg).

(3) The case (E;). We consider F' = X? — XV3. Let f = X? —Y?. Then X, [ is
a system of parameters of S = k[[X,Y]]. Therefore (F) = (X) N (f). Let k[[t]] be the
formal power series ring and we get a tower

R=8/(F) € S/(X)&S/(f) =kl[Y]| @ k[[t*,#°]] C k[[Y]] @ k[[t]] = R

of rings, where we naturally identify S/(X) = k[[Y]] and S/(f) = k[[t?,t3]] C k[[t]]. Let
R C A C R = K[[Y]] @ k[[t]] be an intermediate local ring. Let py : k[[Y]] © k[[t]] —
k[[t]], (a,b) — b be the projection and set C' = pa(A). Then k[[t*,t*]] € C C V, whence
C = k[[t?,#3]] or C =V (Corollary 12.5).

We firstly consider the case where C' = V. Let n denote the maximal ideal of A.

Claim 2. There exists an element z € A such that z = (0,t)

Proof of Claim 2. Since t € C, there exists z € A such that z = (g,t) with g € E[[Y]].
Then z € n. Suppose g # 0 and write g = Y™, where n > 0 and € € U(k[[Y]]). Let g
denotes the image of g € S = k[[X,Y]] in A. Then since g = (g, g(t?)) in S/(X) @ k[[t]],
we have 2 — g = (0,t — g(t?)) and t — g(t?) = t — t*"-e(t?) = tuy with ug = 1 — >~ Lg(t?).
Hence because us is a unit of C' = k[[t]], we may choose a unit u € A so that ps(u) = us.
We then have (0,¢) = u=!(z —g) € A. Thus 2/ = v !(z — ) is a required element of
A. O

Let 2 = (0,¢). Let z = X and y = Y denote the images of X,Y in A, respectively.
Hence = = (0,#%), y = (Y,t?), and therefore x = 23 and z(y — 2?) = 0. We consider the k-
algebra map v : k[[Y, Z]] — A defined by ¥(Y) =y, ¥/(Z) = z. Then Z(Y — Z?) € Ker 1.
We now consider the following commutative diagram

0 A R=EK[Y]]®V R/A 0
J Te
K. 2] WY.Z]] o KV.Z] K2
0 ) @ P -2 v.2) 0,

where the rows are canonical exact sequences and ) : k[[Y, Z]] — A is the homomorphism
derived from . Then the induced homomorphism p : k[[Y, Z]]/(Y,Z) — R/A has to
be bijective, because R/A # (0) (remember that A is a local ring) and p is surjective.
Consequently, v : k[[Y, Z]]/(Z(Y — Z?)) — A is an isomorphism, so that A is a Gorenstein
ring.

Next we consider the case where C' = k[[t?,¢3]]. Hence R C A C K[[Y]] & k[[t?,t3]]. We
set B = k[[t?,t%]] and T = k[[Y]]® B. Remember that (z(T/R) = 3, whence (r(A/R) =1
or 2. If /r(A/R) = 1, then by Proposition 12.6 (2) A is an almost Gorenstein local ring.

Suppose that (gr(A/R) = 2. Hence (r(T/A) = 1. Therefore as

(r(T/A) = [Afn: Rjm]-La(T/A),

we get R/m = A/n and (4(T/A) = 1, whence n = (0) :4 T/A is an ideal of T. Let J
denote the Jacobson radical of T" and consider the exact sequence

0—=Am—>T/n—-T/A—0
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of A-modules. We then have ¢4(7T/n) = 2, so that n = J, because n C J and 04(T/J) =
(r(T/J) =2. Hence A =k + J and n = ((0,¢),(Y,0),(0,£%)). Let ¥ : k[[X,Y, Z]] = A
be the k-algebra map defined by ¥(X) = (0,¢%), ¥(Y) = (Y,0), ¥(Z) = (0,*). Then
X? - 73, XY,YZ € Kerv and we get the following commutative diagram

0 A T = k[[Y]] ® k[[t?,t?]] ——T/A 0
: :

0 k[[X,Y,Z]] XY Z)] o K[X.Y.Z]] k[[X,Y,Z]] 0

(X, Z2)N(X2=2Z3Y) (X,2) (XZ-Z3Y) (X,Y.Z) .

For the same reason as above, the induced homomorphism k[[X,Y, Z]]/(X,Y,Z) — T/A
has to be bijective, so that A = k[[X,Y, Z]]/(X, Z) N (X? — Z3,Y). Notice now that

(X, Z2)N(X*=Z8Y) =L (£ £Y) =L (Zpn 5,0

Then thanks to the theorem of Hilbert-Burch and Theorem 7.8, A is an almost Gorenstein
local ring, because X + Z?, X + Z,Y is a regular system of parameters of k[[X,Y, Z]].
This completes the proof of the case (Er).

(4) The case (D,,).

(i) The case where n = 2/ + 1 with ¢ > 1. We consider F' = Y (X? — Y1),
Let f = X2 —Y?*! Then X, f is a system of parameters of S = k[[X,Y]]. Therefore
(F)=(Y)N(f) and we get a tower

R=S5/(F)CS/(Y)®S/(f) = k[[X]] @ k[[t*,*]] C k[[X]] @ [[f] = R

of rings, where we naturally identify S/(Y) = k[[X]] and S/(f) = k[[t?,t***!]] C k[[t]].
Let R ¢ A C R be an intermediate ring and assume that (A,n) is a local ring. Let
p2 - R — V be the projection and set B = ps(A). Then since k[[t*,#***']] € B C V, by
Corollary 12.5 (1) B = k[[t?,t*¢™!]] for some 0 < ¢ < £. We choose an element 2z € A
so that z = (g,t%) in R = K[[X]] @ k[[t]] with g € k[[X]]. Suppose g # 0 and write
g = X" (n > 0,e € U(k[[X]]). Denote by g the image of g € S = Ek[[X,Y]] in A. We
have

2—F = z— (g’ (t2£+1)n_€(t22+1))
(07 t2q+1(1 o t(2€+1)n_(2q+1)-8(t2£+1))).

Here we notice that (20 + 1)n — (2¢+1) > 0 and that (2¢+ 1)n — (2¢+ 1) = 0 if and only
ifn=1and ¢ =q.

If (204 1)n — (2¢+1) > 0, we set uy = 1 — t2HFVP=Ca+) . o(32641) * Then uy, € U(B).
We choose an element u € U(A) so that uy = pa(u). Then

7 =ut(z—7) = (0,£27).

Therefore, replacing z with 2, we may assume without loss of generality that z € A such
that z = (0,t21). Let z = X and y = Y, where X, Y respectively denote the images of
X, Y € S=FK[[X,Y]]in A. Then z = (X, #*¢™) and y = (0, ¢?), so that

Y2t = 22 y(r —y" %) =0, and z(z —y*92) = 0.

Let ¢ : k[[X,Y, Z]] — A be the k-algebra map defined by (X)) =z, (YY) =y, ¥(Z) = 2.
Then Kerv) D (Y, Z)N(Z? - Y21t X —Y*~97). Therefore, considering the commutative
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diagram
0 A T = k[[X]] ® k[[t?, t29T]] T/A 0
! :
0 k[[X,Y,Z]] k[[X,Y,Z]] @ k[[X,Y,Z]] k[[X,Y,Z]] 0
Y. 2)N(Z2—Y2H T X—YT-47) Y. 2) (Z2—Y 2L X —yl-a7) (X,Y.Z) )
we see that

AKX, Y, 2V, 2) 0 (X = YE-17, 22 - yoor),
because T'/A # (0). Notice now that
(X, Z) N (X2 — Z37Y) = 12 (Y2q 4 X—Ye_q) — 12 ( Y24 Z X_Yé—qz> .

Z'Y 0 Z-YY-Z Yl 17-X

Then by Theorem 7.8 A is an almost Gorenstein local ring, because Z—Y 24 Y —Z Y917 —
X is a regular system of parameters of k[[X,Y, Z]].

Ifn=1and ¢ = q, then R C A C k[[X]]@k[[t?, t***1]], so that fr(A/R) = 1 (remember
that (r((k[[X]] @ k[[t3,t**"]])/R) = 2). Hence A is an almost Gorenstein local ring by
Proposition 12.6 (2).

(ii) The case where n = 2¢ with ¢ > 1. Let f = X? - Y% = (X +Y*)(X —Y*) and
T = S/(f). Since chk # 2, X +Y* X —Y*is a system of parameters of S = k[[X, Y]],
so we get the exact sequence

05T -5 S/(X+Y)®S/(X -V 5/(X, V") — 0.
Hence ¢(T/T) = . We look at the tower
RCK[X]|@T Ck[X]|&T =R

of rings and consider an intermediate ring R C A C R such that (A, n) is a local ring.
Let py : k[[X]]®T — T be the projection and set B = py(A). We denote by z,y the
images of X,Y in T' = S/(f), respectively. Then by Corollary 12.5 (2) B = T[.%] for
some 0 < ¢ < ¢. Here we notice that ¢ < ¢, since A # R. We choose an element z € A so
that z = (g, ;7), where g € K[[X]]. If g # 0, then we write g = X"¢ (n > 0,e € U(K[[X]]).
Let g be the image of g € S in A. We then have

T

z=79= (9, %) = (g,2"-¢(x)) = (0, %-(1 - (E)"’l)ﬂ”qf(w))-

Suppose now that 1 — (ﬁ)”_l)y"qe(m) € U(B) (this is the case if n > 1 or if n = 1 and
q > 0). We then have (0, ?%) € A for the same reason as above. Let x1,y; be the images
of XY € S in A, respectively. Hence x; = (X, z) and y; = (0,y), so that

2=y iz —yfz) =0, and z(zy —yfz) =0,

Let ¢ : E[[X,Y,Z]] — A be the k-algebra map defined by ¢(X) = 21, ¥(Y) = y,
Y(Z) = z. Then Kery D (Y, 2) N (Z? — Y?=9 X —YZ), and by the commutative
diagram

0 A k[[X]] & B D 0
Tw -
k[[X,Y,Z]] k[[X,Y,Z]] k[[X,Y,Z]] k[[X,Y,Z]]

0 (Y,2)N(Z2-Y2(t=9) X -YiZ) (Y,Z) D (Z2-y2-a) X _YaZ) (X,Y,2) 0
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we get
A= E[[X,Y, Z)]|)(Y,Z)N (X —=Y9Z, 7% — Y =9),
Notice that
Y,Z)n (22 — VX - YizZ) =1, ()Z/ yﬂ*Zq)*l X—(;/qZ> =b (ZIY Z+Y2<ZZ*Q>*1 X—(;/‘IZ> :

If { —q=1, then Z, Y2971 X — Y97 is a regular system of parameters of k[[X,Y, Z]|
and if £ — ¢ > 2, then Z+Y,Y2(-9-1 4 Z X — Y97 is a regular system of parameters of
k[[X,Y, Z]], so that A is an almost Gorenstein local ring in any case.

If n =1and ¢ =0, then R C A C k[[X]] ® T, so that {g(A/R) = 1, because
(r((E[[X]]®T)/R) = 2. Therefore A is an almost Gorenstein local ring by Proposition
12.6 (2). This completes the proof of Theorem 12.1 as well as the proof of the case (D,,).

REFERENCES

[1] M. AUSLANDER, Rational singularities and almost split sequences, Trans. Amer. Math. Soc., 293
(1986), no. 2, 511-531.

[2] V. BaARruccr, Local rings of minimal length, J. Pure Appl. Algebra, 213 (2009), no. 6, 991-996.

[3] H. Bass, On the ubiquity of Gorenstein rings, Math. Zeitschir., 82 (1963), 8-28.

[4] V. Baruccr; R. FROBERG, One-dimensional almost Gorenstein rings, J. Algebra, 188 (1997), no.
2, 418-442.

[5] V. Barucct D. E. DoBBs, AND M. FONTANA, Maximality properties in numerical semigroups and
applications to one-dimensional analytically irreducible local domains, Mem. Amer. Math. Soc., 125
(1997), no. 598.

[6) W. BRUNS AND J. HERZOG, Cohen-Macaulay Rings, Cambridge University Press, 1993.

[7] J. P. BRENNAN; J. HERZOG; B. ULRICH, Maximally generated maximal Cohen-Macaulay modules,
Math. Scand., 61 (1987), no. 2, 181-203.

[8] W. BruUNS; U. VETTER, Determinantal rings, Lecture Notes in Mathematics, 1327, Springer-Verlag,
Berlin, 1988.

[9] L. W. CHRISTENSEN, Gorenstein dimensions, Lecture Notes in Mathematics, 1747, Springer- Verlag,
Berlin, 2000.

[10] A. Corso; C. PoLinI, Links of prime ideals and their Rees algebras, J. Algebra, 178 (1995), no. 1,
224-238.

[11] L. GHEzz1; S. GoTo; J. HONG; W. VASCONCELOS, Variation of Hilbert coefficients, Proc. Amer.
Math. Soc., 141 (2013), no. 9, 3037-3048.

[12] S. GoTo; F. HAvAasAKA; S. Kasuca, Towards a theory of Gorenstein m-primary integrally closed
ideals, Commutative algebra, singularities and computer algebra (Sinaia, 2002), 159-177, NATO Sci.
Ser. IT Math. Phys. Chem., 115, Kluwer Acad. Publ., Dordrecht, 2003.

[13] S. GoTO; S.-1. Ial, Embeddings of certain graded rings into their canonical modules, J. Algebra,
228 (2000), no. 1, 377-396.

[14] S. GoTo; N. MaTsuoka; T. T. PHUONG, Almost Gorenstein rings, J. Algebra, 379 (2013), 355—
381.

[15] S. Goro; K. NisHIDA; K. OzEKI, The structure of Sally modules of rank one, Math. Res. Lett., 15
(2008), no. 5, 881-892.

[16] S. GoTo; H. SAKURAI, When does the equality I? = QI hold true in Buchsbaum rings? Commuta-
tive algebra, 115-139, Lect. Notes Pure Appl. Math., 244, Chapman € Hall/CRC, Boca Raton, FL,
2006.

[17] S. GoTo; K. WATANABE, On graded rings I, J. Math. Soc. Japan, 30 (1978), no. 2, 179-213.

[18] S. GoTo; K. WATANABE, On graded rings II (Z"™-graded rings), Tokyo J. Math., 1 (1978), no. 2,
237-261.

[19] J. HERZOG; E. KUNZ, Der kanonische Modul eines Cohen-Macaulay-Rings, Lecture Notes in Math-
ematics, 238, Springer-Verlag, Berlin-New York, 1971.

[20] S.-i. Iai, Embeddings of graded rings into their canonical modules, The Proceedings of the 34-th
Symposium on Commutative Algebra in Japan, (2012), 123-126.



48 SHIRO GOTO, RYO TAKAHASHI, AND NAOKI TANIGUCHI

[21] T. MATSUOKA, On an invariant of Veronesean rings, Proc. Japan Acad., 50 (1974), 287-291.

[22] 1. REITEN, The converse to a theorem of Sharp on Gorenstein modules, Proc. Amer. Math. Soc., 32
(1972), 417-420.

[23] D. REES, a-transforms of local rings and a theorem on multiplicities of ideals, Proc. Cambridge Phil.
Soc., 57 (1961), 8-17.

[24] J. SaLLy, Cohen-Macaulay local rings of maximal embedding dimension, J. Algebra, 56 (1979), no.
1, 168-183.

25] J. SALLY, Hilbert coefficients and reduction number 2, J. Algebraic Geom., 1 (1992), no. 2, 325-333.

[25]

[26] J. SALLY AND W. V. VASCONCELOS, Stable rings, J. Pure and Appl. Alg., 4 (1974), 319-336.

[27] R. TAKAHASHI, On G-regular local rings, Comm. Algebra, 36 (2008), no. 12, 4472-4491.

[28] W. V. VascoNCELOs, Hilbert functions, analytic spread, and Koszul homology, Commutative al-

gebra: syzygies, multiplicities, and birational algebra (South Hadley, MA, 1992), 401-422, Contemp.
Math., 159, Amer. Math. Soc., Providence, RI, 1994.

[29] Y. Yoshino, Cohen-Macaulay modules over Cohen-Macaulay rings, London Mathematical Society
Lecture Notes Series 146, Cambridge University Press, 1990.

DEPARTMENT OF MATHEMATICS, SCHOOL OF SCIENCE AND TECHNOLOGY, MELJI UNIVERSITY,
1-1-1 HicASHI-MITA, TAMA-KU, KAWASAKI 214-8571, JAPAN
E-mail address: goto@math.meiji.ac.jp

GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY, FUROCHO, CHIKUSA-KU, NAGOYA
464-8602, JAPAN
E-mail address: takahashi@math.nagoya-u.ac.jp

DEPARTMENT OF MATHEMATICS, SCHOOL OF SCIENCE AND TECHNOLOGY, MEWJI UNIVERSITY,
1-1-1 HicAsHI-MITA, TAMA-KU, KAWASAKI 214-8571, JAPAN
E-mail address: taniguti@math.meiji.ac.jp



