NEARLY GORENSTEIN BLOW-UP ALGEBRAS
OVER TWO-DIMENSIONAL REGULAR LOCAL RINGS

NAOKI ENDO AND KEN-ICHI YOSHIDA

ABSTRACT. In this paper, we slightly extend the framework of nearly Gorenstein graded
rings introduced by Herzog-Hibi-Stamate, and investigate the nearly Gorenstein property
of the blow-up algebras associated with an ideal, namely the Rees algebra, the extended
Rees algebra, and the associated graded ring. We establish characterizations of the
nearly Gorenstein property for these algebras and clarify the relations among them. In
particular, for two-dimensional regular local rings, we obtain a complete classification of
the integrally closed ideals for which these blow-up algebras are nearly Gorenstein.

1. INTRODUCTION

In this paper, we investigate the nearly Gorenstein property of blow-up algebras. For
an ideal I in a Noetherian ring A, among the blow-up algebras associated with I, the
Rees algebra R(I) = @,,-, " is one of the fundamental objects lying at the interface of
commutative algebra and algebraic geometry. Indeed, the algebra R(I) is the homoge-
neous coordinate ring of the graph of a rational map whose total space is the blow-up
of Spec A along the subscheme defined by I. Since the pioneering work of [23], followed
by substantial developments in, among others, [32, 21, the Gorenstein property of Rees
algebras has been studied extensively. A fundamental result in this direction, known as
Goto-Shimoda’s theorem, asserts the following: if (A, m) is a Cohen-Macaulay local ring
with d = dim A > 2, and if [ is an m-primary ideal of A, then R(I) is Gorenstein if and
only if the associated graded ring G(I) = €D,,-, I"/I"*" is Gorenstein and has a-invariant
—2 ([23, Theorem (1.2)], [82, Corollary 3.7], [21, Part II, Corollary (1.4)]). These works
have shown that being Gorenstein imposes severe restrictions on both the base ring and
the ideal, so that this phenomenon occurs only under rather exceptional circumstances.
Accordingly, it is natural to investigate blow-up algebras in a more flexible framework.
This broader viewpoint is also essential for a deeper understanding of Gorenstein rings.

On the other hand, although the notion of trace ideals is classical and goes back at
least to [1], it has regained considerable attention in commutative algebra through the
work of Lindo [33, 34] and Lindo-Pande [35]. In particular, Herzog, Hibi, and Stamate
introduced in [26] the notion of nearly Gorenstein rings, observing that for a Cohen-
Macaulay local ring (A, m), the trace ideal tr(K4) of the canonical module K4 detects
the non-Gorenstein locus ([26, Lemma 2.1]). Thus, nearly Gorenstein rings provide a
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framework for studying Cohen-Macaulay rings that are close to Gorenstein rings via the
trace of the canonical module, and their relationship with the almost Gorenstein property
([@, 06, 22]) has also become an important topic.

Along these lines, the authors, together with Goto and Matsuoka, have investigated the
almost Gorenstein property of blow-up algebras, particularly Rees algebras ([[7, IR, 19,
20]). In particular, it was shown in [I8] that for every m-primary integrally closed ideal /
in a two-dimensional regular local ring (A, m) with infinite residue field, the Rees algebra
R(I) is an almost Gorenstein graded ring. Classically, by Zariski’s theorem ([62, Part II,
Section 12], [63, Appendix 5, Theorem 2’|, [29, Theorem 3.7]), the ring R(I) is normal. In
addition, it follows from [30, Theorem 3.2] (see also [60, Theorem]) that R(I) has minimal
multiplicity at the graded maximal ideal 9t = mR(I) + R([);. Hence, in view of [26,
Theorem 6.6], which asserts that a nearly Gorenstein ring admitting minimal multiplicity
is almost Gorenstein, it is natural to ask for a precise characterization of when the Rees
algebra R(I) is nearly Gorenstein. This question is of particular interest, since it not only
deepens our understanding of the almost Gorenstein property, but also clarifies the role
played by the canonical trace in the context of blow-up algebras.

The aim of this paper is to explore the nearly Gorenstein property of blow-up alge-
bras. More specifically, we wish to understand whether Goto-Shimoda’s theorem has an
analogue in the nearly Gorenstein setting. This leads to the following question.

Question 1.1. Let (A, m) be a Cohen-Macaulay local ring with d = dim A > 2, and let
I be an m-primary ideal of A. Assume that the Rees algebra R(I) is nearly Gorenstein.

(1) Is the associated graded ring G(I) nearly Gorenstein?
(2) Is it possible to determine the a-invariant of G(I)?

In this paper we provide a complete answer to Question I (2). Moreover, with a view
toward applications to two-dimensional regular local rings, we concentrate on the case
where the base ring is Gorenstein and the ideal has reduction number one; in this setting,
we also answer Question [0 (1) in the affirmative.

Let us now present a more detailed account of our main results and explain how this
paper is organized. In Section 2, after recalling the definition and basic properties of
trace ideals, we introduce the notion of the nearly Gorenstein property for H-local graded
rings, that is, graded rings admitting a unique graded maximal ideal. This slightly extends
the definition given in [26, Definition 2.2] for positively graded Cohen-Macaulay algebras
over a field, and enables us to study the nearly Gorenstein property of blow-up algebras.
We further show in Section 2 that the nearly Gorenstein property of the Rees algebra
determines the a-invariant of the associated graded ring (Theorem PZ10). In Section 3, we
establish a characterization of the nearly Gorenstein property of Rees algebras when the
base ring is Gorenstein of dimension at least two and the ideal has reduction number one
(Propositions BZ3 and B8). In particular, in the case of a two-dimensional regular local
ring, we completely determine the ideals whose Rees algebras are nearly Gorenstein.

Theorem 1.2 (Theorem BY). Let (A, m) be a two-dimensional regular local ring with
infinite residue class field. Let I be an m-primary ideal of A and assume that I is not a
parameter ideal. Then the following conditions are equivalent.
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(1) The Rees algebra R(I) is nearly Gorenstein.
(2) There ezists a regular system of parameters x,y of A and an integer n > 1 such
that I = (2%, xy,y™ ).
When this is the case, R(I) is an almost Gorenstein graded normal domain with minimal
multiplicity.

Moreover, Section 3 shows that, in the non-regular Gorenstein case, the nearly Goren-
stein property of the Rees algebra forces the base ring to be a hypersurface of multiplicity
2 (Theorem BTd). In Section 4, we focus on extended Rees algebras R'(I) = ,,., 1"
We give a characterization of their nearly Gorenstein property, and show that this is in
fact equivalent to the nearly Gorenstein property of the associated graded ring (Propo-
sition B3). As a consequence, we prove that the nearly Gorenstein property of the Rees
algebra implies that of the extended Rees algebra (Corollary B3H). Furthermore, in the
case of a two-dimensional regular local ring and the ideals are integrally closed, we obtain
a complete classification of the ideals whose extended Rees algebras are nearly Gorenstein.

Theorem 1.3 (Theorem BT2). Let (A,m) be a two-dimensional regular local ring with
infinite residue class field. Let I be an integrally closed m-primary ideal of A and assume
that I is not a parameter ideal. Then the following conditions are equivalent.

(1) The extended Rees algebra R'(I) is nearly Gorenstein.

(2) The associated graded ring G(I) is nearly Gorenstein.

(3) Either I = m’ for some { > 2, or else there exists a regular system of parameters
x,y of A and an integer n > 1 such that I = (22, zy,y™ ™).

Throughout this paper, unless otherwise specified, we use the following notation and
terminology. For an arbitrary commutative ring A and an A-module M, let £4(M) denote
the length of M. We denote by Q(A) the total ring of fractions of A. For A-submodules
X and Y of Q(A), we set X :qa) Y = {a € Q(A) | aY C X}. For ideals I,J of A, we
set [ 14 J ={a€ A|aJ C I} hencel 4 J = (I :qu) J)NA. A fractional ideal of
A is a finitely generated A-submodule X of Q(A) such that Q(A) - X = Q(A). For an
ideal I of A, we denote by I the integral closure of I. For an integer ¢ > 0, let I,(M) be
the ideal of A generated by all the ¢ x ¢ minors of a matrix M with entries in A. When
(A, m) is a Cohen-Macaulay local ring with d = dim A and M is an A-module, let p4(M)
denote the minimal number of generators of M. We denote by e(A) the multiplicity of
A, and set 1(A) = £4(Ext%(A/m, A)). For a graded module M over a graded ring R and
an integer ¢, let M (¢) denote the graded R-module whose underlying R-module is M and
whose grading is given by [M(¢)],, = Moy, for all m € Z, where [—],,, denotes the m-th
homogeneous component.

2. PRELIMINARIES

We give the definitions and basic properties which we need throughout this paper.

Definition 2.1. Let R be an arbitrary commutative ring and M be an R-module. Con-
sider the homomorphism of R-modules

Ty - Homg(M,R) g M — R
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defined by 7 (f ® m) = f(m) for each f € Hompg(M, R) and m € M. Set trr(M) =
Im 757, which forms an ideal of R, and call it the trace ideal of M. The reader may consult
with [R) O, I35, 26, B3, B5] for more details regarding trace ideals.

Lemma 2.2. Let R = @, ., R, be a Noetherian Z-graded ring and M a finitely generated
graded R-module. For each { € Z, the equality trg(M) = trr(M(¢)) holds.

Proof. This follows from the natural isomorphisms
Hompg(M(¢), R) @ M(¢) =2 Hompg(M, R)(—¢) ®r M (¢) = Homg(M, R) @g M,
under which the evaluation map 7z corresponds to 7as. Hence trp(M) = trp(M(¢)). O

In [26, Definition 2.2|, the nearly Gorenstein property is defined for Cohen-Macaulay lo-
cal rings that possess a canonical module, as well as for positively graded Cohen-Macaulay
algebras over a field. The present work requires a slightly broader viewpoint for graded
rings with a unique graded maximal ideal. We therefore extend the notion accordingly
and examine its consequences for graded rings.

Definition 2.3. Let R = @, ., R, be a Cohen-Macaulay Z-graded ring. Assume that
R is H-local, i.e., it has a unique graded maximal ideal 9 of R, and that R admits the
graded canonical module Kg. We say that R is nearly Gorenstein if MM C trr(Kg).

Note that an H-local graded ring is also referred to as *local. The R-module K is the
canonical module of R in the usual (non-local) sense, i.e., for every prime ideal p of R, the
localization (Kg), is a canonical module of R,. Moreover, K is uniquely determined up
to homogeneous isomorphism ([B, Proposition 4.2], [H, Proposition 3.6.9]). In particular,
one has (Kg)m = K(g,,), and R is nearly Gorenstein if and only if so is the local ring Ryp.

Example 2.4. Let R = k[Xy,..., X4] (d > 2) be the polynomial ring over a field k, and
set m = (X1,..., Xq). The Rees algebra R(m) = P, -, m" admits the presentation

R(m)%k[Xl,Xg,...,Xd,Yl,YZ,...,Yd]/IQ<Y11 Yj Y;)

where I,(M) denotes the ideal generated by the 2 x 2-minors of a matrix M. Identifying
R = R(m) with the above determinantal ring, we may apply [I1, Theorem 1.1] to compute
the trace of its graded canonical module Kx. More precisely, one has the equality

trr(Kr) = (X1, Xa, ..., Xa, Y1, Ya, ..., Y))°R.
Hence, R(m) is nearly Gorenstein if and only if d < 3.

In the rest of this section, let (A, m) be a Cohen-Macaulay local ring with d = dim A > 0
and [ (# A) an ideal of A with ht4/ > 0. Denote by

R(I) = A[It] C A[t], R'(I) = A[It,t7") C Alt,t™"], and G(I) = R'(I)/t"R'(I)

the Rees algebra of I, the extended Rees algebra of I, and the associated graded ring of
I, respectively, where ¢t is an indeterminate over A. For background and basic results on
these algebras, the reader is referred to [8, Sectiond.5], [25], [44, Chapter 5], [A8], and [44].
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Let 9 = mR(I) + R(I), denote the graded maximal ideal of R(I) and

a(G(I)) =sup{n € Z | [Hyn(G(1))]. # (0)}

be the a-invariant of G(I) ([24, Definition (3.1.4)]), where {[H%,(G(I))]n}nez denotes the
homogeneous components of the d-th graded local cohomology module H&,(G (1)) of G(I)
with respect to 9.

Fact 2.5 ([d5, Theorem 7.1]). The following conditions are equivalent.

(1)

1) R(I) is a Cohen-Macaulay ring.
(2) @

)
(I) is a Cohen-Macaulay ring and a(G(I)) < 0.

Remark 2.6. We denote by S (resp. T') the set of all the homogeneous non-zerodivisors
on R(I) (resp. R'(I)). Since grade I > 0, it follows that

STIR(I) = K[t,t '] =T '"R'(I)
where K = Q(A) denotes the total ring of fractions of A.

Introduced by Northcott and Rees ([20]), for ideals J and @ of A with Q C J, we say
that Q is a reduction of J if J**' = QJ" for some r > 0; the least such integer r, denoted
by redg(J), is called the reduction number of J with respect to ). The following lemma
is well-known to experts; for the sake of completeness, we include a brief proof.

Lemma 2.7 (cf. [23, pages 202-203]). Let I be an m-primary ideal of A. Assume that
I contains a parameter ideal Q) of A as a reduction and G(I) is a Cohen-Macaulay ring.
Then a(G(I)) =redg(I) — d.

Proof. Let Q = (ay,as, ...,aq). Since ) is a reduction of I, the sequence aqt, ast, ..., agt
constitutes a homogeneous system of parameters of G(I). As G(I) is Cohen-Macaulay, it
forms a regular sequence on G(I). Hence, by [&7, Corollary 2.7] we have QN I" = QI !
for all n € Z. It follows that G(I)/(ait, ast, ..., aqt) = G(I/Q) and a(G(I/Q)) = redg({).
Finally, [24, Remark (3.1.6)] yields

a(G(I)) = a(G(I)/(ait,ast,. .. aqt)) —d =redg(l) — d
as desired. 0

Remark 2.8. When d = 2 and I is m-primary, Lemma P74 together with [47, Corollary
2.7] shows that R(I) is Cohen-Macaulay if and only if I* = QI. Moreover, a necessary
and sufficient condition for R(/) to be a Gorenstein ring is that G(I) is Gorenstein and
a(G(I)) = —2 ([82, Corollary 3.7]). Assuming that A is Gorenstein, this pair of conditions
is equivalent to redg () = 0, that is, / = Q.

Recall that the ring A is generically Gorenstein if A, is Gorenstein for every p € Min A.

Lemma 2.9. Assume that A admits the canonical module K 4. If R(I) is nearly Goren-
stein, then A is generically Gorenstein.
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Proof. Set R = R(I). Note that R admits a graded canonical module Kz. Let p € Min A
and set P = pA[t]NR. Then PN A = p. Since hty/ > 0, we have I, = A, and hence
Ry = Ra, (1) = Apft]. Therefore

Rp = (Ryp)rr, = (Aplt])pa, -
In particular, dimRp = dim A, = 0, so P € Min’R. Thus P # 9. Since R is nearly
Gorenstein, [26, Proposition 2.3 (a)] implies that Rp is Gorenstein. Via the above iso-

morphisms, (A, [t])pa,[ is Gorenstein, and hence so is A,. Consequently, the local ring A
is generically Gorenstein. 0

Theorem 2.10. Let (A, m) be a Cohen-Macaulay local ring with d = dim A > 0 admitting
the canonical module Ko. Let I (# A) be an ideal of A with htal > 0 and assume that
R(I) is nearly Gorenstein. Then the following assertions hold true.

(1) One has a(G(I)) = —1,—2, 3.

(2) If a(G(I)) < =2, then A is nearly Gorenstein.
(3) If a(G(I)) = —3, then I = m.

Proof. Set R = R(I), G = G(I), and a = a(G([)). By Fact 23, the ring G is Cohen-
Macaulay and a < 0. Since A is generically Gorenstein, we realize the canonical module
as an ideal of A with grade,K, = 1 ([24, Satz 6.21], [22, Remark 3.2], and [5, Propo-
sition 3.3.18]). By [[3, Theorem 2.1 and Proposition 2.5, there exists a unique family
w = {w; }iez of A-submodules of K, satisfying the following conditions:

(@) wir1 Cw; for all i € Z.

() wi=Kyforali<—a—1 and w_, C Ky.

(¢) I'w; Cwyy; for all 4,5 € Z.

(d) Kr 23,5, wit’, where Kz denotes the graded canonical module of R.
Identifying Kz with .., wit’, we regard Kr as a graded R-submodule of ST'R =
K[t,t7'], where S is the set of homogeneous non-zerodivisors on R and K = Q(A) stands
for the total ring of fractions of A. In particular, K% is a fractional ideal of R.

Let I = Q(R) be the total ring of fractions of R, and set L = R :p Kg. We claim that

L=R S-IR KR

Indeed, since a < 0, condition (b) gives wy = K. Hence, by (¢) we get IK4 = [wy C w;.
Because ht 41 > 0, the ideal IK4 contains a non-zerodivisor ¢ on A. Then ct € wit C Ky
is a homogeneous non-zerodivisor on R. Moreover, since ct € It, we have ¢t € S. Pick
a € L. Then a Kz C R, and hence in particular a - (ct) € R. Therefore

a= a(d) € ST'R.
ct
This shows that L C S™!'R, proving the claim. Consequently, L is a graded R-submodule
of ST'R, and we may write L =Y _, L,t".

(1) Let n < —2 be an integer. Since L is graded, we have L,t" - (wit) € R,41 = (0).
As w; contains a non-zerodivisor on A, it follows that L, = (0) for all n < —2. Since
K is a fractional ideal of R, we have trg(Kg) = Kg - L. In particular, using L,, = (0)
for n < —2, we obtain [trgr(Kg)]o = w1 - L_1. Assume, to the contrary, that a < —4.



NEARLY GORENSTEIN BLOW-UP ALGEBRAS 7

Then condition (b) gives w; = ws = w3 = K4. Since R is nearly Gorenstein, we have
m = My C [trr(Kr)]o, and hence

mgwl‘L,lzKA-L,lzwg-L,l.

Multiplying by 2, we see that mt* C (wst?)- (L_1t71) C Ry = I*t?, and therefore m C 12
This contradicts d > 0 (indeed, m C I? forces I = m and hence m = m?, so A would be
Artinian). Consequently, a = a(G) must be one of —1, —2, or —3.

(2) Assume that @ < —2. Then condition (b) yields w; = K4. Taking the degree 0 part
of L -Kr CR,weget L 1t71(wit) CRy=A, and hence L_; C A : K4. Therefore

m=M C [trr(Kr)lo=wit- Lt ' =Ka-L 1 CKy-(A:x Ka) = tra(Ka).

Thus A is nearly Gorenstein.
(3) Assume that a = —3. By condition (b), we see that w; = wy = K4. It follows that

m = 9)?0 [tI‘R<KR)]0 = W - L,1 = KA . L,1 = Wy - Lfl.

Multiplying by ¢, we obtain mt C (wqt?) - (L_1t7') C Ry = It. Hence m C I and we
conclude that I = m. This completes the proof. O

Example 2.11. Let R = k[X3,...,X4] (d > 3) be the polynomial ring over a field k,
endowed with the standard grading in which deg X; = 1 and Ry = k. Fix a homogeneous
polynomial f € R of degree d — 3 and set B = R/(f). Let M = (Xy,...,X4)B be the
graded maximal ideal of B, and consider the local ring A = By;. Write m = M A and
set G = G(m). Then A = Gy, where 91 denotes the graded maximal ideal of G. Set
a = a(G). By [24, Remark (3.1.6)], we have a = —d + deg f = —3. In particular, the
Rees algebra R = R(m) is Cohen-Macaulay but not Gorenstein. Following |3, Theorem
2.1 and Proposition 2.5], let w = {w; }scz denote the uniquely determined family of ideals
of A satisfying:

(@) wip1 Cw; for all i € Z.
(b) w;=Aforalli<—a—1,and w_, C A.
()mwj C wiyj for all i, 5 € Z.
(d) Kr =35, wit'.
(€) Ka = sy wi1/wi.
Here, Kz and K denote the graded canonical modules of R and G, respectively. Since
G is Gorenstein, a comparison of graded components in Kg = G(a) yields w; = miTet!
for all i > —a. Let F = Q(R) be the total ring of fractions of R, and set L = R :r Kx.
A direct computation shows that L, = m" %! for all n > —1, while L, = (0) for all
n < —2. Consequently

[tI"R(KR)]O = Wi L,1 =m and [trR(KR)]l = CUQtZ . Lfltil + wqt - LQ =mi
Therefore R is nearly Gorenstein but not Gorenstein.
3. NEARLY GORENSTEIN REES ALGEBRAS

In this section, we explore the nearly Gorenstein property of Rees algebras. Let us fix
the notation and standing assumptions.
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Setup 3.1. Let (A, m) be a Gorenstein local ring with d = dim A > 2 and K = Q(A) its
total ring of fractions. Let I be an m-primary ideal of A and assume that I contains a
parameter ideal @) of A such that I? = QI. Let

R =R(I) = A[I1] C A[]

be the Rees algebra of I, where A[t] denotes the polynomial ring over A. We denote by
M = (m, I[t)R the graded maximal ideal of R. Set J = @ :4 I. In particular, I C J.

By [@6, Theorem 2.7 (a)], the graded canonical module of R is given by

d—2
Kr 2 (1) YR =P At e @ 11t
i=1 i>d—1

as graded R-modules. Hence, R is Gorenstein if and only if I = ) when d = 2, whereas
for d > 3, it is Gorenstein if and only if 7 = J and d = 3 ([48, Corollary 2.11 (a)]). Since
the situations in dimension two and in dimension at least three are somewhat different,
we treat them separately. We begin with the case where d > 3.

Set X = ((1,t)%73, Jt¢=?)R, which is a fractional ideal of R. Then K (1) & X, so that

tI‘R(KR) =X-L

where L =R :p X and F' = Q(R). Since 1 € X, we actually have L =R :x X, so L is a
graded ideal of R.

Lemma 3.2. For each n > 0, the equality L, = [I"t?=3 N (I"T4=2 .4 J)|t" holds in R.

Proof. Let x € R,, and write x = ct™ with ¢ € I". Then x € L, if and only if z(1,¢)473 C
R and x(Jt?2) C R. The first condition holds if and only if (ct™)t9™3 € R, 1q_3, that is,
c € I"*%=3_ The second condition is equivalent to (ct™)(Jt4=2) C R, a2, or equivalently
c € "2, J. Therefore x € L, if and only if ¢ € I"*4=3 N (["*4=2:, J), and hence
Ly, = [I"T=3 0 (ImT472 24 J)]t", as desired. O

Proposition 3.3. Let (A,m) be a Gorenstein local ring with d = dim A > 3 and I an m-
primary ideal of A. Assume that I contains a parameter ideal Q of A such that I* = QI
and set J = Q :4 I. Then the following assertions hold true.

(1) If the Rees algebra R(I) is nearly Gorenstein, then d < 4.

(2) Suppose that d = 3. Then R(I) is nearly Gorenstein but not Gorenstein if and
onlyifm=1:4J and I = (I*:4 J)+mJ.

(3) Suppose that d = 4. Then R(I) is not Gorenstein, and it is nearly Gorenstein if
and only if [ = m.

Proof. (1) Since G(I) is Cohen-Macaulay by Fact P33, Lemma P70 yields a(G([)) =
redg(/) —d <1 —d. Applying Theorem 210 (1), we conclude that d < 4.
(2) Suppose that d = 3. From Lemma B we have
[trr(Kr)lo=1:aJ and [trr(Kgr)li= (I N(I*:x INt+J-(I:4 )t

Since M = (m, [t)R, it follows that R is nearly Gorenstein but not Gorenstein if and
onlyifm=17:4Jand I = (IN(I?:4J))+mJ. Observe that I? :4 J C I, because A/Q
is an Artinian Gorenstein ring and I? = QI. Hence the equivalence follows.



NEARLY GORENSTEIN BLOW-UP ALGEBRAS 9

(3) Suppose that d = 4. Arguing as in (2), the ring R is nearly Gorenstein if and only
ifm=TIN{I?:4aJ)and It = (I*N(I?:4 J))t + (IN(I%:4 J))t. The second condition is
equivalent to I = I N (I? :4 J). Combined with m = I N (I%:4 J), this yields I = m, and
vice versa. Hence R is nearly Gorenstein but not Gorenstein if and only if 7 = m. U

We now focus in particular on the case where d = 2. By Fact 223, we observe that R is
Cohen-Macaulay. Note that Kg (1) = JR ([I8, Proposition 2.1], [46, Theorem 2.7 (a)]).
Let L=R :p JR. Then L =R :5-1zx JR; see Remark PZ8. In particular, L is a graded
R-submodule of S™'R.

Lemma 3.4. For each n € Z, the equality L, = (I" :4 J)t" holds in Alt,t™].

Proof. Let x € K[t,t7'] be a homogeneous element of degree n and write x = ct" with
c € K. Then z € L, if and only if (ct™)(JI*) C """+ for all £ > 0. The latter
condition is equivalent to saying that ¢J C I", that is, c € I" :x J = I" :4 J. Hence
L, = (I":4 J)t", as claimed. O

Remark 3.5. Let A be a Noetherian ring and J an ideal of A with grade,J > 2. Then
A quay J = A (see e.g., [, Exercise 1.2.24], [26, Remark 1.2]). Hence, for any ideal a in
A, it follows that a 1Q(A) J=a:4J.

Hence we have the following.

Proposition 3.6. Let (A,m) be a two-dimensional Gorenstein local ring and I an m-
primary ideal of A. Assume that I contains a minimal reduction Q such that Q # Q.
Then the following conditions are equivalent.

(1) The Rees algebra R(I) is nearly Gorenstein but not Gorenstein.
(2) I=Q:amand [ =m(] :y m).

Proof. By Fact I3, Lemma P74, and [6, Theorem 2.1], we may assume [? = QI. Further-
more, we may (and do) assume that I # @; see Remark 8. Since MM = (m, [t)R and
trr(Kr) = JR - L, the Rees algebra R is nearly Gorenstein if and only if

mC J(A:aJ) and It C(JIt)(A:a J)+ J(I :4 ).
Equivalently, this is the case precisely when m C J and I C J(I :4 J). Consequently,
because I # ), we see that R is nearly Gorenstein if and only if
m=.J and [ =m(]:4 m).
Moreover, since A/Q is Gorenstein, the equality m = J is equivalent to [ = Q 1y m. O

Recall that a Cohen-Macaulay local ring (A, m) is said to have minimal multiplicity
if e(A) = pa(m) — dim A + 1, where e(A) denotes the multiplicity of A. If the residue
field A/m is infinite, then A has minimal multiplicity if and only if m?> = Qm for some
parameter ideal @ of A ([A2, Theorem 1]). Whenever R(I) is Cohen-Macaulay, we say
that R(I) has minimal multiplicity if the local ring R([)on has minimal multiplicity.

For each ideal I of A, let

o(I)=max{ne€Z|ICm"}
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denote the order of I. Let (A,m) be a two-dimensional regular local ring and I an m-
primary ideal of A. Following [563, Appendix 5, page 368], we say that I is contracted if
there exists x € m \ m? such that

m

1-A[Zna=1

x
where = = {2 | a € m}. When A/m is infinite, I is contracted if and only if pa(I) =
o(I) 4+ 1 ([30, Theorem 2.1]). Moreover, by [63, Appendix 5, Lemma 2], the ideal I being
contracted is equivalent to the existence of x € m \ m? satisfying [ :am =1 :4 x.

Lemma 3.7. Let (A, m) be a two-dimensional reqular local ring with infinite residue class
field. Let I be an m-primary ideal of A and assume that I is not a parameter ideal. Then
the following conditions are equivalent.

(1) I is integrally closed and R(I) is a nearly Gorenstein ring.
(2) R(I) is nearly Gorenstein with minimal multiplicity.
(3) There ezists a regular system of parameters x,y of A and an integer n > 1 such
that I = (2%, xy,y™ ™).
When this is the case, R(I) is an almost Gorenstein graded ring with r(R(I)) = 2.

Proof. (1) = (2) This follows from [30, Theorem 3.2].

(2) = (3) Let @ be a minimal reduction of I. By Lemma 270, the equality I? = QI
holds. Since R is nearly Gorenstein, we then have I = @ :y m and I = m(/ :4 m). In
particular, p4(I) = 3 because A/Q) is Gorenstein. Note that, by [60, Theorem, page 3]
the ideal I is contracted, so that pa(l) = o() + 1. Hence o(I) = 2. Moreover, because
I =m(] :4 m), it follows that o(/ :4 m) = 1. Therefore we can choose a regular system
of parameters z,y of A and an integer n > 1 such that I :y m = (z,y"). Consequently,
I=m(l:ym)= (2% 2y, y"™).

(3) = (1) We choose a regular system of parameters z,y of A and an integer n > 1
satisfying that I = (22 xy,y"™'). Since I = m(x,y"), we have I = m([ :4 m). By
setting Q = (xy, 22 + y™™), the direct computation shows 12 = QI and mI C Q. Hence
I =@ :4 m, so that R is nearly Gorenstein. In addition, since the products of integrally
closed ideals is integrally closed ([63, Appendix 5, Theorem 2’)), the ideal [ is integrally
closed. The last statement follows from [19, Theorem 1.4]. O

Remark 3.8. By [26, Theorem 6.6], the local ring R(I)sm, being nearly Gorenstein with
minimal multiplicity, is almost Gorenstein as a local ring. Here, however, we state more:
namely, that R(/) is almost Gorenstein as a graded ring.

The first main result of this paper is stated as follows.

Theorem 3.9. Let (A, m) be a two-dimensional regular local ring with infinite residue
class field. Let I be an m-primary ideal of A and assume that I is not a parameter ideal.
Then the following conditions are equivalent.

(1) The Rees algebra R(I) is nearly Gorenstein.

(2) There ezists a regular system of parameters x,y of A and an integer n > 1 such
that I = (2%, xy,y™ ).
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When this is the case, R(I) is an almost Gorenstein graded normal domain with minimal
multiplicity.

Proof. We write m = (z,y). By Lemma B, it suffices to show that, when R is nearly
Gorenstein, the ideal [ is integrally closed. To show this, we choose a minimal reduction
Q of I. Note that I? = QI and I # (). By Proposition B8, we have I = () :4 m and
I'=m(I:4m). Thus pa(l) =3. Wewrite I :q m = (f1, fo,..., fr) with £ > 1 and f; € A.
Without loss of generality, we may assume that [ is of either of the following forms:

(1) I = ($f1,$f2,yf1), or
(ii) I= <$f17$f2>yf3)-
Assume that I = (xf,xfs,yf1). We proceed to show that I = I. Indeed, since I =
(x,y)(f1, f2), we can write yfo = a1 (z f1) +az(z fo) +as(y fi) for some ay, as,a3 € A. Then
y(fa — azf1) = z(arfr + azfa).

Since z,y is a regular sequence on A, it follows that fs — azf; = cx with ¢ € A. Thus

I= (33'7y)(f1705’3) = ($f170$27yf173/05€) and [ = (mfl,l’fmyfl) = (xthSUQ’Z/fl)-
This shows ycx = by(zf1) + ba(ca?) + bs(y f1) with by, be, by € A. Hence
z(cy — bacx) = fi(b1x + bay).

Note that x, f; forms a regular sequence on A. This implies that cy — bocx = df; for some
d € A. We now assume that ¢ € m. We then have d € m, so that d = px + qy with
p,q € A. Therefore, since

y(c —qf1) = x(bac + pf1)

and the sequence x,y is A-regular, ¢ — qf; = ex for some e € A. Hence we get (f1, fo) =
(f1,cx) = (f1,ex?). Next, taking ¢ = ex € m and repeating the same argument, we obtain
that, for every n > 2, we can choose ¢, € A such that

(f1, fo) = (f1, enz™).

This yields that (f1, f2) € (f1) +[),—,(z™) = (f1). This makes a contradiction. Hence ¢
is a unit in A, so (f1, fa) = (f1,x). Since A/zA is a discrete valuation ring with maximal
ideal of the form m/xA = (y), we see that (f1,x) = (y", x) for some n > 1. Consequently,
we have I = (z,y)(y", x) = (22, 2y, y™™), and hence I is integrally closed.

Next, assume that I # I. Then, by the argument above, we may write

I = (xfi,xf2,ufs).

To complete the proof, we shall show that this leads to a contradiction.
Claim 1. For every n > 0, there exist fl(n), an) € A such that the equality

I = (z,y)(f2", P2, f5) = (Fa 1502y fs)
holds.
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Proof of Claim . We prove the assertion by induction on n > 0. When n = 0, it suffices
to take fl(o) = f1 and fQ(O) = f5. For the inductive step, assume that the assertion holds
for n = k (k > 0), and prove that it holds for n = k£ + 1. Namely, we assume that

1= (a,y) (17", f57a%, f3) and
yfl(k)xk _ agk)f(k) k+1 —|—a(k)f(k) k+1 —|—a(k)yf3
yfyat = BN ) Y by
vfy = & [P L P P Py fy
with fi(k),ag-k), b;k),cg.k) e A If a:(,)k) is a unit in A, the first equality above shows yf; €
(FB gkt flB ket g ¢ ®B) kY The induction hypothesis guarantees that

1= ({0 By fs) = (@ iV (0t y - V),
This falls under case (i), and hence [ is integrally closed, contradicting our assumption
that I # I. Therefore, a3k) € m. Similarly, the second equality above yields bék) € m. By
the first equality above, we obtain y(flk) k aék)fg) = a:k“(agk)fl(k) + agk)fék)), so that
ek = fy+ VA ()

k+1) k+1

for some fl( € A, because ", y forms a regular sequence on A. Similarly, the second

equality above induces the equality
f2ak = 0 fo - VA ()

M e A, Therefore, we get

holds for some f2(
k k
1= (@) (07" 5095 f2) = (@) (A2 BT ).
Substituting (*) and (*x) into the third equality above, we obtain
wfs = Va0 fo+ [TV 1 Ve fa b )+ ey
which shows
(1= ael? =) (wfs) = o {1V 4 G M Py

Since a:gk), b:(,)k) € m, it follows that afs € (fFTVak+2 fFHD k2 0 £ We next substitute
(%) and (*x*) into the first and the second equalities respectively above to obtain

k k k+1 k+1 k+1 k+1
yfl( )xkany( )xk S (xf37f1( " )xk+27f2( - )xk+2ayf3> - ( 1( " )‘rk+27 2( " )xk+27yf3)

which completes the proof. ([l

Therefore, for each n > 0, we have I = (f{™ 271, f{Mzn+1 yf5) for some £, £V € A
Hence -~
ﬂ n+1 )

which makes a contradiction. O

Remark 3.10. Let (A, m) be a two-dimensional regular local ring and I (# A) an ideal of
A with ht 41 > 0. Then either I = A as an A-module, or [ = J for some m-primary ideal
J of A.
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Example 3.11. Let A = k[[X, Y]] be the formal power series ring over a field k. We set
I=(X2,XY2Y3) and Q = (X?,Y3). Then Q is a parameter ideal of A and I? = QI.
Then I =Q :4m, but I € m(I :4 m) =m®. Thus, R([) is not nearly Gorenstein.

Example 3.12. Let A = k[[X,Y]] be the formal power series ring over a field k, and
let £ > 1 be an integer. Set I = m‘, Q = (X, Y*), and J = Q :4 I. Then I? = QI
and J = m‘! =T :4 m. Hence, R(I) is nearly Gorenstein if and only if £ < 2. On the
other hand, [I8, Corollary 1.4] shows that, provided k is infinite, the Rees algebra R(I)
is almost Gorenstein for every ¢ > 1.

Example 3.13. Let A = k[[X, Y]] be the formal power series ring over a field k. We set
Q=(X3YHand I =Q :y m. Then [ = (X3 X2Y2 Y3), I? = QI, and [ = m® # I.
Thus R(I) is not nearly Gorenstein.

We consider the case where A is not regular. Recall that a Noetherian local ring (A, m)
is called a hypersurface if ps(m) —depth A <1 ([2, page 44)).

Theorem 3.14. Let (A, m) be a two-dimensional non-reqular Gorenstein local ring with
infinite residue class field. Let I be an integrally closed m-primary ideal of A. Then the
following conditions are equivalent.

(1) The Rees algebra R(I) is a non-Gorenstein nearly Gorenstein ring.
(2) I =m and A is a hypersurface with e(A) = 2.

Proof. (2) = (1) Since A is a two-dimensional hypersurface with e(A) = 2, it has minimal
multiplicity. As the residue field A/m is infinite, there exists a parameter ideal @) of A
such that m? = Qm. In particular, m = @ :4 m, and hence I = Q :4 m. Moreover, since
I = m, we have [ :y m = A, and therefore I = m(/ :4 m). Consequently, Proposition
B8 applies and shows that the Rees algebra R is nearly Gorenstein. Finally, R is not
Gorenstein because I = m # (); see Remark IZS.

(1) = (2) Let @ be a parameter ideal of A which is a reduction of I. Since R is not
Gorenstein, we have I # @, whence Q # (). By Proposition BB, the nearly Gorenstein
property of R(I) yields that I = @ :4 m and [ = m( :4 m). Assume that A is not a
hypersurface. Then ps(m) > 4. Since [ is integrally closed and VI = m, the ideal I is
m-full ([T2, Theorem (2.4)]). Hence we get

pa(l) = pa(m) > 4

by [I2, Lemma (2.2) (2)] (see also [61, Theorem 3]). On the other hand, since I =@ 1y m
and A/Q is Gorenstein, we obtain {4(I/Q) = 1, and hence ps(I) = pa(Q)+1 =3, a
contradiction. Therefore A is a hypersurface. By [39, (40.6) Theorem]|, we have e(A) > 2.
Since A is a two-dimensional hypersurface, we may write

G(m) = k[X,Y, Z]/(F),

where £ = A/m and F € k[X,Y,Z] is a homogeneous polynomial. Moreover, deg F' =
e(A) > 2; see [B, Exercise 4.6.12(a)]. Consequently

pa(m?) = dimy G(m)y = dimy, k[X, Y, Z]; — dimy(F)y, > 6 — 1 = 5.
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If I # m, then the equality I = m(I :4 m) implies I C m?. Therefore
3= pa(l) > pa(m?) >5

which is impossible. Hence I = m. This implies m = () :4 m. Since A is not regular, it
follows that m? = Qm by [2, Theorem 2.2]. Thus A has minimal multiplicity, and hence
r(A) =e(A)—1 (23, 3.1 Proposition]). Since A is Gorenstein, we conclude that e(A) = 2,
as desired. O

We conclude this section with the following remark concerning a case where the ideal
is not necessarily of reduction number one.

Remark 3.15. Let (A,m) be a regular local ring with d = dim A > 3. Then the Rees
algebra R(m?2) is nearly Gorenstein, as will be shown in a forthcoming paper ([I0]).
Note that, assuming A/m is infinite, the Rees algebra R(m’) is Gorenstein if and only if
it is an almost Gorenstein graded ring, and this happens precisely when ¢ = d — 1 ([d1,
Theorem 4.1(2)], [20, Theorem 1.6]).

4. NEARLY GORENSTEIN EXTENDED REES ALGEBRAS

In this section, we focus on the nearly Gorenstein property of extended Rees algebras.

Setup 4.1. Let (A, m) be a Gorenstein local ring with d = dim A > 2 and K = Q(A) its
total ring of fractions. Let I be an m-primary ideal of A and assume that I contains a
parameter ideal ) of A such that 1?2 = QI. We set J = Q :4 I. Let

R =R'(I)=Allt,t '] CA[t,t7'] and G =G(I)=R )/t 'R'(I)

be the extended Rees algebra and the associated graded ring of I, respectively, where ¢ is
an indeterminate over A. Denote by 9 = (¢~!, m, [t)R’ the graded maximal ideal of R’.

Since I? = QI, it follows from [7, Corollary 2.7] that G is Cohen-Macaulay; conse-
quently, R’ is Cohen-Macaulay as well. Moreover, the graded canonical module of R’ is
given by Kps 22 (t472 Jt¢~1)R’ ([a6, Theorem 2.7 (b)]). Therefore, after shifting degrees,
we have Kp/(d — 1) & X, where X = (¢t7!, J)R'. Let F = Q(R’) be the total ring of
fractions of R’, and set L = R’ : X. Then

L=(R xt'"R)N(R 1 JR) =tR' N (R 1 JR) =tR' N (R :p-1s JR)
where T denotes the set of homogeneous non-zerodivisors on R’. In particular, L is a
graded R’-submodule of T'R’' = K|t t7!].

Lemma 4.2. For each n € Z, the equality L, = (I""' N (I" :4 J))t" holds in A[t,t™1].

Proof. Let x € K[t,t7'] be a homogeneous element of degree n. Write x = ct™ with
c € K. Then x € (R :p JR'), if and only if (ct™)(JI%") C "™ for all £ € Z. The
latter is equivalent to ¢J C I", or equivalently, ¢ € I"™ :, J = I" :4 J. Consequently,
(R :p JR')p = (I™ :4 J)t". Taking degree n components in the equality L = tR'N (R’ :r
JR'), we obtain

Ly=R)yN (R ip JR )y ="M "N (I" iy )" = (1" (17 iy J))E"

as required. 0
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Proposition 4.3. The following conditions are equivalent.

(1) The extended Rees algebra R'(I) is nearly Gorenstein.
(2) The associated graded ring G(I) is nearly Gorenstein.
B)ymC({T:ad)+Jand = (T*:4J)+J(I:aJ).

Proof. (1) & (2) Let K¢ be the graded canonical module of G. Note that t ' € X - L =
trr/ (Kg/). Localizing at the graded maximal ideal, we may apply [38, Proposition 3.8|
to the homogeneous non-zerodivisor ¢t~* on R’. Since G = R'/(t7!), it follows that
trq(Kg) = trr/(Kg/)G. Therefore, the nearly Gorenstein property for R’ is equivalent to
that for G.

(1) & (3) Since trg/(Kg/) = X - L=t"'L + JL, we have, for each n € Z,

[trr:(Kp)]p = [t L+ JL)y =t Lyyy + J L.

Assume that R’ is nearly Gorenstein. Then 9t C trg/(Kg/), and comparing the degree 0
part we obtain

m=My C [trr(Kp)o=t""Ly +JLo= (I :4J)+J

where the last equality follows from Lo = A :4 J = A. Similarly, comparing the degree 1
part yields

It =9 C [trr(Kp)l =t Lo+ JLy = (IN (1% 14 J)t+ J(I 14 J)t.

As A/Q is an Artinian Gorenstein ring and I? = QI, it follows that I :4 J C I, and
hence I = (I? :a J) + J(I :4 J). Conversely, assume (3). Then the conditions in
(3) imply m C trr/(Kg/) and It C trg/(Kg/). Moreover, since MM = (m, It,t ')R' and
t7! € trr/ (Kg/), it follows that 9 C trg/(Kg/). Hence R/(I) is nearly Gorenstein. O

Remark 4.4. Assume I # Q). By [46, Corollary 2.11 (b)] (see also [, Proposition (2.2)]),
the extended Rees algebra R'(I) is Gorenstein if and only if I = J, i.e., I is a good ideal
in the sense of [I4, page 2310]. Proposition B=3 shows that R'(I) is nearly Gorenstein but
not Gorenstein if and only if m= (I 14 J)+Jand I = (I*:4 J)+ J(I :a J).

Corollary 4.5. If the Rees algebra R(I) is nearly Gorenstein, then the extended Rees
algebra R'(I) is also nearly Gorenstein.

Proof. By [32, Corollary 3.7], we may assume that R(I) is not Gorenstein. Recall from
Proposition B3 that R'(I) is nearly Gorenstein if and only if m C (I :4 J) + J and
I=(I?:4J)+ J(I :4 J). Since R(I) is nearly Gorenstein, Proposition B33 shows that
d < 4. We verify the two conditions case by case. If d = 2, Proposition B8 yields
I =@ :4amand I = m({ ;4 m). In particular, J = @ :4 I = m, so the above
conditions are satisfied. Assume that d = 3. Proposition B33 shows that m = I :4 J and
I =(I?:4 J)+mJ. Hence the conditions in Proposition Z=3 hold. Finally, suppose d = 4.
Then Proposition B33 gives [ = m. If J = A the conditions are immediate, while if J # A
then I = J = m and they again follow. Therefore R’ is nearly Gorenstein. U

Example 4.6. Let A = k[[X,Y]] be the formal power series ring over a field k, and let
¢ > 1be aninteger. Set I =m’, Q = (X, Y%, and J = Q :4 I. Then I?> = QI, J = m’™!,
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and [ :4 J = m. Hence, R'(]) is nearly Gorenstein for every ¢ > 1. Therefore, in view of
Example B2, the converse of Corollary B3 does not hold.

Example 4.7. Let A = k[[X,Y]] be the formal power series ring over a field k. Set
I=(X?XY2 Y3 and Q = (X?,Y3). By Example BIT, we have [? = QI, [ = Q :4 m,
and I :y m = m?. Consequently, J =Q :4 I =mand [ : J =m? On the other hand, a
direct computation shows that 12 :y m = (X4, X3V, X?Y?2 XY* Y?®). Therefore

(P g )+ J(:xJ)=m?

and hence I & (I? :4 J) + J(I :a J). By Proposition B3, it follows that R'(I) is not
nearly Gorenstein.

We now turn to the nearly Gorenstein property of extended Rees algebras over two-
dimensional regular local rings.

Unless otherwise specified, let (A, m) be a two-dimensional regular local ring with in-
finite residue class field. Let I be an integrally closed m-primary ideal of A, and assume
that I contains a minimal reduction @ such that Q@ # Q. Set J = Q :4 I. By [14,
Corollary (6.15)], it should be noted that no good ideals exist in this setting. Hence the
extended Rees algebra is never Gorenstein; see Remark B4. In particular, I # J.

We begin with the case in which the order of the ideal I is at least 3. Here, we say that
an ideal is simple if it cannot be expressed as the product of two proper ideals.

Proposition 4.8. Assume that o(I) > 3. Then the following conditions are equivalent.

(1) The extended Rees algebra R'(I) is nearly Gorenstein.

(2) I =m* for some £ > 3.
(3) I =mJ.
(4)1’[1:IAJ

(5) J—]:Am

Proof. Since I is integrally closed, it is contracted. Hence pa(l) = o(I) +1 > 4. Set
n = pua(I). Since ht4I = 2, the Hilbert-Burch theorem yields an exact sequence

0— ABC=D My gon s A 5 AT 0

of A-modules such that I = I,,_1(M), where M is an n x (n — 1)-matrix with entries in
m. Then [31, (3.1) Lemma, (3.3) Proposition| shows that
J = Q ‘A I = In_g(M)

and that J is integrally closed. Since n > 4, it follows that J C m"~2 C m?.

(1) = (4) Since R'(I) is nearly Gorenstein, one has m = (I :4 J) + J. Since J C m?,
it follows that m = (I :4 J) + m? whence m =1 :4 J.

(5) = (4) This follows from the fact that I # m and [ # J.

(4) = (3) Assume that m =1 :4 J. Then mJ C I. Moreover, we have

[=1,,(M)Cm-L_y(M)=mJ

which shows I =m.J.
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(3) = (2) Since I is integrally closed, Zariski’s factorization theorem ([63, Appendix 5,
Theorem 3|, [29, Theorem 3.9], [d4, Theorem 14.4.9]) yields a factorization

1211[2"'15,

where ¢ > 1 and each I; is a simple integrally closed m-primary ideal. We first show that
I is not simple. Indeed, if I were simple, then from I = m.J it would follow that J = A,
and hence I = m, contradicting the assumption o(/) > 3. Thus [ is not simple. We next
show that I; = m for every 1 < i < /. Fix ¢. By reordering the factors if necessary, we
may assume that ¢ = 1. Set I’ = I,---I,. Then I’ is again an integrally closed m-primary
ideal. By [36, Proposition (3.3)] (see also [44, Proposition 18.6.4]), one has

J=Q :al=adj(])
where adj(I) denotes the adjoint ideal of I. Hence
JiaI' = adj(I) iq I' = adj(II') 4 I' = adij(I),

where the last equality follows from [44, Proposition 18.2.1]. On the other hand, since
I = mJ and J is integrally closed, we have I 1y m = mJ :y m = J (see [44, Corollary
6.8.7]). Therefore, using the fact that I; is integrally closed, we obtain

adj(l) = Jial'={T:am)iqa I'=T:ygml'=(T:4I'):qam
= (LI':sg ') am=1:,m
Thus, by the implication (5) = (3) already proved, we get I; = madj(/;). Since [ is

simple, it follows that adj(/;) = A, and therefore I; = m. As i was arbitrary, we conclude
that I; = m for all 1 <7 < /. Consequently

I=0LI,---I,=m’.

Since o(I) > 3, necessarily ¢ > 3.

(2) = (1),(5) Let x,y be a regular system of parameters of A, and set I = m‘, Q =
(2%, y*). Then the same argument as in Example B8 shows that the extended Rees algebra
R'(I) is nearly Gorenstein. The direct computation shows J = m‘1 =1 :, m. O

We next consider the case where o(/) = 2 and [ is not simple.

Lemma 4.9. Assume that o(I) = 2. If the extended Rees algebra R'(I) is nearly Goren-
stein, then J = m.

Proof. Since o(I) = 2 and I = I, we obtain p4(I) = 3. By the proof of Proposition IR,
it follows that I = Io(M) and J = I;(M). Thus I C J?. Hence I :4 J C J?:4 J = J (|24,
Corollary 6.8.7]). The nearly Gorenstein property of R'(I) implies m C (I :4 J) + J =
J C A. Therefore J = m. 0J

Proposition 4.10. Assume that o(I) = 2 and I is not simple. Then the following
conditions are equivalent.

(1) The extended Rees algebra R'(I) is nearly Gorenstein.

(2) There ezists a regular system of parameters x,y of A and an integer n > 1 such
that I = (2%, xy,y™ ).
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Proof. (2) = (1) This follows from Theorem B and Corollary 3.

(1) = (2) By Lemma B9, we have J = m. Hence [ = (I* :4 m) +m(I :4 m). Since
o(I) = 2, one has I C m?, and therefore I2 :y m C m* :y m = m3, ie., o(/? 14 m) > 3.
Suppose that I :4 m € m? Then m(I :y m) C m?, sothat [ = (I?:4 m)+m(/ :y m) C m?,
which contradicts o(I) = 2. Thus I :y m € m?. Since I # m, it follows that o(I : 4 m) = 1.
Since o(/) = 2 and [ is not simple, by Zariski’s factorization theorem ([63, Appendix 5,
Theorem 3], [29, Theorem 3.9], [44, Theorem 14.4.9]), we may write

I =15LI,

where each [; is a simple m-primary integrally closed ideal with o(;) = 1. We now identify
G(m) = @, m"/m"*! = E[X,Y], where k[X,Y] denotes the polynomial ring over the
field k = A/m. For each i = 1,2, consider the k-subspace

W; = (I; + m?)/m* C G(m), = m/m?.
Since o(I;) = 1, we have 1 < dim;, W; < 2.
Claim 2. Either I} = m or I, = m.

Proof of Claim B. Suppose, to the contrary, that I; # m and I, # m. Since G(m); =
m/m? is two-dimensional over k, Nakayama’s lemma yields dimj W; = 1 for each i = 1, 2.
Choose f; € I; \ m? such that W; = k - f;. We then have
(LI 4w’ fm® = WiW, = k- f1fs
in G(m) = k[X,Y], and hence dimy([/ + m?]/m?) = 1. On the other hand, since I =
(I :pm)+m(l:ym)and I?:y m Cm3 we get [[ +m?]/m3 = [m(] ;4 m) +m3]/m>. Set
V =[(I:am)+m?/m?>C G(m),.
Aso(l:4m) =1, we get 1 < dim V < 2. Note that [m(I :4 m) +m?]/m® = G(m), -V C
G(m)y. If dim, V =1, then V = k - £ for some ¢ € (I :4, m) \ m?, and therefore
Gm),-V=k-XéE+k-YE
which is two-dimensional over k. If dimy V' = 2, then V = G(m)y, so G(m); -V = G(m)s.

In either case, dimy([m(f :4 m) + m®]/m?) = dim;(G(m); - V) > 2. This contradicts the
fact that dimy ([ + m?]/m?®) = 1. Hence, either I; = m or I, = m. O

By Claim B, we may assume without loss of generality that [; = m. Since o(ly) = 1,
there exists a regular system of parameters x,y of A and an integer n > 1 such that
Iy = (z,y"). Therefore, I = I}I, = m(x,y") = (22, 2y, y™ ™), as required. O

Finally, we turn to the case where o(/) = 2 and [ is simple.

Proposition 4.11. Assume that o(I) = 2 and I is simple. Then the extended Rees
algebra R'(I) is not nearly Gorenstein.

Proof. By Lemma B9, we note that J = m. Hence, if R’ were nearly Gorenstein, then
I=(I*:4m)+m(l:4 m). As in the proof of Proposition E-I0, one has [I + m?]/m? =
[m(I :4 m)+m?)/m? and o(I :4 m) = 1. Choose f € (I :4 m)\m? Then fm C m(I :4 m),
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50, identifying G(m) = @, 5, m"/m"*" = k[X, V] as the polynomial ring over k = A/m,
we obtain
(fm+m?®)/m® C [m(I 14 m) + m®|/m® = [ + m’]/m®.
Since (fm 4+ m?)/m? is generated, as a k-vector space, by X f and Y f, it follows that
X[, Yfell+m’]/m’.

Let ¢(I) denote the characteristic form of I, that is, the greatest common divisor of the
elements of [I +m®]/m® (see [44, Remark 14.1.1 (6)]). Then f | ¢(I), and we can write
c(I) = f - ¢ for some € € G(m). Since (1) is a homogeneous polynomial of degree at
most o(/) = 2 and deg f = 1, the element ¢ is also homogeneous. If, moreover, we assume
?2 | ¢(I). Since c(I) divides every element of [I + m?]/m?, in particular ¢(I) | X f and
c(I) | Yf, it follows that f | X and f | Y. This is impossible, because deg f = 1 and
X,Y are relatively prime in G(m) = k[X,Y]. Thus, the square TZ does not divide ¢(I).
Note that ¢(I) is a power of an irreducible homogeneous polynomial ([44, Exercise 14.6]).
Therefore deg c¢(I) = 1. However, since [ is simple and integrally closed, [29, Proposition
2.5] (see also [44, Proposition 14.1.12]) yields degc(I) = o(I) = 2. This contradiction
shows that R/(I) cannot be nearly Gorenstein. O

Combining the above observations, we reach the following which is the second main
result of this paper.

Theorem 4.12. Let (A,m) be a two-dimensional reqular local ring with infinite residue
class field. Let I be an integrally closed m-primary ideal of A and assume that I is not a
parameter ideal. Then the following conditions are equivalent.

(1) The extended Rees algebra R'(I) is nearly Gorenstein.

(2) The associated graded ring G(I) is nearly Gorenstein.

(3) Either I = m* for some { > 2, or else there exists a regular system of parameters
x,y of A and an integer n > 1 such that I = (2%, xy,y™*1).

Proof. Let @ be a minimal reduction of I. Since I # @, it follows that Q # Q.

(1) & (2) We may assume that G(I) is Cohen-Macaulay. By Lemma P74, we have
I? = QI. The equivalence then follows from Proposition EZ3.

(1) < (3) Suppose o(/) = 1. Since [ is integrally closed, it is contracted, and hence
pua(l) =o(l)+1 = 2. Thus [ is a parameter ideal, contrary to our assumption. Therefore,
o(I) > 2. The desired equivalence now follows from Propositions A8, B10, and B11. [

Remark 4.13. When o(I) = 2, the extended Rees algebra R'(I) is nearly Gorenstein if
and only if so is the Rees algebra R([]).

Conjecture 4.14. Let (A, m) be a two-dimensional regular local ring with infinite residue
field, and let I be a non-parameter m-primary ideal of A. If the extended Rees algebra
R'(I) is nearly Gorenstein, then [ is integrally closed.
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