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Abstract. In this paper, we slightly extend the framework of nearly Gorenstein graded
rings introduced by Herzog-Hibi-Stamate, and investigate the nearly Gorenstein property
of the blow-up algebras associated with an ideal, namely the Rees algebra, the extended
Rees algebra, and the associated graded ring. We establish characterizations of the
nearly Gorenstein property for these algebras and clarify the relations among them. In
particular, for two-dimensional regular local rings, we obtain a complete classification of
the integrally closed ideals for which these blow-up algebras are nearly Gorenstein.

1. Introduction

In this paper, we investigate the nearly Gorenstein property of blow-up algebras. For

an ideal I in a Noetherian ring A, among the blow-up algebras associated with I, the

Rees algebra R(I) =
⊕

n≥0 I
n is one of the fundamental objects lying at the interface of

commutative algebra and algebraic geometry. Indeed, the algebra R(I) is the homoge-

neous coordinate ring of the graph of a rational map whose total space is the blow-up

of SpecA along the subscheme defined by I. Since the pioneering work of [23], followed

by substantial developments in, among others, [32, 21], the Gorenstein property of Rees

algebras has been studied extensively. A fundamental result in this direction, known as

Goto-Shimoda’s theorem, asserts the following: if (A,m) is a Cohen-Macaulay local ring

with d = dimA ≥ 2, and if I is an m-primary ideal of A, then R(I) is Gorenstein if and

only if the associated graded ring G(I) =
⊕

n≥0 I
n/In+1 is Gorenstein and has a-invariant

−2 ([23, Theorem (1.2)], [32, Corollary 3.7], [21, Part II, Corollary (1.4)]). These works

have shown that being Gorenstein imposes severe restrictions on both the base ring and

the ideal, so that this phenomenon occurs only under rather exceptional circumstances.

Accordingly, it is natural to investigate blow-up algebras in a more flexible framework.

This broader viewpoint is also essential for a deeper understanding of Gorenstein rings.

On the other hand, although the notion of trace ideals is classical and goes back at

least to [1], it has regained considerable attention in commutative algebra through the

work of Lindo [33, 34] and Lindo-Pande [35]. In particular, Herzog, Hibi, and Stamate

introduced in [26] the notion of nearly Gorenstein rings, observing that for a Cohen-

Macaulay local ring (A,m), the trace ideal trA(KA) of the canonical module KA detects

the non-Gorenstein locus ([26, Lemma 2.1]). Thus, nearly Gorenstein rings provide a
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framework for studying Cohen-Macaulay rings that are close to Gorenstein rings via the

trace of the canonical module, and their relationship with the almost Gorenstein property

([4, 16, 22]) has also become an important topic.

Along these lines, the authors, together with Goto and Matsuoka, have investigated the

almost Gorenstein property of blow-up algebras, particularly Rees algebras ([17, 18, 19,

20]). In particular, it was shown in [18] that for every m-primary integrally closed ideal I

in a two-dimensional regular local ring (A,m) with infinite residue field, the Rees algebra

R(I) is an almost Gorenstein graded ring. Classically, by Zariski’s theorem ([52, Part II,

Section 12], [53, Appendix 5, Theorem 2’], [29, Theorem 3.7]), the ring R(I) is normal. In

addition, it follows from [30, Theorem 3.2] (see also [50, Theorem]) that R(I) has minimal

multiplicity at the graded maximal ideal M = mR(I) + R(I)+. Hence, in view of [26,

Theorem 6.6], which asserts that a nearly Gorenstein ring admitting minimal multiplicity

is almost Gorenstein, it is natural to ask for a precise characterization of when the Rees

algebra R(I) is nearly Gorenstein. This question is of particular interest, since it not only

deepens our understanding of the almost Gorenstein property, but also clarifies the role

played by the canonical trace in the context of blow-up algebras.

The aim of this paper is to explore the nearly Gorenstein property of blow-up alge-

bras. More specifically, we wish to understand whether Goto-Shimoda’s theorem has an

analogue in the nearly Gorenstein setting. This leads to the following question.

Question 1.1. Let (A,m) be a Cohen-Macaulay local ring with d = dimA ≥ 2, and let

I be an m-primary ideal of A. Assume that the Rees algebra R(I) is nearly Gorenstein.

(1) Is the associated graded ring G(I) nearly Gorenstein?

(2) Is it possible to determine the a-invariant of G(I)?

In this paper we provide a complete answer to Question 1.1 (2). Moreover, with a view

toward applications to two-dimensional regular local rings, we concentrate on the case

where the base ring is Gorenstein and the ideal has reduction number one; in this setting,

we also answer Question 1.1 (1) in the affirmative.

Let us now present a more detailed account of our main results and explain how this

paper is organized. In Section 2, after recalling the definition and basic properties of

trace ideals, we introduce the notion of the nearly Gorenstein property for H-local graded

rings, that is, graded rings admitting a unique graded maximal ideal. This slightly extends

the definition given in [26, Definition 2.2] for positively graded Cohen-Macaulay algebras

over a field, and enables us to study the nearly Gorenstein property of blow-up algebras.

We further show in Section 2 that the nearly Gorenstein property of the Rees algebra

determines the a-invariant of the associated graded ring (Theorem 2.10). In Section 3, we

establish a characterization of the nearly Gorenstein property of Rees algebras when the

base ring is Gorenstein of dimension at least two and the ideal has reduction number one

(Propositions 3.3 and 3.6). In particular, in the case of a two-dimensional regular local

ring, we completely determine the ideals whose Rees algebras are nearly Gorenstein.

Theorem 1.2 (Theorem 3.9). Let (A,m) be a two-dimensional regular local ring with

infinite residue class field. Let I be an m-primary ideal of A and assume that I is not a

parameter ideal. Then the following conditions are equivalent.
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(1) The Rees algebra R(I) is nearly Gorenstein.

(2) There exists a regular system of parameters x, y of A and an integer n ≥ 1 such

that I = (x2, xy, yn+1).

When this is the case, R(I) is an almost Gorenstein graded normal domain with minimal

multiplicity.

Moreover, Section 3 shows that, in the non-regular Gorenstein case, the nearly Goren-

stein property of the Rees algebra forces the base ring to be a hypersurface of multiplicity

2 (Theorem 3.14). In Section 4, we focus on extended Rees algebras R′(I) =
⊕

n∈Z I
n.

We give a characterization of their nearly Gorenstein property, and show that this is in

fact equivalent to the nearly Gorenstein property of the associated graded ring (Propo-

sition 4.3). As a consequence, we prove that the nearly Gorenstein property of the Rees

algebra implies that of the extended Rees algebra (Corollary 4.5). Furthermore, in the

case of a two-dimensional regular local ring and the ideals are integrally closed, we obtain

a complete classification of the ideals whose extended Rees algebras are nearly Gorenstein.

Theorem 1.3 (Theorem 4.12). Let (A,m) be a two-dimensional regular local ring with

infinite residue class field. Let I be an integrally closed m-primary ideal of A and assume

that I is not a parameter ideal. Then the following conditions are equivalent.

(1) The extended Rees algebra R′(I) is nearly Gorenstein.

(2) The associated graded ring G(I) is nearly Gorenstein.

(3) Either I = mℓ for some ℓ ≥ 2, or else there exists a regular system of parameters

x, y of A and an integer n ≥ 1 such that I = (x2, xy, yn+1).

Throughout this paper, unless otherwise specified, we use the following notation and

terminology. For an arbitrary commutative ring A and an A-module M , let ℓA(M) denote

the length of M . We denote by Q(A) the total ring of fractions of A. For A-submodules

X and Y of Q(A), we set X :Q(A) Y = {a ∈ Q(A) | aY ⊆ X}. For ideals I, J of A, we

set I :A J = {a ∈ A | aJ ⊆ I}; hence I :A J = (I :Q(A) J) ∩ A. A fractional ideal of

A is a finitely generated A-submodule X of Q(A) such that Q(A) · X = Q(A). For an

ideal I of A, we denote by I the integral closure of I. For an integer t > 0, let It(M) be

the ideal of A generated by all the t × t minors of a matrix M with entries in A. When

(A,m) is a Cohen-Macaulay local ring with d = dimA and M is an A-module, let µA(M)

denote the minimal number of generators of M . We denote by e(A) the multiplicity of

A, and set r(A) = ℓA(Ext
d
A(A/m, A)). For a graded module M over a graded ring R and

an integer ℓ, let M(ℓ) denote the graded R-module whose underlying R-module is M and

whose grading is given by [M(ℓ)]m = Mℓ+m for all m ∈ Z, where [−]m denotes the m-th

homogeneous component.

2. Preliminaries

We give the definitions and basic properties which we need throughout this paper.

Definition 2.1. Let R be an arbitrary commutative ring and M be an R-module. Con-

sider the homomorphism of R-modules

τM : HomR(M,R)⊗R M → R



4 NAOKI ENDO AND KEN-ICHI YOSHIDA

defined by τM(f ⊗ m) = f(m) for each f ∈ HomR(M,R) and m ∈ M . Set trR(M) =

Im τM , which forms an ideal of R, and call it the trace ideal of M . The reader may consult

with [8, 9, 15, 26, 33, 35] for more details regarding trace ideals.

Lemma 2.2. Let R =
⊕

n∈Z Rn be a Noetherian Z-graded ring and M a finitely generated

graded R-module. For each ℓ ∈ Z, the equality trR(M) = trR(M(ℓ)) holds.

Proof. This follows from the natural isomorphisms

HomR(M(ℓ), R)⊗R M(ℓ) ∼= HomR(M,R)(−ℓ)⊗R M(ℓ) ∼= HomR(M,R)⊗R M,

under which the evaluation map τM(ℓ) corresponds to τM . Hence trR(M) = trR(M(ℓ)). □

In [26, Definition 2.2], the nearly Gorenstein property is defined for Cohen-Macaulay lo-

cal rings that possess a canonical module, as well as for positively graded Cohen-Macaulay

algebras over a field. The present work requires a slightly broader viewpoint for graded

rings with a unique graded maximal ideal. We therefore extend the notion accordingly

and examine its consequences for graded rings.

Definition 2.3. Let R =
⊕

n∈Z Rn be a Cohen-Macaulay Z-graded ring. Assume that

R is H-local, i.e., it has a unique graded maximal ideal M of R, and that R admits the

graded canonical module KR. We say that R is nearly Gorenstein if M ⊆ trR(KR).

Note that an H-local graded ring is also referred to as ∗local. The R-module KR is the

canonical module of R in the usual (non-local) sense, i.e., for every prime ideal p of R, the

localization (KR)p is a canonical module of Rp. Moreover, KR is uniquely determined up

to homogeneous isomorphism ([3, Proposition 4.2], [5, Proposition 3.6.9]). In particular,

one has (KR)M ∼= K(RM), and R is nearly Gorenstein if and only if so is the local ring RM.

Example 2.4. Let R = k[X1, . . . , Xd] (d ≥ 2) be the polynomial ring over a field k, and

set m = (X1, . . . , Xd). The Rees algebra R(m) =
⊕

n≥0 m
n admits the presentation

R(m) ∼= k[X1, X2, . . . , Xd, Y1, Y2, . . . , Yd]/I2

(
X1 X2 · · · Xd

Y1 Y2 · · · Yd

)
where I2(M) denotes the ideal generated by the 2 × 2-minors of a matrix M. Identifying

R = R(m) with the above determinantal ring, we may apply [11, Theorem 1.1] to compute

the trace of its graded canonical module KR. More precisely, one has the equality

trR(KR) = (X1, X2, . . . , Xd, Y1, Y2, . . . , Yd)
d−2R.

Hence, R(m) is nearly Gorenstein if and only if d ≤ 3.

In the rest of this section, let (A,m) be a Cohen-Macaulay local ring with d = dimA > 0

and I ( ̸= A) an ideal of A with htAI > 0. Denote by

R(I) = A[It] ⊆ A[t], R′(I) = A[It, t−1] ⊆ A[t, t−1], and G(I) = R′(I)/t−1R′(I)

the Rees algebra of I, the extended Rees algebra of I, and the associated graded ring of

I, respectively, where t is an indeterminate over A. For background and basic results on

these algebras, the reader is referred to [5, Section4.5], [25], [44, Chapter 5], [48], and [49].
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Let M = mR(I) +R(I)+ denote the graded maximal ideal of R(I) and

a(G(I)) = sup{n ∈ Z | [Hd
M(G(I))]n ̸= (0)}

be the a-invariant of G(I) ([24, Definition (3.1.4)]), where {[Hd
M(G(I))]n}n∈Z denotes the

homogeneous components of the d-th graded local cohomology module Hd
M(G(I)) of G(I)

with respect to M.

Fact 2.5 ([45, Theorem 7.1]). The following conditions are equivalent.

(1) R(I) is a Cohen-Macaulay ring.

(2) G(I) is a Cohen-Macaulay ring and a(G(I)) < 0.

Remark 2.6. We denote by S (resp. T ) the set of all the homogeneous non-zerodivisors

on R(I) (resp. R′(I)). Since gradeAI > 0, it follows that

S−1R(I) = K[t, t−1] = T−1R′(I)

where K = Q(A) denotes the total ring of fractions of A.

Introduced by Northcott and Rees ([40]), for ideals J and Q of A with Q ⊆ J , we say

that Q is a reduction of J if Jr+1 = QJr for some r ≥ 0; the least such integer r, denoted

by redQ(J), is called the reduction number of J with respect to Q. The following lemma

is well-known to experts; for the sake of completeness, we include a brief proof.

Lemma 2.7 (cf. [23, pages 202–203]). Let I be an m-primary ideal of A. Assume that

I contains a parameter ideal Q of A as a reduction and G(I) is a Cohen-Macaulay ring.

Then a(G(I)) = redQ(I)− d.

Proof. Let Q = (a1, a2, . . . , ad). Since Q is a reduction of I, the sequence a1t, a2t, . . . , adt

constitutes a homogeneous system of parameters of G(I). As G(I) is Cohen-Macaulay, it

forms a regular sequence on G(I). Hence, by [47, Corollary 2.7] we have Q ∩ In = QIn−1

for all n ∈ Z. It follows that G(I)/(a1t, a2t, . . . , adt) ∼= G(I/Q) and a(G(I/Q)) = redQ(I).

Finally, [24, Remark (3.1.6)] yields

a(G(I)) = a(G(I)/(a1t, a2t, . . . , adt))− d = redQ(I)− d

as desired. □

Remark 2.8. When d = 2 and I is m-primary, Lemma 2.7 together with [47, Corollary

2.7] shows that R(I) is Cohen-Macaulay if and only if I2 = QI. Moreover, a necessary

and sufficient condition for R(I) to be a Gorenstein ring is that G(I) is Gorenstein and

a(G(I)) = −2 ([32, Corollary 3.7]). Assuming that A is Gorenstein, this pair of conditions

is equivalent to redQ(I) = 0, that is, I = Q.

Recall that the ring A is generically Gorenstein if Ap is Gorenstein for every p ∈ MinA.

Lemma 2.9. Assume that A admits the canonical module KA. If R(I) is nearly Goren-

stein, then A is generically Gorenstein.
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Proof. Set R = R(I). Note that R admits a graded canonical module KR. Let p ∈ MinA

and set P = pA[t] ∩ R. Then P ∩ A = p. Since htAI > 0, we have Ip = Ap and hence

Rp
∼= RAp(Ip)

∼= Ap[t]. Therefore

RP
∼= (Rp)PRp

∼= (Ap[t])pAp[t].

In particular, dimRP = dimAp = 0, so P ∈ MinR. Thus P ̸= M. Since R is nearly

Gorenstein, [26, Proposition 2.3 (a)] implies that RP is Gorenstein. Via the above iso-

morphisms, (Ap[t])pAp[t] is Gorenstein, and hence so is Ap. Consequently, the local ring A

is generically Gorenstein. □

Theorem 2.10. Let (A,m) be a Cohen-Macaulay local ring with d = dimA > 0 admitting

the canonical module KA. Let I ( ̸= A) be an ideal of A with htAI > 0 and assume that

R(I) is nearly Gorenstein. Then the following assertions hold true.

(1) One has a(G(I)) = −1,−2,−3.

(2) If a(G(I)) ≤ −2, then A is nearly Gorenstein.

(3) If a(G(I)) = −3, then I = m.

Proof. Set R = R(I), G = G(I), and a = a(G(I)). By Fact 2.5, the ring G is Cohen-

Macaulay and a < 0. Since A is generically Gorenstein, we realize the canonical module

as an ideal of A with gradeAKA = 1 ([27, Satz 6.21], [22, Remark 3.2], and [5, Propo-

sition 3.3.18]). By [13, Theorem 2.1 and Proposition 2.5], there exists a unique family

ω = {ωi}i∈Z of A-submodules of KA satisfying the following conditions:

(a) ωi+1 ⊆ ωi for all i ∈ Z.
(b) ωi = KA for all i ≤ −a− 1, and ω−a ⊊ KA.

(c) I iωj ⊆ ωi+j for all i, j ∈ Z.
(d) KR ∼=

∑
i≥1 ωit

i, where KR denotes the graded canonical module of R.

Identifying KR with
∑

i≥1 ωit
i, we regard KR as a graded R-submodule of S−1R =

K[t, t−1], where S is the set of homogeneous non-zerodivisors on R and K = Q(A) stands

for the total ring of fractions of A. In particular, KR is a fractional ideal of R.

Let F = Q(R) be the total ring of fractions of R, and set L = R :F KR. We claim that

L = R :S−1R KR.

Indeed, since a < 0, condition (b) gives ω0 = KA. Hence, by (c) we get IKA = Iω0 ⊆ ω1.

Because htAI > 0, the ideal IKA contains a non-zerodivisor c on A. Then ct ∈ ω1t ⊆ KR
is a homogeneous non-zerodivisor on R. Moreover, since ct ∈ It, we have ct ∈ S. Pick

α ∈ L. Then αKR ⊆ R, and hence in particular α · (ct) ∈ R. Therefore

α =
α · (ct)

ct
∈ S−1R.

This shows that L ⊆ S−1R, proving the claim. Consequently, L is a graded R-submodule

of S−1R, and we may write L =
∑

n∈Z Lnt
n.

(1) Let n ≤ −2 be an integer. Since L is graded, we have Lnt
n · (ω1t) ⊆ Rn+1 = (0).

As ω1 contains a non-zerodivisor on A, it follows that Ln = (0) for all n ≤ −2. Since

KR is a fractional ideal of R, we have trR(KR) = KR · L. In particular, using Ln = (0)

for n ≤ −2, we obtain [trR(KR)]0 = ω1 · L−1. Assume, to the contrary, that a ≤ −4.
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Then condition (b) gives ω1 = ω2 = ω3 = KA. Since R is nearly Gorenstein, we have

m = M0 ⊆ [trR(KR)]0, and hence

m ⊆ ω1 · L−1 = KA · L−1 = ω3 · L−1.

Multiplying by t2, we see that mt2 ⊆ (ω3t
3) · (L−1t

−1) ⊆ R2 = I2t2, and therefore m ⊆ I2.

This contradicts d > 0 (indeed, m ⊆ I2 forces I = m and hence m = m2, so A would be

Artinian). Consequently, a = a(G) must be one of −1, −2, or −3.

(2) Assume that a ≤ −2. Then condition (b) yields ω1 = KA. Taking the degree 0 part

of L ·KR ⊆ R, we get L−1t
−1 · (ω1t) ⊆ R0 = A, and hence L−1 ⊆ A :K KA. Therefore

m = M0 ⊆ [trR(KR)]0 = ω1t · L−1t
−1 = KA · L−1 ⊆ KA · (A :K KA) = trA(KA).

Thus A is nearly Gorenstein.

(3) Assume that a = −3. By condition (b), we see that ω1 = ω2 = KA. It follows that

m = M0 ⊆ [trR(KR)]0 = ω1 · L−1 = KA · L−1 = ω2 · L−1.

Multiplying by t, we obtain mt ⊆ (ω2t
2) · (L−1t

−1) ⊆ R1 = It. Hence m ⊆ I and we

conclude that I = m. This completes the proof. □

Example 2.11. Let R = k[X1, . . . , Xd] (d ≥ 3) be the polynomial ring over a field k,

endowed with the standard grading in which degXi = 1 and R0 = k. Fix a homogeneous

polynomial f ∈ R of degree d − 3 and set B = R/(f). Let M = (X1, . . . , Xd)B be the

graded maximal ideal of B, and consider the local ring A = BM . Write m = MA and

set G = G(m). Then A ∼= GN, where N denotes the graded maximal ideal of G. Set

a = a(G). By [24, Remark (3.1.6)], we have a = −d + deg f = −3. In particular, the

Rees algebra R = R(m) is Cohen-Macaulay but not Gorenstein. Following [13, Theorem

2.1 and Proposition 2.5], let ω = {ωi}i∈Z denote the uniquely determined family of ideals

of A satisfying:

(a) ωi+1 ⊆ ωi for all i ∈ Z.
(b) ωi = A for all i ≤ −a− 1, and ω−a ⊊ A.

(c) miωj ⊆ ωi+j for all i, j ∈ Z.
(d) KR ∼=

∑
i≥1 ωit

i.

(e) KG
∼=

⊕
i≥1 ωi−1/ωi.

Here, KR and KG denote the graded canonical modules of R and G, respectively. Since

G is Gorenstein, a comparison of graded components in KG
∼= G(a) yields ωi = mi+a+1

for all i ≥ −a. Let F = Q(R) be the total ring of fractions of R, and set L = R :F KR.

A direct computation shows that Ln = mn−a−1 for all n ≥ −1, while Ln = (0) for all

n ≤ −2. Consequently

[trR(KR)]0 = ω1 · L−1 = m and [trR(KR)]1 = ω2t
2 · L−1t

−1 + ω1t · L0 = mt.

Therefore R is nearly Gorenstein but not Gorenstein.

3. Nearly Gorenstein Rees algebras

In this section, we explore the nearly Gorenstein property of Rees algebras. Let us fix

the notation and standing assumptions.
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Setup 3.1. Let (A,m) be a Gorenstein local ring with d = dimA ≥ 2 and K = Q(A) its

total ring of fractions. Let I be an m-primary ideal of A and assume that I contains a

parameter ideal Q of A such that I2 = QI. Let

R = R(I) = A[It] ⊆ A[t]

be the Rees algebra of I, where A[t] denotes the polynomial ring over A. We denote by

M = (m, It)R the graded maximal ideal of R. Set J = Q :A I. In particular, I ⊆ J .

By [46, Theorem 2.7 (a)], the graded canonical module of R is given by

KR ∼= ((1, t)d−3t, Jtd−1)R =
d−2⊕
i=1

Ati ⊕
⊕
i≥d−1

I i−d+1Jti

as graded R-modules. Hence, R is Gorenstein if and only if I = Q when d = 2, whereas

for d ≥ 3, it is Gorenstein if and only if I = J and d = 3 ([46, Corollary 2.11 (a)]). Since

the situations in dimension two and in dimension at least three are somewhat different,

we treat them separately. We begin with the case where d ≥ 3.

Set X = ((1, t)d−3, Jtd−2)R, which is a fractional ideal of R. Then KR(1) ∼= X, so that

trR(KR) = X · L
where L = R :F X and F = Q(R). Since 1 ∈ X, we actually have L = R :R X, so L is a

graded ideal of R.

Lemma 3.2. For each n ≥ 0, the equality Ln = [In+d−3 ∩ (In+d−2 :A J)]tn holds in R.

Proof. Let x ∈ Rn and write x = ctn with c ∈ In. Then x ∈ Ln if and only if x(1, t)d−3 ⊆
R and x(Jtd−2) ⊆ R. The first condition holds if and only if (ctn)td−3 ∈ Rn+d−3, that is,

c ∈ In+d−3. The second condition is equivalent to (ctn)(Jtd−2) ⊆ Rn+d−2, or equivalently

c ∈ In+d−2 :A J . Therefore x ∈ Ln if and only if c ∈ In+d−3 ∩ (In+d−2 :A J), and hence

Ln =
[
In+d−3 ∩ (In+d−2 :A J)

]
tn, as desired. □

Proposition 3.3. Let (A,m) be a Gorenstein local ring with d = dimA ≥ 3 and I an m-

primary ideal of A. Assume that I contains a parameter ideal Q of A such that I2 = QI,

and set J = Q :A I. Then the following assertions hold true.

(1) If the Rees algebra R(I) is nearly Gorenstein, then d ≤ 4.

(2) Suppose that d = 3. Then R(I) is nearly Gorenstein but not Gorenstein if and

only if m = I :A J and I = (I2 :A J) +mJ .

(3) Suppose that d = 4. Then R(I) is not Gorenstein, and it is nearly Gorenstein if

and only if I = m.

Proof. (1) Since G(I) is Cohen-Macaulay by Fact 2.5, Lemma 2.7 yields a(G(I)) =

redQ(I)− d ≤ 1− d. Applying Theorem 2.10 (1), we conclude that d ≤ 4.

(2) Suppose that d = 3. From Lemma 3.2 we have

[trR(KR)]0 = I :A J and [trR(KR)]1 = (I ∩ (I2 :A J))t+ J · (I :A J)t.

Since M = (m, It)R, it follows that R is nearly Gorenstein but not Gorenstein if and

only if m = I :A J and I = (I ∩ (I2 :A J)) +mJ . Observe that I2 :A J ⊆ I, because A/Q

is an Artinian Gorenstein ring and I2 = QI. Hence the equivalence follows.
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(3) Suppose that d = 4. Arguing as in (2), the ring R is nearly Gorenstein if and only

if m = I ∩ (I2 :A J) and It = (I2 ∩ (I3 :A J))t+ (I ∩ (I2 :A J))t. The second condition is

equivalent to I = I ∩ (I2 :A J). Combined with m = I ∩ (I2 :A J), this yields I = m, and

vice versa. Hence R is nearly Gorenstein but not Gorenstein if and only if I = m. □

We now focus in particular on the case where d = 2. By Fact 2.5, we observe that R is

Cohen-Macaulay. Note that KR(1) ∼= JR ([18, Proposition 2.1], [46, Theorem 2.7 (a)]).

Let L = R :F JR. Then L = R :S−1R JR; see Remark 2.6. In particular, L is a graded

R-submodule of S−1R.

Lemma 3.4. For each n ∈ Z, the equality Ln = (In :A J)tn holds in A[t, t−1].

Proof. Let x ∈ K[t, t−1] be a homogeneous element of degree n and write x = ctn with

c ∈ K. Then x ∈ Ln if and only if (ctn)(JIℓtℓ) ⊆ In+ℓtn+ℓ for all ℓ ≥ 0. The latter

condition is equivalent to saying that cJ ⊆ In, that is, c ∈ In :K J = In :A J . Hence

Ln = (In :A J)tn, as claimed. □

Remark 3.5. Let A be a Noetherian ring and J an ideal of A with gradeAJ ≥ 2. Then

A :Q(A) J = A (see e.g., [5, Exercise 1.2.24], [26, Remark 1.2]). Hence, for any ideal a in

A, it follows that a :Q(A) J = a :A J .

Hence we have the following.

Proposition 3.6. Let (A,m) be a two-dimensional Gorenstein local ring and I an m-

primary ideal of A. Assume that I contains a minimal reduction Q such that Q ̸= Q.

Then the following conditions are equivalent.

(1) The Rees algebra R(I) is nearly Gorenstein but not Gorenstein.

(2) I = Q :A m and I = m(I :A m).

Proof. By Fact 2.5, Lemma 2.7, and [6, Theorem 2.1], we may assume I2 = QI. Further-

more, we may (and do) assume that I ̸= Q; see Remark 2.8. Since M = (m, It)R and

trR(KR) = JR · L, the Rees algebra R is nearly Gorenstein if and only if

m ⊆ J(A :A J) and It ⊆ (JIt)(A :A J) + J(I :A J)t.

Equivalently, this is the case precisely when m ⊆ J and I ⊆ J(I :A J). Consequently,

because I ̸= Q, we see that R is nearly Gorenstein if and only if

m = J and I = m(I :A m).

Moreover, since A/Q is Gorenstein, the equality m = J is equivalent to I = Q :A m. □

Recall that a Cohen-Macaulay local ring (A,m) is said to have minimal multiplicity

if e(A) = µA(m) − dimA + 1, where e(A) denotes the multiplicity of A. If the residue

field A/m is infinite, then A has minimal multiplicity if and only if m2 = Qm for some

parameter ideal Q of A ([42, Theorem 1]). Whenever R(I) is Cohen-Macaulay, we say

that R(I) has minimal multiplicity if the local ring R(I)M has minimal multiplicity.

For each ideal I of A, let

o(I) = max{n ∈ Z | I ⊆ mn}
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denote the order of I. Let (A,m) be a two-dimensional regular local ring and I an m-

primary ideal of A. Following [53, Appendix 5, page 368], we say that I is contracted if

there exists x ∈ m \m2 such that

I · A
[m
x

]
∩ A = I

where m
x
= {a

x
| a ∈ m}. When A/m is infinite, I is contracted if and only if µA(I) =

o(I) + 1 ([30, Theorem 2.1]). Moreover, by [53, Appendix 5, Lemma 2], the ideal I being

contracted is equivalent to the existence of x ∈ m \m2 satisfying I :A m = I :A x.

Lemma 3.7. Let (A,m) be a two-dimensional regular local ring with infinite residue class

field. Let I be an m-primary ideal of A and assume that I is not a parameter ideal. Then

the following conditions are equivalent.

(1) I is integrally closed and R(I) is a nearly Gorenstein ring.

(2) R(I) is nearly Gorenstein with minimal multiplicity.

(3) There exists a regular system of parameters x, y of A and an integer n ≥ 1 such

that I = (x2, xy, yn+1).

When this is the case, R(I) is an almost Gorenstein graded ring with r(R(I)) = 2.

Proof. (1) ⇒ (2) This follows from [30, Theorem 3.2].

(2) ⇒ (3) Let Q be a minimal reduction of I. By Lemma 2.7, the equality I2 = QI

holds. Since R is nearly Gorenstein, we then have I = Q :A m and I = m(I :A m). In

particular, µA(I) = 3 because A/Q is Gorenstein. Note that, by [50, Theorem, page 3]

the ideal I is contracted, so that µA(I) = o(I) + 1. Hence o(I) = 2. Moreover, because

I = m(I :A m), it follows that o(I :A m) = 1. Therefore we can choose a regular system

of parameters x, y of A and an integer n ≥ 1 such that I :A m = (x, yn). Consequently,

I = m(I :A m) = (x2, xy, yn+1).

(3) ⇒ (1) We choose a regular system of parameters x, y of A and an integer n ≥ 1

satisfying that I = (x2, xy, yn+1). Since I = m(x, yn), we have I = m(I :A m). By

setting Q = (xy, x2 + yn+1), the direct computation shows I2 = QI and mI ⊆ Q. Hence

I = Q :A m, so that R is nearly Gorenstein. In addition, since the products of integrally

closed ideals is integrally closed ([53, Appendix 5, Theorem 2’]), the ideal I is integrally

closed. The last statement follows from [19, Theorem 1.4]. □

Remark 3.8. By [26, Theorem 6.6], the local ring R(I)M, being nearly Gorenstein with

minimal multiplicity, is almost Gorenstein as a local ring. Here, however, we state more:

namely, that R(I) is almost Gorenstein as a graded ring.

The first main result of this paper is stated as follows.

Theorem 3.9. Let (A,m) be a two-dimensional regular local ring with infinite residue

class field. Let I be an m-primary ideal of A and assume that I is not a parameter ideal.

Then the following conditions are equivalent.

(1) The Rees algebra R(I) is nearly Gorenstein.

(2) There exists a regular system of parameters x, y of A and an integer n ≥ 1 such

that I = (x2, xy, yn+1).
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When this is the case, R(I) is an almost Gorenstein graded normal domain with minimal

multiplicity.

Proof. We write m = (x, y). By Lemma 3.7, it suffices to show that, when R is nearly

Gorenstein, the ideal I is integrally closed. To show this, we choose a minimal reduction

Q of I. Note that I2 = QI and I ̸= Q. By Proposition 3.6, we have I = Q :A m and

I = m(I :A m). Thus µA(I) = 3. We write I :A m = (f1, f2, . . . , fℓ) with ℓ ≥ 1 and fi ∈ A.

Without loss of generality, we may assume that I is of either of the following forms:

(i) I = (xf1, xf2, yf1), or

(ii) I = (xf1, xf2, yf3).

Assume that I = (xf1, xf2, yf1). We proceed to show that I = I. Indeed, since I =

(x, y)(f1, f2), we can write yf2 = a1(xf1)+a2(xf2)+a3(yf1) for some a1, a2, a3 ∈ A. Then

y(f2 − a3f1) = x(a1f1 + a2f2).

Since x, y is a regular sequence on A, it follows that f2 − a3f1 = cx with c ∈ A. Thus

I = (x, y)(f1, cx) = (xf1, cx
2, yf1, ycx) and I = (xf1, xf2, yf1) = (xf1, cx

2, yf1).

This shows ycx = b1(xf1) + b2(cx
2) + b3(yf1) with b1, b2, b3 ∈ A. Hence

x(cy − b2cx) = f1(b1x+ b3y).

Note that x, f1 forms a regular sequence on A. This implies that cy− b2cx = df1 for some

d ∈ A. We now assume that c ∈ m. We then have d ∈ m, so that d = px + qy with

p, q ∈ A. Therefore, since

y(c− qf1) = x(b2c+ pf1)

and the sequence x, y is A-regular, c− qf1 = ex for some e ∈ A. Hence we get (f1, f2) =

(f1, cx) = (f1, ex
2). Next, taking c = ex ∈ m and repeating the same argument, we obtain

that, for every n ≥ 2, we can choose en ∈ A such that

(f1, f2) = (f1, enx
n).

This yields that (f1, f2) ⊆ (f1) +
∩∞

n=1(x
n) = (f1). This makes a contradiction. Hence c

is a unit in A, so (f1, f2) = (f1, x). Since A/xA is a discrete valuation ring with maximal

ideal of the form m/xA = (y), we see that (f1, x) = (yn, x) for some n ≥ 1. Consequently,

we have I = (x, y)(yn, x) = (x2, xy, yn+1), and hence I is integrally closed.

Next, assume that I ̸= I. Then, by the argument above, we may write

I = (xf1, xf2, yf3).

To complete the proof, we shall show that this leads to a contradiction.

Claim 1. For every n ≥ 0, there exist f
(n)
1 , f

(n)
2 ∈ A such that the equality

I = (x, y)(f
(n)
1 xn, f

(n)
2 xn, f3) = (f

(n)
1 xn+1, f

(n)
2 xn+1, yf3)

holds.
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Proof of Claim 1. We prove the assertion by induction on n ≥ 0. When n = 0, it suffices

to take f
(0)
1 = f1 and f

(0)
2 = f2. For the inductive step, assume that the assertion holds

for n = k (k ≥ 0), and prove that it holds for n = k + 1. Namely, we assume that

I = (x, y)(f
(k)
1 xk, f

(k)
2 xk, f3) and

yf
(k)
1 xk = a

(k)
1 f

(k)
1 xk+1 + a

(k)
2 f

(k)
2 xk+1 + a

(k)
3 yf3

yf
(k)
2 xk = b

(k)
1 f

(k)
1 xk+1 + b

(k)
2 f

(k)
2 xk+1 + b

(k)
3 yf3

xf3 = c
(k)
1 f

(k)
1 xk+1 + c

(k)
2 f

(k)
2 xk+1 + c

(k)
3 yf3

with f
(k)
i , a

(k)
j , b

(k)
j , c

(k)
j ∈ A. If a

(k)
3 is a unit in A, the first equality above shows yf3 ∈

(f
(k)
1 xk+1, f

(k)
2 xk+1, yf

(k)
1 xk). The induction hypothesis guarantees that

I = (f
(k)
1 xk+1, f

(k)
2 xk+1, yf3) = (x · f (k)

1 xk, x · f (k)
2 xk, y · f (k)

1 xk).

This falls under case (i), and hence I is integrally closed, contradicting our assumption

that I ̸= I. Therefore, a
(k)
3 ∈ m. Similarly, the second equality above yields b

(k)
3 ∈ m. By

the first equality above, we obtain y(f
(k)
1 xk − a

(k)
3 f3) = xk+1(a

(k)
1 f

(k)
1 + a

(k)
2 f

(k)
2 ), so that

f
(k)
1 xk = a

(k)
3 f3 + f

(k+1)
1 xk+1 (∗)

for some f
(k+1)
1 ∈ A, because xk+1, y forms a regular sequence on A. Similarly, the second

equality above induces the equality

f
(k)
2 xk = b

(k)
3 f3 + f

(k+1)
2 xk+1 (∗∗)

holds for some f
(k+1)
2 ∈ A. Therefore, we get

I = (x, y)(f
(k)
1 xk, f

(k)
2 xk, f3) = (x, y)(f

(k+1)
1 xk+1, f

(k+1)
2 xk+1, f3).

Substituting (∗) and (∗∗) into the third equality above, we obtain

xf3 = c
(k)
1 x(a

(k)
3 f3 + f

(k+1)
1 xk+1) + c

(k)
2 x(b

(k)
3 f3 + f

(k+1)
2 xk+1) + c

(k)
3 yf3

which shows

(1− a
(k)
3 c

(k)
1 − b

(k)
3 c

(k)
2 )(xf3) = c

(k)
1 f

(k+1)
1 xk+2 + c

(k)
2 f

(k+1)
2 xk+2 + c

(k)
3 yf3.

Since a
(k)
3 , b

(k)
3 ∈ m, it follows that xf3 ∈ (f

(k+1)
1 xk+2, f

(k+1)
2 xk+2, yf3). We next substitute

(∗) and (∗∗) into the first and the second equalities respectively above to obtain

yf
(k)
1 xk, yf

(k)
2 xk ∈ (xf3, f

(k+1)
1 xk+2, f

(k+1)
2 xk+2, yf3) = (f

(k+1)
1 xk+2, f

(k+1)
2 xk+2, yf3)

which completes the proof. □
Therefore, for each n ≥ 0, we have I = (f

(n)
1 xn+1, f

(n)
2 xn+1, yf3) for some f

(n)
1 , f

(n)
2 ∈ A.

Hence

I ⊆
∞∩
n=1

(xn+1, y) ⊆ (y)

which makes a contradiction. □

Remark 3.10. Let (A,m) be a two-dimensional regular local ring and I ( ̸= A) an ideal of

A with htAI > 0. Then either I ∼= A as an A-module, or I ∼= J for some m-primary ideal

J of A.
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Example 3.11. Let A = k[[X,Y ]] be the formal power series ring over a field k. We set

I = (X2, XY 2, Y 3) and Q = (X2, Y 3). Then Q is a parameter ideal of A and I2 = QI.

Then I = Q :A m, but I ̸⊆ m(I :A m) = m3. Thus, R(I) is not nearly Gorenstein.

Example 3.12. Let A = k[[X,Y ]] be the formal power series ring over a field k, and

let ℓ ≥ 1 be an integer. Set I = mℓ, Q = (Xℓ, Y ℓ), and J = Q :A I. Then I2 = QI

and J = mℓ−1 = I :A m. Hence, R(I) is nearly Gorenstein if and only if ℓ ≤ 2. On the

other hand, [18, Corollary 1.4] shows that, provided k is infinite, the Rees algebra R(I)

is almost Gorenstein for every ℓ ≥ 1.

Example 3.13. Let A = k[[X,Y ]] be the formal power series ring over a field k. We set

Q = (X3, Y 3) and I = Q :A m. Then I = (X3, X2Y 2, Y 3), I2 = QI, and I = m3 ̸= I.

Thus R(I) is not nearly Gorenstein.

We consider the case where A is not regular. Recall that a Noetherian local ring (A,m)

is called a hypersurface if µA(m)− depthA ≤ 1 ([2, page 44]).

Theorem 3.14. Let (A,m) be a two-dimensional non-regular Gorenstein local ring with

infinite residue class field. Let I be an integrally closed m-primary ideal of A. Then the

following conditions are equivalent.

(1) The Rees algebra R(I) is a non-Gorenstein nearly Gorenstein ring.

(2) I = m and A is a hypersurface with e(A) = 2.

Proof. (2) ⇒ (1) Since A is a two-dimensional hypersurface with e(A) = 2, it has minimal

multiplicity. As the residue field A/m is infinite, there exists a parameter ideal Q of A

such that m2 = Qm. In particular, m = Q :A m, and hence I = Q :A m. Moreover, since

I = m, we have I :A m = A, and therefore I = m(I :A m). Consequently, Proposition

3.6 applies and shows that the Rees algebra R is nearly Gorenstein. Finally, R is not

Gorenstein because I = m ̸= Q; see Remark 2.8.

(1) ⇒ (2) Let Q be a parameter ideal of A which is a reduction of I. Since R is not

Gorenstein, we have I ̸= Q, whence Q ̸= Q. By Proposition 3.6, the nearly Gorenstein

property of R(I) yields that I = Q :A m and I = m(I :A m). Assume that A is not a

hypersurface. Then µA(m) ≥ 4. Since I is integrally closed and
√
I = m, the ideal I is

m-full ([12, Theorem (2.4)]). Hence we get

µA(I) ≥ µA(m) ≥ 4

by [12, Lemma (2.2) (2)] (see also [51, Theorem 3]). On the other hand, since I = Q :A m

and A/Q is Gorenstein, we obtain ℓA(I/Q) = 1, and hence µA(I) = µA(Q) + 1 = 3, a

contradiction. Therefore A is a hypersurface. By [39, (40.6) Theorem], we have e(A) ≥ 2.

Since A is a two-dimensional hypersurface, we may write

G(m) ∼= k[X,Y, Z]/(F ),

where k = A/m and F ∈ k[X,Y, Z] is a homogeneous polynomial. Moreover, deg F =

e(A) ≥ 2; see [5, Exercise 4.6.12(a)]. Consequently

µA(m
2) = dimk G(m)2 = dimk k[X,Y, Z]2 − dimk(F )2 ≥ 6− 1 = 5.
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If I ̸= m, then the equality I = m(I :A m) implies I ⊆ m2. Therefore

3 = µA(I) ≥ µA(m
2) ≥ 5

which is impossible. Hence I = m. This implies m = Q :A m. Since A is not regular, it

follows that m2 = Qm by [7, Theorem 2.2]. Thus A has minimal multiplicity, and hence

r(A) = e(A)−1 ([43, 3.1 Proposition]). Since A is Gorenstein, we conclude that e(A) = 2,

as desired. □
We conclude this section with the following remark concerning a case where the ideal

is not necessarily of reduction number one.

Remark 3.15. Let (A,m) be a regular local ring with d = dimA ≥ 3. Then the Rees

algebra R(md−2) is nearly Gorenstein, as will be shown in a forthcoming paper ([10]).

Note that, assuming A/m is infinite, the Rees algebra R(mℓ) is Gorenstein if and only if

it is an almost Gorenstein graded ring, and this happens precisely when ℓ = d − 1 ([41,

Theorem 4.1(2)], [20, Theorem 1.6]).

4. Nearly Gorenstein extended Rees algebras

In this section, we focus on the nearly Gorenstein property of extended Rees algebras.

Setup 4.1. Let (A,m) be a Gorenstein local ring with d = dimA ≥ 2 and K = Q(A) its

total ring of fractions. Let I be an m-primary ideal of A and assume that I contains a

parameter ideal Q of A such that I2 = QI. We set J = Q :A I. Let

R′ = R′(I) = A[It, t−1] ⊆ A[t, t−1] and G = G(I) = R′(I)/t−1R′(I)

be the extended Rees algebra and the associated graded ring of I, respectively, where t is

an indeterminate over A. Denote by M = (t−1,m, It)R′ the graded maximal ideal of R′.

Since I2 = QI, it follows from [47, Corollary 2.7] that G is Cohen-Macaulay; conse-

quently, R′ is Cohen-Macaulay as well. Moreover, the graded canonical module of R′ is

given by KR′ ∼= (td−2, Jtd−1)R′ ([46, Theorem 2.7 (b)]). Therefore, after shifting degrees,

we have KR′(d − 1) ∼= X, where X = (t−1, J)R′. Let F = Q(R′) be the total ring of

fractions of R′, and set L = R′ :F X. Then

L = (R′ :F t−1R′) ∩ (R′ :F JR′) = tR′ ∩ (R′ :F JR′) = tR′ ∩ (R′ :T−1R′ JR′)

where T denotes the set of homogeneous non-zerodivisors on R′. In particular, L is a

graded R′-submodule of T−1R′ = K[t, t−1].

Lemma 4.2. For each n ∈ Z, the equality Ln = (In−1 ∩ (In :A J))tn holds in A[t, t−1].

Proof. Let x ∈ K[t, t−1] be a homogeneous element of degree n. Write x = ctn with

c ∈ K. Then x ∈ (R′ :F JR′)n if and only if (ctn)(JIℓtℓ) ⊆ In+ℓtn+ℓ for all ℓ ∈ Z. The

latter is equivalent to cJ ⊆ In, or equivalently, c ∈ In :K J = In :A J . Consequently,

(R′ :F JR′)n = (In :A J)tn. Taking degree n components in the equality L = tR′∩ (R′ :F
JR′), we obtain

Ln = (tR′)n ∩ (R′ :F JR′)n = In−1tn ∩ (In :A J)tn = (In−1 ∩ (In :A J))tn

as required. □
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Proposition 4.3. The following conditions are equivalent.

(1) The extended Rees algebra R′(I) is nearly Gorenstein.

(2) The associated graded ring G(I) is nearly Gorenstein.

(3) m ⊆ (I :A J) + J and I = (I2 :A J) + J(I :A J).

Proof. (1) ⇔ (2) Let KG be the graded canonical module of G. Note that t−1 ∈ X · L =

trR′(KR′). Localizing at the graded maximal ideal, we may apply [38, Proposition 3.8]

to the homogeneous non-zerodivisor t−1 on R′. Since G ∼= R′/(t−1), it follows that

trG(KG) = trR′(KR′)G. Therefore, the nearly Gorenstein property for R′ is equivalent to

that for G.

(1) ⇔ (3) Since trR′(KR′) = X · L = t−1L+ JL, we have, for each n ∈ Z,

[trR′(KR′)]n = [t−1L+ JL]n = t−1Ln+1 + JLn.

Assume that R′ is nearly Gorenstein. Then M ⊆ trR′(KR′), and comparing the degree 0

part we obtain

m = M0 ⊆ [trR′(KR′)]0 = t−1L1 + JL0 = (I :A J) + J

where the last equality follows from L0 = A :A J = A. Similarly, comparing the degree 1

part yields

It = M1 ⊆ [trR′(KR′)]1 = t−1L2 + JL1 = (I ∩ (I2 :A J))t+ J(I :A J)t.

As A/Q is an Artinian Gorenstein ring and I2 = QI, it follows that I2 :A J ⊆ I, and

hence I = (I2 :A J) + J(I :A J). Conversely, assume (3). Then the conditions in

(3) imply m ⊆ trR′(KR′) and It ⊆ trR′(KR′). Moreover, since M = (m, It, t−1)R′ and

t−1 ∈ trR′(KR′), it follows that M ⊆ trR′(KR′). Hence R′(I) is nearly Gorenstein. □

Remark 4.4. Assume I ̸= Q. By [46, Corollary 2.11 (b)] (see also [14, Proposition (2.2)]),

the extended Rees algebra R′(I) is Gorenstein if and only if I = J , i.e., I is a good ideal

in the sense of [14, page 2310]. Proposition 4.3 shows that R′(I) is nearly Gorenstein but

not Gorenstein if and only if m = (I :A J) + J and I = (I2 :A J) + J(I :A J).

Corollary 4.5. If the Rees algebra R(I) is nearly Gorenstein, then the extended Rees

algebra R′(I) is also nearly Gorenstein.

Proof. By [32, Corollary 3.7], we may assume that R(I) is not Gorenstein. Recall from

Proposition 4.3 that R′(I) is nearly Gorenstein if and only if m ⊆ (I :A J) + J and

I = (I2 :A J) + J(I :A J). Since R(I) is nearly Gorenstein, Proposition 3.3 shows that

d ≤ 4. We verify the two conditions case by case. If d = 2, Proposition 3.6 yields

I = Q :A m and I = m(I :A m). In particular, J = Q :A I = m, so the above

conditions are satisfied. Assume that d = 3. Proposition 3.3 shows that m = I :A J and

I = (I2 :A J)+mJ . Hence the conditions in Proposition 4.3 hold. Finally, suppose d = 4.

Then Proposition 3.3 gives I = m. If J = A the conditions are immediate, while if J ̸= A

then I = J = m and they again follow. Therefore R′ is nearly Gorenstein. □

Example 4.6. Let A = k[[X,Y ]] be the formal power series ring over a field k, and let

ℓ ≥ 1 be an integer. Set I = mℓ, Q = (Xℓ, Y ℓ), and J = Q :A I. Then I2 = QI, J = mℓ−1,
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and I :A J = m. Hence, R′(I) is nearly Gorenstein for every ℓ ≥ 1. Therefore, in view of

Example 3.12, the converse of Corollary 4.5 does not hold.

Example 4.7. Let A = k[[X,Y ]] be the formal power series ring over a field k. Set

I = (X2, XY 2, Y 3) and Q = (X2, Y 3). By Example 3.11, we have I2 = QI, I = Q :A m,

and I :A m = m2. Consequently, J = Q :A I = m and I :A J = m2. On the other hand, a

direct computation shows that I2 :A m = (X4, X3Y,X2Y 2, XY 4, Y 5). Therefore

(I2 :A J) + J(I :A J) = m3

and hence I ̸⊆ (I2 :A J) + J(I :A J). By Proposition 4.3, it follows that R′(I) is not

nearly Gorenstein.

We now turn to the nearly Gorenstein property of extended Rees algebras over two-

dimensional regular local rings.

Unless otherwise specified, let (A,m) be a two-dimensional regular local ring with in-

finite residue class field. Let I be an integrally closed m-primary ideal of A, and assume

that I contains a minimal reduction Q such that Q ̸= Q. Set J = Q :A I. By [14,

Corollary (6.15)], it should be noted that no good ideals exist in this setting. Hence the

extended Rees algebra is never Gorenstein; see Remark 4.4. In particular, I ̸= J .

We begin with the case in which the order of the ideal I is at least 3. Here, we say that

an ideal is simple if it cannot be expressed as the product of two proper ideals.

Proposition 4.8. Assume that o(I) ≥ 3. Then the following conditions are equivalent.

(1) The extended Rees algebra R′(I) is nearly Gorenstein.

(2) I = mℓ for some ℓ ≥ 3.

(3) I = mJ .

(4) m = I :A J .

(5) J = I :A m.

Proof. Since I is integrally closed, it is contracted. Hence µA(I) = o(I) + 1 ≥ 4. Set

n = µA(I). Since htAI = 2, the Hilbert-Burch theorem yields an exact sequence

0 → A⊕(n−1) M−→ A⊕n → A → A/I → 0

of A-modules such that I = In−1(M), where M is an n × (n − 1)-matrix with entries in

m. Then [31, (3.1) Lemma, (3.3) Proposition] shows that

J = Q :A I = In−2(M)

and that J is integrally closed. Since n ≥ 4, it follows that J ⊆ mn−2 ⊆ m2.

(1) ⇒ (4) Since R′(I) is nearly Gorenstein, one has m = (I :A J) + J . Since J ⊆ m2,

it follows that m = (I :A J) +m2, whence m = I :A J .

(5) ⇒ (4) This follows from the fact that I ̸= m and I ̸= J .

(4) ⇒ (3) Assume that m = I :A J . Then mJ ⊆ I. Moreover, we have

I = In−1(M) ⊆ m · In−2(M) = mJ

which shows I = mJ .
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(3) ⇒ (2) Since I is integrally closed, Zariski’s factorization theorem ([53, Appendix 5,

Theorem 3], [29, Theorem 3.9], [44, Theorem 14.4.9]) yields a factorization

I = I1I2 · · · Iℓ,

where ℓ ≥ 1 and each Ii is a simple integrally closed m-primary ideal. We first show that

I is not simple. Indeed, if I were simple, then from I = mJ it would follow that J = A,

and hence I = m, contradicting the assumption o(I) ≥ 3. Thus I is not simple. We next

show that Ii = m for every 1 ≤ i ≤ ℓ. Fix i. By reordering the factors if necessary, we

may assume that i = 1. Set I ′ = I2 · · · Iℓ. Then I ′ is again an integrally closed m-primary

ideal. By [36, Proposition (3.3)] (see also [44, Proposition 18.6.4]), one has

J = Q :A I = adj(I)

where adj(I) denotes the adjoint ideal of I. Hence

J :A I ′ = adj(I) :A I ′ = adj(I1I
′) :A I ′ = adj(I1),

where the last equality follows from [44, Proposition 18.2.1]. On the other hand, since

I = mJ and J is integrally closed, we have I :A m = mJ :A m = J (see [44, Corollary

6.8.7]). Therefore, using the fact that I1 is integrally closed, we obtain

adj(I1) = J :A I ′ = (I :A m) :A I ′ = I :A mI ′ = (I :A I ′) :A m

= (I1I
′ :A I ′) :A m = I1 :A m.

Thus, by the implication (5) ⇒ (3) already proved, we get I1 = m adj(I1). Since I1 is

simple, it follows that adj(I1) = A, and therefore I1 = m. As i was arbitrary, we conclude

that Ii = m for all 1 ≤ i ≤ ℓ. Consequently

I = I1I2 · · · Iℓ = mℓ.

Since o(I) ≥ 3, necessarily ℓ ≥ 3.

(2) ⇒ (1), (5) Let x, y be a regular system of parameters of A, and set I = mℓ, Q =

(xℓ, yℓ). Then the same argument as in Example 4.6 shows that the extended Rees algebra

R′(I) is nearly Gorenstein. The direct computation shows J = mℓ−1 = I :A m. □

We next consider the case where o(I) = 2 and I is not simple.

Lemma 4.9. Assume that o(I) = 2. If the extended Rees algebra R′(I) is nearly Goren-

stein, then J = m.

Proof. Since o(I) = 2 and I = I, we obtain µA(I) = 3. By the proof of Proposition 4.8,

it follows that I = I2(M) and J = I1(M). Thus I ⊆ J2. Hence I :A J ⊆ J2 :A J = J ([44,

Corollary 6.8.7]). The nearly Gorenstein property of R′(I) implies m ⊆ (I :A J) + J =

J ⊊ A. Therefore J = m. □

Proposition 4.10. Assume that o(I) = 2 and I is not simple. Then the following

conditions are equivalent.

(1) The extended Rees algebra R′(I) is nearly Gorenstein.

(2) There exists a regular system of parameters x, y of A and an integer n ≥ 1 such

that I = (x2, xy, yn+1).
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Proof. (2) ⇒ (1) This follows from Theorem 3.9 and Corollary 4.5.

(1) ⇒ (2) By Lemma 4.9, we have J = m. Hence I = (I2 :A m) + m(I :A m). Since

o(I) = 2, one has I ⊆ m2, and therefore I2 :A m ⊆ m4 :A m = m3, i.e., o(I2 :A m) ≥ 3.

Suppose that I :A m ⊆ m2. Then m(I :A m) ⊆ m3, so that I = (I2 :A m)+m(I :A m) ⊆ m3,

which contradicts o(I) = 2. Thus I :A m ⊈ m2. Since I ̸= m, it follows that o(I :A m) = 1.

Since o(I) = 2 and I is not simple, by Zariski’s factorization theorem ([53, Appendix 5,

Theorem 3], [29, Theorem 3.9], [44, Theorem 14.4.9]), we may write

I = I1I2

where each Ii is a simple m-primary integrally closed ideal with o(Ii) = 1. We now identify

G(m) =
⊕

n≥0 m
n/mn+1 ∼= k[X,Y ], where k[X,Y ] denotes the polynomial ring over the

field k = A/m. For each i = 1, 2, consider the k-subspace

Wi = (Ii +m2)/m2 ⊆ G(m)1 = m/m2.

Since o(Ii) = 1, we have 1 ≤ dimk Wi ≤ 2.

Claim 2. Either I1 = m or I2 = m.

Proof of Claim 2. Suppose, to the contrary, that I1 ̸= m and I2 ̸= m. Since G(m)1 =

m/m2 is two-dimensional over k, Nakayama’s lemma yields dimk Wi = 1 for each i = 1, 2.

Choose fi ∈ Ii \m2 such that Wi = k · fi. We then have

[I1I2 +m3]/m3 = W1W2 = k · f1f2
in G(m) ∼= k[X,Y ], and hence dimk([I + m3]/m3) = 1. On the other hand, since I =

(I2 :A m) +m(I :A m) and I2 :A m ⊆ m3, we get [I +m3]/m3 = [m(I :A m) +m3]/m3. Set

V = [(I :A m) +m2]/m2 ⊆ G(m)1.

As o(I :A m) = 1, we get 1 ≤ dimk V ≤ 2. Note that [m(I :A m) +m3]/m3 = G(m)1 · V ⊆
G(m)2. If dimk V = 1, then V = k · ξ for some ξ ∈ (I :A m) \m2, and therefore

G(m)1 · V = k ·Xξ + k · Y ξ

which is two-dimensional over k. If dimk V = 2, then V = G(m)1, so G(m)1 · V = G(m)2.

In either case, dimk

(
[m(I :A m) + m3]/m3

)
= dimk(G(m)1 · V ) ≥ 2. This contradicts the

fact that dimk([I +m3]/m3) = 1. Hence, either I1 = m or I2 = m. □

By Claim 2, we may assume without loss of generality that I1 = m. Since o(I2) = 1,

there exists a regular system of parameters x, y of A and an integer n ≥ 1 such that

I2 = (x, yn). Therefore, I = I1I2 = m(x, yn) = (x2, xy, yn+1), as required. □

Finally, we turn to the case where o(I) = 2 and I is simple.

Proposition 4.11. Assume that o(I) = 2 and I is simple. Then the extended Rees

algebra R′(I) is not nearly Gorenstein.

Proof. By Lemma 4.9, we note that J = m. Hence, if R′ were nearly Gorenstein, then

I = (I2 :A m) + m(I :A m). As in the proof of Proposition 4.10, one has [I + m3]/m3 =

[m(I :A m)+m3]/m3 and o(I :A m) = 1. Choose f ∈ (I :A m)\m2. Then fm ⊆ m(I :A m),
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so, identifying G(m) =
⊕

n≥0 m
n/mn+1 ∼= k[X,Y ] as the polynomial ring over k = A/m,

we obtain

(fm+m3)/m3 ⊆ [m(I :A m) +m3]/m3 = [I +m3]/m3.

Since (fm+m3)/m3 is generated, as a k-vector space, by Xf and Y f , it follows that

Xf, Y f ∈ [I +m3]/m3.

Let c(I) denote the characteristic form of I, that is, the greatest common divisor of the

elements of [I + m3]/m3 (see [44, Remark 14.1.1 (6)]). Then f | c(I), and we can write

c(I) = f · ξ for some ξ ∈ G(m). Since c(I) is a homogeneous polynomial of degree at

most o(I) = 2 and deg f = 1, the element ξ is also homogeneous. If, moreover, we assume

f
2 | c(I). Since c(I) divides every element of [I + m3]/m3, in particular c(I) | Xf and

c(I) | Y f , it follows that f | X and f | Y . This is impossible, because deg f = 1 and

X,Y are relatively prime in G(m) ∼= k[X,Y ]. Thus, the square f
2
does not divide c(I).

Note that c(I) is a power of an irreducible homogeneous polynomial ([44, Exercise 14.6]).

Therefore deg c(I) = 1. However, since I is simple and integrally closed, [29, Proposition

2.5] (see also [44, Proposition 14.1.12]) yields deg c(I) = o(I) = 2. This contradiction

shows that R′(I) cannot be nearly Gorenstein. □

Combining the above observations, we reach the following which is the second main

result of this paper.

Theorem 4.12. Let (A,m) be a two-dimensional regular local ring with infinite residue

class field. Let I be an integrally closed m-primary ideal of A and assume that I is not a

parameter ideal. Then the following conditions are equivalent.

(1) The extended Rees algebra R′(I) is nearly Gorenstein.

(2) The associated graded ring G(I) is nearly Gorenstein.

(3) Either I = mℓ for some ℓ ≥ 2, or else there exists a regular system of parameters

x, y of A and an integer n ≥ 1 such that I = (x2, xy, yn+1).

Proof. Let Q be a minimal reduction of I. Since I ̸= Q, it follows that Q ̸= Q.

(1) ⇔ (2) We may assume that G(I) is Cohen-Macaulay. By Lemma 2.7, we have

I2 = QI. The equivalence then follows from Proposition 4.3.

(1) ⇔ (3) Suppose o(I) = 1. Since I is integrally closed, it is contracted, and hence

µA(I) = o(I)+1 = 2. Thus I is a parameter ideal, contrary to our assumption. Therefore,

o(I) ≥ 2. The desired equivalence now follows from Propositions 4.8, 4.10, and 4.11. □

Remark 4.13. When o(I) = 2, the extended Rees algebra R′(I) is nearly Gorenstein if

and only if so is the Rees algebra R(I).

Conjecture 4.14. Let (A,m) be a two-dimensional regular local ring with infinite residue

field, and let I be a non-parameter m-primary ideal of A. If the extended Rees algebra

R′(I) is nearly Gorenstein, then I is integrally closed.
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