ALMOST GORENSTEIN DETERMINANTAL RINGS
OF SYMMETRIC MATRICES

ELA CELIKBAS, NAOKI ENDO, JAI LAXMI, AND JERZY WEYMAN

ABSTRACT. We provide a characterization of the almost Gorenstein property of determinantal rings
of a symmetric matrix of indeterminates over an infinite field. We give an explicit formula for ranks
of the last two modules in the resolution of determinantal rings using Schur functors.

1. INTRODUCTION

An almost Gorenstein ring is, one of the good candidates for generalization of Gorenstein rings,
defined by an existence of embedding of the rings into their canonical modules whose cokernel is
an Ulrich module, 1.e, the multiplicity is equal to the number of generators. The motivation of this
generalization comes from the strong desire to stratify Cohen-Macaulay rings, finding new and
interesting classes which naturally extend the Gorenstein rings. The theory of almost Gorenstein
rings was introduced by Barucci and Froberg [2] in the case where the local rings are analytically
unramified and of dimension one. Their work inspired Goto, Matsuoka, and Phuong [7] to give a
modified definition of the one-dimensional almost Gorenstein local rings in 2013. Two years later
Goto, Takahashi and the second author of this paper [9] defined the almost Gorenstein graded/local
rings of arbitrary dimension. In 2017, the second author studied the question of when the determi-
nantal rings of generic matirices are almost Gorenstein rings. The goal of this paper is to provide
a characterization of the almost Gorenstein property of determinantal rings of a symmetric matrix.

Let k be an infinite field and let n > 0 be an integer. Let X = [X;;] be a generic n X n symmetric
matrix of indeterminates over k, i.e., X;; = Xj; for all 1 <i,j < n. We denote by S = k[X] the
polynomial ring over k generated by n(n+ 1)/2 variables {X;;}i<; j<». We consider S as a Z-
graded ring under the grading So = k and X;; € Sy for all 1 <i,j <n. Let I, (X) be the ideal
of S generated by (¢ + 1) x (¢ + 1) minors of the matrix X where 0 < ¢ < n is an integer. We set
R=S/I(X) and call it the determinantal ring of X. By Kutz [T, Theorem 1], the ring R is
known to be a Cohen-Macaulay integral domain with dimR = nt — %t(t —1). Goto shows in [f]
that R is Gorenstein if and only if n — ¢ is odd.

With this notation, we state the main result of this paper below, where m = R, denotes the
graded maximal ideal of R.

Theorem 1.1. The following conditions are equivalent.

(1) R is an almost Gorenstein graded ring.
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(2) Ry is an almost Gorenstein local ring.
(3) Eithern—tisodd, orn=3,1=1.

In this paper we give a proof of Theorem Il by showing (1) = (2) = (3) = (1). Note that
the equivalence (1) < (3) follows from the combining existing literature ([9, Theorem 1.6], [4,
page 50], [0, Theorem 4.4]), and the implication (1) = (2) follows from the definition of almost
Gorenstein graded/local rings. Our main contribution is to prove the implication (2) = (3) (or
equivalently (2) = (1)). One should note that even if Ay is an almost Gorenstein local ring, A
is not necessarily an almost Gorenstein graded ring, where N denotes the unique graded maximal
ideal of a Cohen-Macaulay graded ring A (see [8, Theorems 2.7, 2.8], [9, Example 8.8]) which is
what makes (2) = (1) interesting and difficult.

Theorem M1l also gives the following invariant-theoretic application. If the field k has charac-
teristic 0, then the determinantal ring appears as a ring of invariants. Suppose that V is an n X ¢
matrix of indeterminates over k and A = k[V] is the polynomial ring over k. Let G = O(t,k) be the
orthogonal group. Assume that the group G acts on the ring A as k-automorphisms by taking V
onto VH~! for every H € G. Then the ring A of invariants is generated by the entries of the n x n
symmetric matrix ¥ = VVT and the ideal of relations on Y is generated by the (£ + 1) x (t + 1)
minors of Y; see [5]. Hence we get the following.

Corollary 1.2. Let A and G be given as above. Then A® = K[Y] is an almost Gorenstein graded
ring if and only if either n—t is odd, orn =3, t = 1.

This paper is organized as follows. In Section 2 we give some basic properties on almost Goren-
stein rings. We prove Theorem [T in Section 3. We also explain a rank computation of the last two
modules of the resolution of determinantal rings using the techniques in the representation theory
of finite groups.

2. PRELIMINARIES

In this section we list the definition and the basic properties of almost Gorenstein rings, which
we will use throughout this paper. Let (R,m) be a Cohen-Macaulay local ring with d = dimR,
possessing a canonical module Kg.

Definition 2.1. ([9, Definition 1.1]) We say that R is an almost Gorenstein local ring, if there exists
an exact sequence

0O—+R—Kr—>C—0

of R-modules such that g (C) = €2 (C), where g(C) denotes the number of elements in a minimal
system of generators for C and

) (C) = lim M

m n—seo nd—1

(d—1)!
is the multiplicity of C with respect to m.

Every Gorenstein ring is an almost Gorenstein ring, and the converse holds if the ring R is
Artinian ([9, Lemma 3.1 (3)]). Definition P71 insists that an almost Gorenstein ring R might not be
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Gorenstein, but the ring R can be embedded into its canonical module K and the difference Kg/R
has good properties. For an arbitrary exact sequence

0O—>R—>Kr—C—0

of R-modules with C # (0), the R-module C is Cohen-Macaulay and of dimension d — 1 ([Y,
Lemma 3.1 (2)]). Suppose that R has an infinite residue class field R/m. Consider the local ring
R; = R/[(0) :g C] with maximal ideal m;. We can choose elements fi, f2,..., f;_1 € m satisfying
the ideal (f1, f2,. .., fs—1)R) forms a minimal reduction of m;. Then

e%(C) = €%, (C) = Lr(C/(f1, f2,---, fa-1)C) > lr(C/mC) = ug(C).

Therefore, €, (C) > ug(C) and we say that C is an Ulrich R-module if €2, (C) = ug(C). Thus, C is
an Ulrich R-module if and only if mC = (fi, f2,..., f4-1)C.

In the rest of this section, let R = ,~( R, be a Cohen-Macaulay graded ring. Assume k = Ry is
alocal ring and there exists the graded canonical module K. Set a = a(R) the a-invariant of R, i.e.,
a =max{n € Z | [H%(R)]» # 0} where {[HS(R)]x}nez denotes the homogeneous components of
d-th graded local cohomology module of Hgﬁ (R) of R with respect to the unique graded maximal
ideal 91.

Definition 2.2. ([9, Definition 1.5]) We say that R is an almost Gorenstein graded ring, if there
exists an exact sequence

0—R—Kg(—a) - C—0
of graded R-modules such that g(C) = €9, (C).

Note that Kg(—a) stands for the graded R-module whose underlying R-module is the same as
that of Kg and whose grading is given by [Kg(—a)], = [Kg]n—q for all n € Z. Similarly for local
case, every Gorenstein graded ring is an almost Gorenstein graded ring. As Coy is Ulrich as an Rgy-
module and the canonical module K is compatible with localization, the local ring Rgy is almost
Gorenstein, provided R is almost Gorenstein as a graded ring. Although the converse doesn’t hold
in general (see e.g., [8, Theorems 2.7, 2.8], [9, Example 8.8]), the theory is still attractive and
worth studying the theory as, for example, the following theorem shows.

Theorem 2.3. ([9, Theorem 1.6]) Let R = k[R] be a Cohen-Macaulay homogeneous ring over an
infinite residue field k. Suppose that R is not a Gorenstein ring. Then the following conditions are
equivalent.

(1) R is almost Gorenstein and level.
(2) The total ring Q(R) of fractions of R is Gorenstein and a(R) = 1 —dimR.

We can directly apply Theorem I3 to the determinantal rings of arbitrary matrices. For instance,
we have the following consequences.

Corollary 2.4. Let k be an infinite field, and 0 <t < n be integers. Let X = [X;;| be a symmetric
matrix of indeterminates over k, and I, .1 (X ) denotes the ideal generated by (t + 1) X (t+ 1) minors
of X. Then R =k[X]/I;+1(X) is an almost Gorenstein graded ring if and only if n—t is odd, or
n=31t=1.
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Proof. May assume R is not Gorenstein, i.e., n —t is even. By [4, page 50] (or [, Theorem 4.4]),
we see that a(R) = %(—t)(n + 1). Hence, the equality a(R) = 1 — dimR holds if and only so does
the equality 7(n —t) = 2. Since n — ¢ is even, the latter condition is equivalent to saying that n = 3
andt = 1. U

Corollary 2.5. Let k be an infinite field and n > 3 be an odd integer. Let X = [X;;] be a generic
n x n skew-symmetric matrix overk, i.e., X;j = —Xj; forall 1 <i, j <n. Let I be the ideal generated
by submaximal Pfaffians of X. Then R = k[X]/I? is an almost Gorenstein graded ring if and only
ifn=73.

Proof. Note that R = k[X]/I* is a Cohen-Macaulay ring with dimR = (%) — 3 possessing the pro-
jective dimension 3 ([3, Theorem 2.5]). By [12], 12 has linear minimal free resolution. We have
the Betti numbers as B (I?) = (”;1), B>(I*) =n*—1, and B3(1*) = (,",). By setting n = 2k + 1
with k > 1, the sequence

052G (—2k—2) = 52Dk —1) 5 52" (—2k) 55 5 R0

forms a minimal S-free resolution of R, where S = k[X]. Hence the a-invariant is n+1— (3), so

that the assertion follows from Theorem 3. O

Let 1 <t <nbeintegers and X1, ..., X, ;1 be indeterminates over an infinite field k. A Hankel
determinantal ring is a ring of the form

R=KX1,.... Xurs_1]/L:(H)

where I;(H) denotes the ideal of the polynomial ring k[Xi,...,X,+,—1]| generated by ¢ X t minors
of the Hankel matrix H

X X X3 .- X
R
Xr Xep1 oo o Xerod

We now consider the generic determinantal ring A = k[Y]|/[,(Y), where Y is a ¢ X n matrix of
indeterminates over k, and /;(Y) denotes the ideal of k[Y] generated by 7 x t-minors of Y. Since
the coset of elements Y; ;| — Y;; ; are part of a system of parameters for A, we have a ring
isomorphism between A modulo these elements and R = k[X1,...,X,1s—1]/I;(H). Therefore, R is
a Cohen-Macaulay ring with dimR = 2¢ — 2, and hence R is Gorenstein if and only if n = 1.

Corollary 2.6. R is an almost Gorenstein graded ring if and only ifn =t orn #1t,t =2.

Proof. The coset of elements Xi,...,X;—1,X,+1,...,X,+:—1 are a homogeneous system of parame-
ters for R, and the socle modulo this system of parameters is spanned by the degree  — 1 monomials
in X;,...,X,. Hence a(R) = 1 —t. By Theorem I3, we get the required assertion. O

3. PROOF OF THEOREM [

This section aims at proving Theorem [l First of all, we fix our notation and assumptions on
which all the results in this section are based.
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Setup 3.1. Let k be an infinite field, and 0 < ¢ < n be integers. Let X = [X;;| be a symmetric
matrix of indeterminates over k, and S = k[X](= k[Xi;]1<i<j<n) be the polynomial ring over k in
n(n+1)/2 variables. We set R = S/I,+1(X), where I,;1(X) denotes the ideal of S generated by
(t+1) x (t+ 1) minors of X. Let M = (x;; | 1 <i < j < n) where x;; stands for the image of X;;
inR. Setd = dimR = nt — 3t(t — 1).

Until Proposition B3, we assume char(k) =0 and R = S/I,11(X) is not a Gorenstein ring. Let
O—F—=F 11— —FH—R—=0

be a minimal S-free resolution of R. The key of the proof of Theorem [Tl is the equalities

n n n
kF;_| = - d kFy = .
rank Fy_ n(t+1) (t+2) and rankFy (t)

To show this, we need some techniques from representation theory of the general linear group.
More precisely, let X* be the space of n x n symmetric matrices over k. The coordinate ring
A =k[X*] of X* is isomorphic to the polynomial ring k[¢; ;]1<i< j<», Where ¢; ; denotes the (i, j)-th
coordinate function on X* with ¢; ; = ¢; ;.

We identify X*® with the space SoE*, the 2nd symmetric power of E*, where E is the vector
space over k with dimy £ = n and (—)* = Homy(—, k) is the dual functor. Let us also identify the
coordinate ring A = k[X*] of X* with the symmetric algebra Sym(S,E*). By setting {e;}1<i<y the
k-basis of E, the coordinate function ¢; ; can be identified with the element e;e; in Sym(S,E™).

For each integer r with 0 <t < n, let us consider the subvariety

Y/ ={¢ € X’ |rank ¢ <t}

of X, called the symmetric determinantal variety. Note that the variety ¥;* can be identified with
the set of symmetric matrices ® whose minors of size # + 1 vanish. Hence, in order to compute
the ranks of the tail and its before one of the resolution of determinantal rings R = S/I,+(X), it
comes down to think about the resolution of A/J;,, where J;; denotes the ideal of A generated
by (t+1) x (t+ 1) minors of ®.

Let A = (A1,A2,...,4,) be a partition of a positive integer n, i.e., a weakly decreasing sequence
A > Ay > -+ > A, of non-negative integers such that |A| = Y." | A; = n, where |A| is called the
weight of A. We identify the partitions (41,4,,...,4,) and (A1,23,...,4,,0). For each partition,
we associate its Young diagram, so that we now identify the partition with its Young diagram. The
length of the diagonal of A is called the rank of A, denoted by rank A. In other words, rank A = r
is the biggest r x r square fitting inside A. For each box X in a Young diagram A, the set of boxes
to the right (resp. below) of X (including X) is called an arm of X (resp. a leg of X). A hook of
X consists of the arm and leg of X, and the number of boxes in the hook of X is called the hook
length of X.

Let A be a partition of rank r. For each 1 <i < r, we denote by a; (resp. b;) the arm length
(resp. the leg length), i.e., the number of boxes in the arm (resp. the leg), of the i-th box on the
diagonal of A. Since the partition is uniquely determined by its rank r and the numbers q;, b; for
all 1 <i<r, we can write

A =(ay,ay,...,a, | by,by,...,by)



6 ELA CELIKBAS, NAOKI ENDO, JAI LAXMI, AND JERZY WEYMAN

which is called the hook notation for A. Notice that, in the hook notation, we have a; > ay > --- >
ar>0,by >by>--->b,>0,and |A| =Y |(ai+b;) —r. Let A = (A1,A2,...,A,) be a partition.
The conjugate partition A" of A is defined by

M=#{t|1<t<m, & >i}.
This means the Young diagram of A’ is obtained from the Young diagram of A by reflecting at the
line y = —x in the coordinate plane. The reader may consult with [1I5, Chapter 1] for more details

regarding partitions.
We denote by Q;_1(2m) the set of partitions A of rank r that can be written as

A =(ay,az,...,a, | b1,by,...,b;)

in the hook notation, where a; = b; + (r — 1) for each 1 <i < r and |A| = 2m. This partition with
even rank can be put in the form

A=A(a,u)= (o +2u+t—1,....00,+2u+t—1,0a1,...,a)

where u = %rank?t and « is a partition with o < rankA. Therefore, for example, the Young
diagram of the partition A in Q,_1(2m) with even rank has the following form

PA| A DA PR
PA| PR DA PR

where the boxes corresponding to « are filled by e, the boxes corresponding the conjugate partition
o/ are filled by o, and the boxes providing additional r — 1 elements for diagonal hook lengths are
filled by X.

For a partition A = (A1,A2,...,A,), we consider the Schur module Ly E, i.e.,

M A Am
LyE = </\E Rk /\E Rk -+ R /\E) /R(AE)
where the submodule R(A,E) is the sum of submodules of the form:

M A1 Aay2 Am
/\E®k--~®k /\ E®yRaar1(E) @k /\ “'®k/\E
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for 1 <a <m—1. Here, Ry ,+1(E) denotes the submodules of /\’l“E Rk /\’l"+I E spanned by the
images of the composite maps with u +v < A, below:

A E @ Na—tHhaii =V E oy A\VE
J/id@A@id
NE @ N “E @ NV E @y \'E

/\)«aE®k /\/laﬂ E
where A stands for the diagonal map, and m, and ms34 are the multiplication maps.

With this notation above, we recall the following theorem that shows how to find the components
of minimal free resolutions of A/J; | in terms of L E corresponding to A.

Theorem 3.2. ([I5, Theorem 6.3.1 (c)]) The i-th term F; of the minimal free resolution of A/J; 11
as an A-module is given by the formula

Fi= D Ly E @A,

A€Q;_1(2m), rank A even, i=m—t- % -rank A

Note that the representations occurring in the resolution of A /J; | are the Schur modules L (au)E
for all choices of « and u. The term Lj 4, E occurs in the i-th term in the resolution where
i=%(JA| —t-rankA). For all A = A(ct,u) € Q;_1(2m) with even rank 2u, we have

Al = (u)*+2u(t — 1) + o] +]a’| = (2u)* +2u(r — 1) +2|a]
so that m = 14| = 2u? + u(t — 1) + |a|. Hence the term occurs in F; with i = 2u®> —u+ .

The following is a key in the proof of Theorem [. Note that the rank of F; corresponds to the

Cohen-Macaulay type of the determinantal ring R (see [G]).

Proposition 3.3. Let A(oy,uy) and A(oy_1,us_y) be partitions associated with F; and Fy_y, re-
spectively. Then the following assertions hold true.

(1) rank A (g, uy) = rank A (Qy_1,up—1) =n—t.

(2) rank Fy = <rtl) and rank Fy_; = n(t—t 1) — (t—ier)'

Proof. (1) We consider a partition A (ay,uy) associated with Fy of rank 2u, for some 0 < u; € Z.
Suppose that 2uy > n —t. Since n —t is even, we write 2uy = n —t + 2k with k > 0. The projective
dimension ¢ of A/J;; 1 as an A-module is given by

1 t(r—1
= n(nt1) nt+ ( ) .

¢ B 2

Hence the weight of oy is
1 t(r—1 1
loy| = €—2uf+u= M—nt-ﬁ—u ——(4u%—2ug)
2 2 2 :
= (n—t+k)(1-2k)<0
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which makes a contradiction. Thus we get rank A (0, uy) = 2uy < n—t. We then have

A(Qp,ug)| = 204 2upt = (n—1)>+ (n—1) + 2uyt
> (n—t)>+(n—t)+t(n—1)
> (n—1)?

where the first equality comes from ¢ = 2u? —u;+ | 0| and %M(ag, up)| =2uZ +uy(t—1)+|oyl. In
particular, there is an (n —t) X (n—t) square sitting inside A (o, uy). This proves rank A (o, uy) =
n—t. Similarly, one can show that rank A (oty_1,uy_1) = n—t, as well.

(2) Since rank (o, uy) = n—t, we have

IA(ag,up)| = (=12 +(n—1)+2ut = (n—1)>+(n—1t)+t(n—1) = (n—1)(n+1).

This implies |a| = n —t, because |A(ay,up)| = (n —t)*> + (n—1t)(¢t — 1) +2|0y|. Hence the Young
diagram of A (oy,uy) has the following form, for example in the case n = 8 and r = 4.

XXX e
XXX e
X|IX|X|o
XXX e
olo|o]o

Therefore
Aoy, up) = (nyn,...,n,n—t).
\q,.—/
n—t times

Note that we have the isomorphisms

n ®(n—r1+1) ;
Ly (o) E = L E™ @y </\E> ELHE"= /\E*

where the first isomorphism follows from [, Chapter 2, Exercise 18] and E = E**. Hence

t
. n
rank L g, 4, E = rank /\E = (t)
On the other hand, since |A(0y_1,up—1)| = (n+1)(n—1) —2, we have |oy_| =n—1t —1 and thus
AMoy_1,up )= (nn,....n ,.n—1,n—t—1).
——
n—t—1 times

Hence the Young diagram of A (oy,u,) has the following form, for example in the case n = 8 and
t=4.

XXX e

X[ XX

XXX

XXX
ololo
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By [I3, Chapter 2, Exercise 18] and E = E**, we have the isomorphisms

n ®(n—1+1)
La(oy ) E = L1, E™ @ (/\15)

Since L1 1)E* = (/\’“E* ®xE*) /R((t+1,1),E*) and the submodule R((t + 1,1),E*) is gen-
erated by the image of the diagonal injective map A : AT 2E* — A" E* @y E*, we conclude that

% n n
a€717w71)E :rankL(,H’l)E = n(H_ 1) — (l+2>.

Hence, by Theorem B2, we obtain

rank Fy = (r;) and rankf;_; = n(t_t 1) — (I:Z)

as desired. O

2

L(z+1,1)E*-

rank Ly (

We are now ready to prove Theorem [Tl

Proof of Theorem [l (1) = (2) We choose an exact sequence 0 — R — Kg(—a) — C — 0 of
graded R-modules with ug(C) = €9 (C), where a denotes the a-invariant of R. Since [Kg]m = Kg,,
and Cy, is Ulrich as an Ry-module, the local ring Ry, is almost Gorenstein.

(3) = (1) This follows from Corollary DZ4.

(2) = (3) Set A = Ry and n = mA. We choose an exact sequence

0—>A£>KA—>C—>O

of A-modules such that us(C) = €2(C). We may assume n —1 is even, i.e., A is not a Gorenstein

ring. Then, because ¢(1) & nKy, we get us(C) =r(A) — 1 and
0—ne(l) >nKy -nC—0

is an exact sequence of A-modules. Here r(A) denotes the Cohen-Macaulay type of A. Hence we

get an inequalities

n(n+1)
2

where the second inequality follows from nC = (f, f2,..., f4—1)C for some f; € n. This choice is

possible, because k is an infinite field; see [Y, Proposition 2.2 (2)].
Let

Ha(nK4) < pa(n) + pa(nC) < +(d=1)(r(A)—1)

O—-F—>F 11— —F—R—=0

be a graded minimal S-free resolution of R. By taking the S-dual of the resolution, we get the
presentation of the graded canonical module K. If char(k) = 0, then

() ur(mKg) > pgr(m)-rank F; —rank F,_;

because all the entries of the matrix corresponding to the map Fy — F;_ have degree one; see [14,
Proposition 2.5]. Note that the Hilbert series of R is independent of the characteristic of the field
(see e.g., [I5, Chapter 6]), and so is the Hilbert series of Kg ([I3, Theorem 4.4]). In particular,
since R is homogeneous and level, we conclude that pg(mKg) = dimg [Kg]—,+1 does not depend on
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the characteristic of the field k, where a denotes the a-invariant of R. Hence the above inequality
(1) holds for any characteristic of k. Therefore we get the inequality

) 1)) 5 () )

t(r—1
Putting d = nt — %

0 (()-1) (0w ) o 7))

By multiplying both sides by (z +2)! in the above inequality, we obtain
t(t+1)<6

, we have

which yields ¢t < 2. Suppose ¢t = 2. Then

(()-) (52 -2e) o))

Hence n> — 5n+ 8 < 0 by multiplying 4! in the above inequality. This makes a contradiction.
Therefore t = 1. By (f), a direct computation shows n—¢ < 2. Asn—t is even, then n —t = 2, and
hence n = 3. U

As a consequence of Theorem [Tl if we take the mRy,-adic completion of the local ring Ry, we
obtain the following conclusion by [Y, Theorem 3.9].

Corollary 3.4. The local ring k[[X]]/I;+1(X) is almost Gorenstein if and only if either n —t is odd
orn=3,t=1.
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