TWISTED TORIC STRUCTURES

TAKAHIKO YOSHIDA

ABSTRACT. This paper introduces the notion of twisted toric manifolds which
is a generalization of one of symplectic toric manifolds, and proves the weak
Delzant type classification theorem for them. Their fundamental groups are
investigated. Methods of computing their cohomology groups in general di-
mensional cases and signatures in four-dimensional cases are also given.
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1. INTRODUCTION

By Delzant’s classification theorem [4], there is a one-to-one correspondence be-
tween a symplectic toric manifold which is one of the special objects in the theory
of Hamiltonian torus actions and a Delzant polytope which is a combinatorial ob-
ject. Through this correspondence, various researches on the relationship between
symplectic geometry, topology, and transformation groups with combinatorics have
been done [2, 4, 7].

On the other hand, there exists a manifold such that it may not be itself a
symplectic toric manifold, but it has a toric structure in a neighborhood of each
point all of which are patched together in some weak condition. In this paper,
as a formulation of such manifolds, we shall introduce the notion of twisted toric
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manifolds and generalize the weak version of Delzant’s classification theorem to
them. Recently, some generalizations are also considered [11, 12, 17, 18, 19]. We
also investigate the topology of twisted toric manifolds. As a result, we can see that
there are examples of twisted toric manifolds which are not complete non-singular
toric varieties in the original algebro-geometric sense. In particular, these are not
symplectic toric manifolds.

In general, a twisted toric manifold no longer has a global torus action like that
of a original symplectic toric manifold, but it has a torus action on a neighbor-
hood of each point which comes from a local toric structure and they are patched
together in certain sense. One of our motivation is to generalize the topological
theory of transformation group to such a twisted torus action. Some invariants for
transformation groups such as equivariant cohomology groups can be generalized
to this case and we are investigating their properties, in particular, localizations.
Unfortunately we could not describe this topic in this paper. This will appear later
on.

This paper is organized as follows. First, we recall Hamiltonian torus actions
in Section 2 and symplectic toric manifolds in Section 3 in order that the paper is
self-contained. Then we shall give the definition of the twisted toric manifold and
some examples in Section 4. Section 5 is devoted to the classification of twisted
toric manifolds. In Section 6, We shall investigate their fundamental groups and
compute their cohomology groups. We shall also compute their signatures in four-
dimensional cases.

In the rest of this paper, we shall assume that all manifolds are compact, con-
nected, and oriented and all maps preserve orientations, unless otherwise stated.

Acknowledgment: The author is thankful to Professor Mikio Furuta, who is my
mentor, for useful comments and suggestions. This work is motivated by his sug-
gestion. The author is also thankful to Professor Hisaaki Endo for teaching me
Meyer’s signature cocycle.

2. HAMILTONIAN TORUS ACTIONS

2.1. Moment maps. A symplectic manifold (X,w) is a smooth manifold X equipped
with a non-degenerate closed 2-form w. Let us assume that a k-dimensional torus
T* acts on X which preserves w. In this paper, we identify 7% with R*/ZF and
its Lie algebra t with R¥. By the natural inner product (,) on R*, we also identify
the dual space t* of t with t itself.

Definition 2.1 ([2, 9]). A moment map for the T*-action is a map pu : X — t*
which is T*-invariant with respect to the given T*-action on X and satisfies the
condition

t(ve)w = (dp, §)
for £ € t, where v¢ is the infinitesimal action, that is, the vector field which is
defined by

d
ve(z) = — VI g

dr lr=0
Note that a moment map for a T*-action is determined up to an additive constant.
The torus action which has a moment map is said to be Hamiltonian.

Although these are not compact, the following examples are fundamental in this
paper.



Example 2.2. Let (C",wcn) be the n-dimensional complex vector space with the

1<
symplectic form wen = - Z dz; Ndz;. T™ acts on C" by
i=1

toz=(e2™V g PVl

fort = (t1,...,tp) € T™ and z = (21,...,2,) € C™. This action is Hamiltonian and
a moment map ucn : C" — t* is defined by

pen(2) = (|21l [2al?).
In particular, the image of ucn is
o={{=(&, ..., &) et =R": §>0fori=1,...,n}.

Example 2.3. Let T*T™ be the cotangent bundle of T". On T*T"™, we fix the
natural trivialization T*T™ = t* x T™ and identify T*T™ with t* x T™ by this
n

trivialization. T*T™ has a symplectic form wp«pn = Zd@i A d§;, where 6 =
i=1

(61,...,0,)and £ = (&1, ..., &) denote the standard coordinates of 7™ and t* = R"™,

respectively. T™ acts on T*T™ by

t(f,&):(§,0+t)

for t € T™ and (&,0) € T*T™. This action is Hamiltonian and a moment map
ppspn 2 T*T™ — t* is defined by

prrn (§,0) = €.

2.2. Symplectic reduction. Let (X,w) be a 2n-dimensional symplectic manifold
equipped with a Hamiltonian T*-action with a moment map p : X — t*. There is
a method, so called a symplectic reduction, to construct a new symplectic manifold
which we shall explain. See [2, 9] for more details.

Proposition 2.4. Let TF(C T*) be the stabilizer of x € X. Then the annihilator
(Im dpz )" of the image of du, : T, X — t* is isomorphic to the Lie algebra t, of
"

Proof. Tt is clear from the condition in Definition 2.1 and the non-degeneracy of
w. (]

Let € € t*. Since y is invariant under the action, T*-action preserves pu~!(g).
Suppose that T*-action on p~!(¢) is free. Then Proposition 2.4 implies that
the level set p~1(g) is smooth, and the quotient space p~1(¢)/T* is a 2(n — k)-
dimensional smooth manifold. In this case, the following proposition is well known.

Proposition 2.5 ([16]). The quotient space u~*(g)/T* carries a natural symplectic
form we such that the equality 1*w = 7w, holds, where v is a natural inclusion and
T 1S a projection

(1 (e), vw) = (X, w)
(u=H(e)/T*, we).

(u=1(e)/T*, w.) is called a symplectic quotient.
3



2.3. Symplectic cutting. Let us recall the symplectic cutting by Lerman [13].
Suppose that (X,w) is a symplectic manifold equipped with a Hamiltonian S!-
action with a moment map p : X — R. Define the S'-action on the product space
(X xC,w@wc) by

t(z,2) = (t -z e 2"V Tty
for t € St and (z,2) € X x C. This action is Hamiltonian and the moment map
P: X xC—Ris

®(z,2) = p(x) — pc(z) = plz) — |2/

Proposition 2.6. Let ¢ € R. the S'-action on ®~1(¢) is free, if and only if the
St-action on p=1(g) is free.

Proof. Let (z,2) € ®~1(e). If 2 # 0, then the stabilizer of (z,z) for the S'-action
on X x C only consists of the unit element since the stabilizer of z for the S*-action
on C only consists of the unit element. In the case where z = 0, the stabilizer of
(x,2) for the St-action on X x C is equal to that of = for the S*-action on X. This
proves the proposition. O

Assume that the S*-action on ®~1(¢) is free. Then the reduced space ®~*(g)/S*
is a smooth manifold whose dimension is equal to that of X. Let us consider
the reduced space ®~1(g)/St. The level set ®~!(¢) is a disjoint union of two S*
invariant parts

dMe)={(z,2) e X xC: p(x) > ¢, |z|°=p(x)—e}p'(e) x {0}.

The first part is equivariantly diffeomorphic to the product {x € X: p(x) > e} xSt
and the second part is naturally identified with =1(¢). Then as a set, the quotient
space ®~1(g)/S?! is the disjoint union

ol(e)/St = {z € X: pla) > &) T Y(e)/SL.

We denote ®~1(¢)/S* by X ,,>.. Topologically, X ;> is the quotient of the manifold
X,>c = {x € X: p(x) > e} with the boundary p~!(¢) by the relation ~, where
x ~ 2’ if and only if z,2’ € u=1(¢) and 2’ =t -  for some ¢t € S'. For this reason,
we would like to call the operation that produces 7#25 from the Hamiltonian S*-
action on (X, w) symplectic cutting and YMZE is called a cut space.

Remark 2.7. Suppose that (X,w) has another Hamiltonian 7*-action which com-
mutes with the Sl-action. Then the T*-action on X induces the Hamiltonian
T*-action on X x>0 simply by letting it act on the first factor.

Example 2.8. Let us consider Example 2.3 for n = 1. By Remark 2.7, the cut
space T*S',, . ;>0 has the Hamiltonian circle action which is induced by the origi-

nal circle action on 7%S'. In this case, T*S? fipw 51 >0 18 equivariantly symplectomor-
phic to (C,wc) with the circle action in Example 2.2 by the symplectomorphism
¢:C—T*S, . >0 which is defined by

arg z 121]
z|-
2

Example 2.9. Let v € Z" C t, and consider the Hamiltonian S'-action on
(T*T", wp+pn) which is defined by

t-(£,0)=(&0+tu)

fort € S' =R/Z and (&,6) € T*T". The moment map p,, : T*T™ — R is obtained
by

() = [l2I%,

pu(§,0) = (u,€) .

4



In this case,

(TT™) 1,5 ZHE € (w, ) > e} H{E € t™: (u,§) =} x T"/S,,

where S! is the circle subgroup of T" generated by u. Note that (T*T")Hu>€
is smooth, if and only if w is primitive in the sense of Definition 3.3. For more
details, see Appendix A. In this case, since the Hamiltonian 7T"-action in example
2.3 commutes with the S'-action, by Remark 2.7, the Hamiltonian T"-action is
induced to (T*T™) with the moment map

Figure 1 shows the change of the image of the moment map under symplectic
cutting for n = 2.

Hu =€

7

symplectic
cutting

- A
0 o<

<U’= >:€

FIGURE 1. the change of the moment image by symplectic cutting

Remark 2.10 (Simultaneous symplectic cuttings). Suppose that (X, w) is equipped
with two commutative Hamiltonian S'-actions on (X, w) with moment maps u; and
2. Then corresponding symplectic cutting operations also commute each other,

and the both cut spaces (X, >¢,) and (X ,,>c,) are naturally symplec-

tomorphic to the cut space

Y{#izﬂ}i:m ={(z,z) € X x C?: pi(x) — |zz\2 =g, 1= 1,2}/T2

2 >E2 H1>€E1

of the simultaneous symplectic cuttings, that is, the symplectic quotient of the
Hamiltonian T2-action on (X x C2, w @ wce) with the moment map

®(z,2) = (pa(x) — [z, p2() — |22f)

which is obtained by putting two S'-actions together.

More generally, for the case where (X,w) is equipped with k commutative Hamil-
tonian S'-actions with moment maps j; for i = 1, ..., k, the argument goes similar
way, and the cut spaces are naturally symplectomorphic to the simultaneous cut
space
c={(,2) € X x CFr () — |2 =iy i =1,..., k}/T"

3. SYMPLECTIC TORIC MANIFOLDS
For Hamiltonian torus actions, the following fact is well known.

Theorem 3.1 ([7]). If a k-dimensional torus T* acts effectively on a 2n-dimensional
symplectic manifold (X,w) in a Hamiltonian fashion, then k < n.
5



In particular, in the maximal case of Theorem 3.1, that is, a closed, connected
2n-dimensional symplectic manifold (X, w) equipped with an effective Hamiltonian
T™-action is called a symplectic toric manifold.

For a general Hamiltonian torus action, Atiyah and Guillemin-Sternberg show
the following convexity theorem.

Theorem 3.2 ([1, 8]). Let (X,w) be a closed, connected 2n-dimensional symplectic
manifold equipped with a Hamiltonian action of k-dimensional torus. (We do not
require k = n.) Then the image of a moment map is a convex hull of images of
fized points.

In the theory of symplectic toric manifolds, the image of a moment map plays a
crucial role.

Definition 3.3. Let {uq,...,u;} is a tuple of vectors of Z". {uq,...,u;} is said to
be primitive, if the sub-lattice spany{u1, ..., ux} spanned by uq,...,uy is a rank k
direct summand of the free Z-module Z™. We also say that the tuple {L1,..., Ly} of
rank one sub-lattices in Z" is primitive, if there exists a primitive tuple {us,...,ux}
of vectors in Z" such that each L; is spanned by u; fori=1,... k.

Remark 3.4. The notion of the primitivity of a tuple {uy, ..., ug } of vectors (hence
the tuple {Z1,...,Z;} of rank one sub-lattices) in Z™ is invariant under the action
of GL,(Z).

Let A be a convex polytope in t*(= R") in t* which is written by

d
A={eet: (&) >N} (3.1)
i=1
for uy,...,uq € R™ C tand Aq,...,A\g € R. Without loss of generality, we may
assume that for ¢ = 1,...,d, each intersection AN {& € t*: (u;,&) = A\;} of A and
the hyperplane defined by (u;, &) = \; is a facet, that is, a codimension one face of
A. We set

J= {IC {1,....d}: ﬂ{fe A: (u, &) = N} #@}.
iel
Definition 3.5. The convex polytope A is said to be Delzant, if A satisfies the
following conditions
(i) A is rational, that is, uy,...,uq € Z™ C t,
(ii) A is simple, that is, exactly n facets meet at each vertex of A,
(i) A is non-singular, that is, ug,...,uq (hence A1,...,Ag) in (3.1) can be
taken so that {u;},; is primitive for each I € J.

In the rest of this paper, when we say that a convex polytope A written as in
(3.1) is Delzant, we assume that uy,...,uq are taken so that {u;},.; is primitive
for each I € J.

Delzant shows that a symplectic toric manifold is exactly determined by the
image of its moment map.

Theorem 3.6 ([4]). (1) The image of a moment map of a symplectic toric manifold
is a Delzant polytope.

(2) By associating the image of a moment map to a symplectic toric manifold, the
set of equivariantly symplectomorphism classes of 2n-dimensional symplectic toric
manifolds corresponds one-to-one to the set of Delzant polytopes in t* = R™ up to
parallel transport in t*.



Theorem 3.6 says that a symplectic toric manifold is recovered from a Delzant
polytope. It is done as follows. Let A be an n-dimensional Delzant polytope
defined by (3.1). As in Example 2.9, for i = 1,...,d, each vector u; in (3.1) defines
the circle actions on (T*T™,wp«pn) with the moment maps p,,(£,0) = (u;,§).
Since these actions commute each other, we can obtain the simultaneous cut space
Xa = (T*"T") (. >r}ies . @ We described in Remark 2.10. By the definition of
the Delzant polyjcope and Theorem A.3 in Appendix A, Xa is a 2n-dimensional
smooth symplectic manifold. Moreover by Remark 2.7, X is equipped with the
Hamiltonian T"-action with the moment map p : XA — t* which is induced from
the natural T™-action on T*T™ in Example 2.3. It is clear that this action is
effective and the image of p is A. Hence the cut space Xa is the symplectic toric
manifold which we want.

From this construction, we can see that a symplectic toric manifold is locally
identified with the Hamiltonian T"-action on C" in Example 2.2 in the following
sense.

Definition 3.7. Let p be an automorphism of 7". Two 2n-dimensional symplectic
toric manifolds (X7, w1) and (X3, ws) are p-equivariantly symplectomorphic, if there
exists a symplectomorphism ¢ : (X7,w1) — (X2,w2) such that ¢ satisfies the two
conditions

(i) o(t-x) = p(t) - ¢(x) for x € X7 and t € T™,
(i) the following diagram is commutative

X1L>X2

Hll O \Lln
(dp)*

tr<— ",
where pq and puo are moment maps of X; and X, respectively.

For a vertex v € A which is defined by the exactly n equalities (u;,,&) = A;, for
a=1,...,n, we define the open set U, C A by

U, ={€€A: (us, &) >\ fori#£ir,.... in}

Then {p~ 1 (Uy) borvertex of A 18 a open covering of Xa. Moreover, for each vertex
v, there exists an automorphism p, of T™ such that (dp;!)* : t* — t* sends U,
diffeomorphically to the open set (dp,*)*(U,) in t5, and p~*(U,) is p,-equivariantly
symplectomorphic to ua. ((dpyt)*(Uy))

XA D LU = pen ((dpy )™ (Uy)) cen
ML ul O J/ cn l“c"
AD Uv = (dp;l)*(Uv) Ct*ZO'

We shall show this claim. For a vertex v which is defined as above, u~1(U,) is iden-
tified with the open subset of the simultaneous cut space (T*1™),, 5,

of the commutative Hamiltonian circle actions on (T*7™) defined byauij with the
moment maps fiy,, (§,0) = <u¢j7§> for a = 1,...,n naturally. Now define the
parallel transport p, of T*T™ x C*¥ by

pv(fa 97 Z) = (§ -0, 9’ Z)
for (¢,0,2) € T*T™ x C¥. Then p, induces the equivariantly symplectomorphism

from (T*Tn){uu,;a >Xi act,..m O (T*T"){Mia >0}a_s - Then Theorem A.4 in Ap-

pendix A with the above equivariantly symplectomorphisms implies the claim.
7




4. TWISTED TORIC MANIFOLDS

By the topological construction, a 2n-dimensional symplectic toric manifold X
is obtained from the trivial T™-bundle on a Delzant polytope A by collapsing each
fiber on the face {£& € A: (u;,&) = A\;} by the circle subgroup Si generated by
u;. By replacing the trivial 7"-bundle on A to a T™-bundle on an n-dimensional
manifold with corners which may be non-trivial, we can obtain the notion of 2n-
dimensional twisted toric manifolds.

4.1. The definition and examples. Let B be an n-dimensional manifold with
corners, mp : P — B a principal SL, (Z)-bundle on B. The T™-bundle and the
Z"-bundle associated with P by the natural action of SL,(Z) on T™ and on Z"
are denoted by 7 : Tp — B and 7z : Z'5 — B, respectively. Consider a 2n-
dimensional manifold X, surjective maps v : Tp — X and p : X — B such that
the following diagram is commutative

TP\7»X

Definition 4.1. The above tuple {X,v, u} is called a 2n-dimensional twisted toric
manifold (or often called a twisted toric structure on B) associated with the principal
SL,(Z)-bundle 7p : P — B, if for arbitrary b € B, there exist
(i) a coordinate neighborhood (U, »?) of b € B, that is, U is an open neigh-
borhood of b in B and ¢? is an orientation consistent diffeomorphism
from U to the intersection t5, N D(§o) of 5, and the open disc D¢ (o)
in t* = R"™ with a center { € t5, and a radius € > 0 which sends b to &,
(for the definition of t%,, see Example 2.2, )
(ii) a local trivialization ¢” : 75" (U) = U x SL,(Z) of P, (then ¢” induces
local trivializations @7 : 75 (U) 2 U x T" and ¢ : 7, (U) 2 U x Z" of
T} and Z%, respectively, )
(iii) an orientation preserving diffeomorphism ¢~ : u=!(U) = pgt(D?(&))

such that the following diagram commutes

pen (D2 (&)

pry \ Her

where pcn is the moment map of T"-action on C" in Example 2.2 and v¢- is the
map which is defined by

ven (€,0) = (V/&e2™V 10, (4.1)

Note that ven is smooth only for (€,6) with all & > 0. The tuple (U, ¥, X, p?)
is called a locally toric chart. If there are no confusions, we call simply X a twisted
toric manifold.



Remark 4.2 (Orientations). We fix the orientations of tLy x T (or T*T™) and

C™ so that d&g AdOy A -+ AN dE, A dB,(= (—1)”(“)T*7T'n)) and (—1)"@ are
n! n!
the positive volume forms, respectively. Then the map ven in (4.1) preserves the

orientations. (c.f. Example 2.8)

Example 4.3 (Torus bundle). Let mp : P — B be a principal SL,(Z)-bundle
on a closed oriented n-dimensional manifold B. Then the associated T"-bundle
mr : Tp — B itself is an example of a twisted toric manifold associated with
7p : P — B. In particular, the even dimensional torus 72" is a twisted toric
manifold, which is a T"-bundle on T".

Example 4.4 (Symplectic toric manifold). A 2n-dimensional symplectic toric man-
ifold X with a Delzant polytope A has a structure of a twisted toric manifold as-
sociated with the trivial SL,(Z)-bundle on A. In fact, as we described in Section
3, X is obtained from the trivial 7™-bundle on A by collapsing each fiber on the
facet of A by the circle subgroup which is generated by the inward pointing normal
vector in Z" of the facet.

Example 4.5 (S?"~1 xT?"=3), Forn > 2, let $?"~! be the unit sphere in C". The
product X = 82"~ x 72773 is a twisted toric manifold associated with the trivial
SLap—2(Z)-bundle P on the (2n — 2)-dimensional unit disk B = D?"=2 = {z €
C" 1z <1} in C* ' Themaps v: Tp" > =B xT?" 2 - Xand pu: X — B
are given by

v(z,0) = (VI= P71 2), 0, 0202))
plw, 1) = (we, ..., wp_1)
for (2,0) € B x T?2 and (w, ) € §?n~1 x 7?73,

Example 4.6 (Even dimensional sphere). Let A™ be the n-simplex and 0Ay the
facet of A™ which are defined by

A"={{= (&) et" =R": £ >0, Z&Sl}m

i=1

0AF ={¢= (&) eA™: Y & =1}

i=1

The 2n-dimensional sphere S2" in C™ x R is equipped with a twisted toric structure
associated with the trivial SL,(Z)-bundle P on the quotient space B = A™/OA}
of A™ by 9(A™)y which is explained as follows. S?" can be thought of as the one
point compactification D27 /{z € D?": |z| = 1} of the 2n-dimensional unit disk
D2 ={z e C": ||z|| <1} in C". With this identification, the maps 7 : A" x T" —
D?™ and i : D2 — A" defined by

7(€,0) = (V&™)
fi(z) = ()

for (£,0) € A" x T™ and z = (2;) € D?" induce the maps v : T = B x T™ — §?n
and p : S?" — B, respectively.

Example 4.7. Consider the Hamiltonian T2-action on (T*T? x C2, w72 ® we2)
defined by

t-(£,0,2) = (& (01,02 +t1 — o), (6_277\/?”121,6_2”@@22))
9



with the moment map ® : T*T? x C2 — R?
(D(faavz) = (52 - |Zl|2v _52 - ‘22|2 + 1)

We should remark that the second component of ® is added the constant 1. (cf.
the end of Definition 2.1.) We denote by X its symplectic quotient ®~1(0)/T2.
Define the right action of Z on T*T? x C2 by

(E’ 07 Z) n= ((51 +n, 62)7 p(_n)ea QDTL(Z))
for (£,0,2) € T*T? x C? and n € Z, where p : Z — SLy(Z) is the homomorphism

= %)

(2) = zZ n:even
on ")z n:odd

and

It is easy to see that the action descends to the action of Z on X, and its quotient
space X /Z is denoted by X. We shall explain that X is a twisted toric manifold
associated with the principal SLs(Z)-bundle P on the cylinder B = S* x [0, 1] which
is determined by the representation p : Z = m(B) — SLy(Z). Let B = R x [0,1]
be the universal covering of B on which the fundamental group 71 (B) = Z acts as
a deck transformation by

&-n= (& +n,&).

Since X is a simultaneous cut space by two S'-actions on T*T? corresponding to
the positive and negative second fundamental vectors e; = (0,1), —eg = (0, —1) in
72, the natural T?-action on T*T?2 induces the Hamiltonian action of 72 on X with
the moment map 7([¢, 6, z]) = £ whose image is equal to B. Consider the following
commutative triangle of maps

B x T? —/> X (4.2)

where 7 : B x T2 — X is given by

3(5,9) = [5707 (\/57 \% 1- 62)]

Z acts on B x T? by
(57 9) n= ((51 + na§2)a p(—n)@)

for (&,0) € B x T? and n € Z. Since the maps pry, 7, and @ are equivariant
with respect to the above Z-actions, these descend to the maps mp : T3 — B,
v:T3 — X,and p: X — B.

Example 4.8. Let B be a compact, connected, and oriented surface of genus
g > 1 with one boundary component and k(7 1) corner points, By the open subset
of B which is obtained by removing a sufficiently small closed neighborhood of
the boundary from B, and By an open neighborhood of the boundary such that
B N By & 81 x [0,1], see Figure 2. B has the oriented boundary loop which we
denote by . Moreover, for k > 0, the boundary 0B of B consists of exactly k edge
arcs which are denoted by 71, ..., v as in Figure 2. The fundamental group m (B)
of B can be identified with the quotient group Fsg11/N of the free group Fagi1 of
10



FIicure 2. B, By, and By

2g + 1 generators a1, B1, ..., &g, Bg, 7 by the least normal subgroup /N containing
[19_, [, Bi]v, and define the representation p : w1 (B) — SLo(Z) by

plan=(5 5 rm=(g 7). o= (5 7)-

p determines the principal S Ly (Z)-bundle P on B as the quotient space Bx pSLy(Z)
of the action of 7 (B) on the product B x SL,(Z) of the universal cover B of B
and SL,(Z) which is defined by

(b,g)-m=(b-7p(r7")g)

for (b, g) € B x SL,(Z) and 7 € 7,(B), where b- 7 means the deck transformation.
Its associated T2-bundle by the natural action of SLy(Z) on T? is denoted by T'3.

For k£ > 3, we fix the 4-dimensional symplectic toric manifold XA corresponding
to the Delzant polytope A with k vertices, and let X5 denote the subspace of Xa
which is obtained by removing from XA the inverse image p~* (ﬁ) of a small closed
disk D2 in the interior of A by the moment map p : Xa — t* = R2. We take a small
open disk D" including D2 in the interior of A. Since TIQDIBMB2 — B1NBs is trivial,
it can be identified with p~1(D’*\D?) — D'*\D2. Then we can glue TIQD’Bl — By
with Xa\p~1(D2) — A\D? by this identification to obtain a 4-dimensional twisted
toric manifold associated with P.

For k = 0 (resp. k = 2), by replacing XA by S® x S! in Example 4.5 (resp. S*
in Example 4.6) in the above construction, we can obtain a 4-dimensional twisted
toric manifold in this case.

FIGURE 3. gluing B; and A\D?2
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Example 4.9. Let B be a compact, connected, and oriented surface of genus one
with one boundary component and one corner points, B; the set of interior points
of B, that is, By = B\OB . In this case, consider the principal SLs(Z)-bundle P
on B which is determined by the representation p : 71 (B) — SLy(Z)

s = (1 )= (5 7)o = (7 o)

As above, we also denote by w7 : T3 — B its associated T%-bundle by the natural
action of SLy(Z) on T?. In this case, 7r : T2 — B is no more trivial near the
boundary 0B of B, and let us construct the twisted toric structure near OB as
follows. We define the subset By of t& by

By={ct'(=R?»):0<& <4, 0< & <1JU{Eet:0<& <1, 0< & < 4).

- = -1 -1 =
The restrictions ve2 ‘szTZ : By x T? — pgs (Ba) and pice ‘%21 (B») * M2 (B2) — Bs
of vz and ez defined in (4.1) and Example 2.2, respectively, form a commutative

triangle of surjective maps

— Ve2 N
By x T? - fics (B2) (4.3)
O
pry He2
Bs.

Let U; and Us be open sets of By which are defined by
Uh={{et:3<& <4, 0<& <1,
Us={£et:0<& <1, 3<& <4}
We define diffeomorphisms ©f : U — Us, @7 : Uy x T? — Uy x T?, and ¢~ :
figa (Ur) — pgs (Uz) by
@ (€)= (&2, 7 - &),
o (€,0) = (" (€), p(1)),

3 -1
oX(2) = (22 TP (22) ).
| 213 |21

We denote by X5 the manifold which is obtained from M(E; (Bs) by gluing ,u&l(U 1)
and }1,621((]2) with ¢* and denote by B, the surface with one corner which is
obtained from By by gluing U; and Uy with ¢®. By can be naturally identified

FIGURE 4. B
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with a neighborhood of the boundary of B. Since the following diagram commutes

U1 X T2 U2 X T2
Ve2 Ve2
1 X pr 1
pry Hes (Uy) ' M2 (U2)
He2 \ A
B
Ul i U27

under the identification of By with a neighborhood of B, the restriction 7TT‘ B, "
T1%| B, Bs of the torus bundle 77 : T123 — B to By is obtained from the trivial
bundle pr; : By x T? — By by gluing Uy x T? and Uy x T? by @1, and the diagram
(4.3) induces the following commutative triangle of surjective maps

TI%’B2 - X2
N © %
B27

where vo and po are maps induced by vz and pcz, respectively. It is easy to
see that the restriction u2’#,1(31032) : ,ug_l(Bl N By) — By N By is a T?-bundle
2

with the structure group SLs(Z) and the restriction of vo to T3

’B Ap, is a bundle
1 2

isomorphism from T123|BmB2 to u5 *(B1 N By). Thus we can patch 7rT|Bl : T123|B1 —
By with pus : X9 — By by this isomorphism to get the twisted toric manifold

u: X — B associated with 7 : P — B.

4.2. A remark on compatible symplectic forms. Let B be an n-dimensional
manifold and X a 2n-dimensional twisted toric manifold associated with a principal
SL,(Z)-bundle P — B on B. For each locally toric chart (U, pf, oX, ©B) of X, we
have a symplectic form on = (U) which comes from wen on (pgs)(9P(U)). In the
definition of twisted toric manifolds, we do not assume that these local symplectic
forms are patched together to a global symplectic form of X. In this section, we
shall investigate the condition for these forms to be patched together to a global
symplectic form on X. Let (Us, o, X, ©B), (U, <p§, gpg, LpﬁB) be two locally toric
charts of X which satisfies Uy = Uy NUg # 0. We denote by ggq : Uag — SL,(Z)
the transition function of P and set

Pha = (@5 y,,) © (8 ly,,) 7" #5 (Uag) = 95 (Uap),
wga = ¢g|w;1(U5a) ° (SOZLT;(UM))_l :Uap X T" — Uap X T,
Pho = (@5 [or ) © O v ) " (Hen (08 (Uag)) = (ngt (98 (Uag)))-

We also define the maps ggo : 92 (Uap) — SLn(Z) and @%a D @B (Uup) x TM =
@g(Ua,B) x T by

9Ba = 9pa © (SOE}UQB)_la

()Ega = (SOBB‘UW X idT") © Lpga © (‘PEIUM X idT")_l'
Note that they satisfy the following conditions
Pba(b,0) = (b, gga(b)9),

&ga(gv 9/) = (@goz(g)vgﬁa (5)9/)
13



for (b,0) € Ugy x T™ and (£,0') € pB(Uap) x T"

77! (Uag)
(05 x ijf/ \wj)w?
.
‘Pg(Uaﬁ) xrm ‘PBB(UaB) xT"
ven ,u_l (Uaﬁ) ver
8055 %
n
5.
_ o -
picn (95 (Uap)) pign (95 (Uagp))
Hcn Uaﬁ pen
@f %\
B

5 (Uap) 5 (Uap).

Proposition 4.10. gaé(a preserves the symplectic form wen on ué&((pf(Uaﬁ)), if
and only if, up to additive constant, wga is of the form @ﬂBa(f) =t (gpa(€)) €.

Proof. Since for k = a, 3, the symplectic form wen on (ugn (9P (Uy))) comes from
wrern on @B (Ug) x T™ C T*T™ by symplectic cutting, it is sufficient to see the
condition that @ga preserves wp=pn. Whereas
~ s 95 )i
(Bha) wren = > (Z(gﬁa(é))magz do; A day,
jk=1 \i=1

@%a preserves wr=pn, if and only if

ek, )i

(gﬂa(g))ijaifk = 0jk,

n

7

P~

0 S%Ba)i e a -
ng) is equal to (gga(§))

constant, this implies the lemma. O

1

that is, the Jacobi matrix ( . Since ggq is locally

Definition 4.11. Let w be a symplectic form on a twisted toric manifold X. w
is said to be compatible with respect to the twisted toric structure of X, if for
each locally toric chart (U, f, X, pP), the restriction of w to u=1(U) is equal to
QOX *W(Cn .

Example 4.12. A 2n-dimensional torus T?" is a twisted toric manifold, because
T2" itself is the trivial n-dimensional torus bundle on a n-dimensional torus. The
symplectic structure on 72" which is induced from that of R?" is compatible.

Example 4.13. The symplectic structure of every symplectic toric manifold is
compatible with respect to the natural twisted toric structure.

Example 4.14. The product of an even dimensional torus and a symplectic toric
manifold has a compatible symplectic structure.

Question 4.15. Are there any twisted toric manifold associated with a non trivial
principal S Ly (Z)-bundle which has a compatible symplectic form?

14



5. THE CLASSIFICATION THEOREM

In this section, we shall prove the classification theorem for twisted toric mani-
folds. Let B be an n-dimensional manifold and 7p : P — B a principal SL,,(Z)-
bundle P — B on B. We continue to use same notations for associated T™- and
Z™-bundles as in Section 4. In this section, we assume that OB # (). For arbitrary
b € B, define

n(b) = #{i: " (b); = (e, " (b)) = 0},

where e; is the ith fundamental vector e; =*(0,...,0,1,0,...,0) of Z™ and ©” is
a local coordinate on a neighborhood of b defined as in (i) of Definition 4.1. Note
that n(b) does not depend on the choice of ¢®. Let S*)B be the k-dimensional
strata of B which is defined by

S®B={be B:nb) =n—k}.

Let 7z : £ — S~V B be a rank one sub-lattice bundle of the restriction 7z ’S(H,I)B :
Z%‘g(n—l)B — S(=1 B of the associated Z"-bundle 7, : Z'» — B to the codimen-

sion one strata S~ B.

Definition 5.1. 7, : £ — S~V B is said to be primitive, if for arbitrary point b
of the k-dimensional strata S*) B, there exist

(i) an open neighborhood U of b € B whose intersection U N S"~Y B with
S~V B has exactly n — k connected components (U NS~ VB);, ...,
(U n S(nil)B)n—ky
(i) a local trivialization (f : P‘U = U x SL,(Z),
(iii) a primitive tuple {L1, ..., L,—x} of rank one sub-lattices in Z"

such that the associated local trivialization ¢ : Z%| = U x Z" of ¢¥ maps each

v

‘C’(Uﬁs("*UB)a to (UNS™YB), x L,
L,DZ
Z|,, >~ U xZ"
U U
Z;g|(ms(n_l)3)a ~ (UNS"YB), xZ"
U U

1%

L‘(Umsw—mB)a (UNS"YIB), x L,

fora=1,...,n—k.

Remark 5.2. (1) Definition 5.1 does not depend on the choice of a neighborhood
U in (i) of Definition 5.1, since the notion of primitivity is invariant under the
action of SL,(Z). (cf. Remark 3.4)

(2) The automorphism group Aut(P) of P acts on the set of primitive rank one
sub-lattice bundles of 7z : Z$|5(n,l)B—> S~V B as the automorphisms of the

restriction of the associated lattice bundle 7z : Z%5 — B to Str=-1p,

Theorem 5.3. For any twisted toric manifold X associated with a principal S Ly, (Z)-
bundle mp : P — B, there exists a primitive rank one sub-lattice bundle m, :
Lx — S" VB of ny : Z’IB|S(”,1)B—> SV B which is determined uniquely by X.
Tey t Lx — S VB s called a characteristic bundle of X .

To prove Theorem 5.3, we need some preliminaries. Let (Uy, ., 0X, ©B),

(Ug,gog,goff,cpg) be two locally toric charts of X with non empty intersection
Uap = UaNUg # 0. We also use the notations defined in Section 4.2. Let Z; be the
15



rank one sub-lattice of the free Z-module Z™ which is spanned by e;. For j = «, 3,
we define

Ji={ie{l,....,n}: {£ €l (Uap): (§ei) =& =0} #0}.

For any i, € Jqa, there exists a unique ig € Jg such that
Pha({& € 08 Uap): (Erein) = &in = 0}) ={€ € 9§ (Uap): (& eiy) =&, =0}
Lemma 5.4. For such i, € Jo and ig € Jg,
98a(0)Zi, = Zi,
for all'b € (03) ({6 € ¢& (Uap): (&, €i,) = &iy = 0}) C Uag.

Proof. Since gg,, is locally constant, it is sufficient to show the lemma on the set

( &) e € 9a (Uap): & =0, & >0, for i #ig}).
Let b € (0B)71({¢ € ¢B(Uap): fzu—O & > 0, for i # i,}. The T"-action
on C" in Example 2.2 preserves fiz. (92 (b)) which is naturally equivariantly dif-
feomorphic to T™/S} with the natural T"-action, where S} is the circle sub-
group generated by e;,. Under this identification, the restriction (vcn)yn@m) :
pri t(pB (b)) — pgn(9B(b)) of ven to the fiber at ¢Z(b) can be thought of as
the natural projection from 7™ to T™/ S}a. The same argument allows us to iden-
tify (V@L)wg(b) : prfl(gpﬁB () — u@}(apg (b)) with the natural projection from 7" to
T"/Silﬁ. The commutativity vcn o(cpg X idTn,)ogpgao(gpf Xidgpn )=t = gpgaoucn im-
plies gga(b)(S}) = S}B, and since the integral lattice of Lie(Silj) is equal to Z;; and
9pa(b) € SLy(Z) C Aut(T"), by taking the derivative g, (b) : Lie(S}. ) — Lie(S}ﬁ),
9pa(b) sends Z;, to Z;,. O

Proof of Theorem 5.3. Let U, be a locally toric chart with U, NS~V B # (. If
necessary, by shrinking U,, we can assume that there exists a unique ¢, such that

Ua NSTVB = (p) 7 (¢ (Ua) N{E € s &, = 0}),
Let us consider the trivial rank one sub-lattice bundle U, N S("~Y B x Z;, = UyN
S=DPB of Z%’U Asm-npg onUaN S~V B, where Z;, is the rank one sub-lattice
of Z™ which is generated by i,th fundamental vector e; . Lemma 5.4 implies that
these sub-lattice bundles on locally toric charts which satisfy the above conditions
are patched together to the rank one sub-lattice bundle 7z, : Lx — S™~VB of
ZYIL"SUPUB on S~V B. From the construction, the primitivity of 7z, : Lx —
S=1 B is obvious. O

Example 5.5. Consider the characteristic bundle of the twisted toric manifold in
Example 4.7. Let 7 : B(= R x {0,1}) — dB(= S* x {0,1}) be the universal
covering space of the boundary B of B. The restriction of 7z : Z2, — B to B
is the Z2-bundle dB x » Z? associated with 7 : OB — OB by the homomorphism
p:Z — SLy(Z) defined in Example 4.7. The primitive rank one sub-lattice {0} X Z
of Z2 is preserved by the action p, and in this case, the characteristic bundle is the
associated bundle 7 : 9B X, ({0} x Z) — 0B by the induced Z-action on {0} x Z.

Example 5.6. In the case of Example 4.9, the restriction of the associated Z2-
bundle 7y : Z% — B to the neighborhood Bs of B is obtained from the trivial
bundle pr; : By x Z? — By by the similar way as in the case of the construction of
the restriction T3 By that is, by gluing U; x Z? and Uy x Z? with the diffeomorphism
OF Uy x 72 — Us x 72

P (&) = (7 (€), p(MD).
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The characteristic bundle is obtained by gluing two trivial sub-lattice bundles
pry i {€ € B2: 0 <&, & =0} x ({0} xZ) = {§ € B2: 0 < &, & =0},
pri:{€€ B2 & =0, 0< &} x (Zx{0}) = {£€B2: & =0, 0<&)

of pry : By x Z? — By with restrictions

| oy (qopxzy 1€ € Ui &2 =0} x ({0} x Z)
—{§€U2: & =0} x (Z x{0}),
0] e ooy P 1EE UL €2 =0} = {£ € Up: & = 0}

of diffeomorphisms p?, B, respectively.

Fix a principal SL,(Z)-bundle 7p : P — B on an n-dimensional manifold B
with corners.

Definition 5.7. Two twisted toric manifolds { X7y, v, u1} and {Xa, o, uo} associ-
ated with wp : P — B are topologically isomorphic, if there exist an automorphism
T of mp : P — B which covers identity map of B (then * induces the automor-
phism ¢ of 71 : T2 — B), and a homeomorphism %X from X; to X such that
the following diagram commutes

T

2 T2

P
\ \\\
X
e X, v N X,
s B.

B
Note that since the restriction Vi|7r*1(B\aB) : mp (B\OB) — p;'(B\OB) is a dif-
T
feomorphism for i = 1,2, so is 1/)X|M,1(B\BB) uy H(B\OB) — uy (B\OB).

Let {(Ua, 2)}aer be a coordinate neighborhood system of B. In order to show
the classification theorem, we assume the following technical conditions

(i) each coordinate neighborhood (U,, ¢Z) satisfies the condition (i) of Defi-
nition 4.1,

(ii) on a overlap Uy = Uy NUg with Uy N OB # 0, if goﬁBa sends {¢ €
@a(Uap): & = 0} to {¢ € @p(Uap): ¢; = 0} for some i, j, then pf,
satisfies

50 (€)s = (€5, 95a(9)) = &
on a sufficiently small neighborhood of {¢ € o (Ung): & = 0} of vo(Uag)-

In the case where B is a surface, B has such a coordinate neighborhood system. In
fact, by taking a coordinate neighborhood near 0B as in Example 4.9, we can adopt
the composition of a rotation and a parallel transport in t* = R? as a coordinate
changing function.

Theorem 5.8. Assume B has a coordinate neighborhood system with the above
properties. Then by associating the characteristic bundle to a twisted toric manifold,
the set of topologically isomorphism classes of twisted toric manifolds associated with
wp : P — B corresponds one-to-one to the set of equivalent classes of primitive rank
one sub-lattice bundles on S~V B 0fZ}é|S(”,1)B by the action of the automorphism
group of P.
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Proof. Tt is easy to see that the map which associates to an isomorphism class of
a twisted toric manifold the equivalence class of the characteristic bundle is well-
defined. For two twisted toric manifolds X; and X5 whose characteristic bundles
are in the same equivalent class, there exists an automorphism ¥ of P such that
induced automorphism %% of Z% sends the characteristic bundle of X; to that of
X5. Then it is easy to see from the construction of the characteristic bundle that the
automorphism 17 of T8 induced by ¥ descends to the topologically isomorphism
X from X; to Xo. This implies the injectivity.

Conversely, for each primitive rank one sub-lattice bundle 7, : £ — S~ B
of Z’j;’ sn-npon S (»=1) B, we can construct a twisted toric manifold whose char-
acteristic bundle is equal to £ in the following way. Let (U, »?) be a coordinate
neighborhood of B which satisfies the condition (i) of Definition 4.1. We set

k=#{i: 3 € pP(U) C 4 s.t. & =0}.
If k = 0, just define p=*(U) = n,* (U). If k > 0, let

{ig, ... ip} = {i: I € P (U) s.t. & =0}

and we denote by (U NS"~Y B), the connected component of U NS~ B which
satisfies

PUNSM VB, = {6 € pBU): &, =0, & >0 fori#i,}

for a = 1,...,k. Since nz : L — S VB is primitive and U is contractible,
there is a local trivialization ¢ : 75" (U) — U x SL,(Z) (hence o* induces
% 1, (U) — U x Z"™) and a primitive tuple {L1, ..., Ly} of rank one sub-lattices
of Z" such that ¢ trivialize 7' (U N S"~YB),) = (UNS"YB), x L,. If
necessary, by applying an element of SL,(Z) to {L1,..., L}, we may assume that
L, is equal to the rank one sub-lattice Z;, in Z"™ spanned by the i,th fundamental
vector e;, for a = 1,...,k. This is possible because {L1,..., Lx} is primitive. Let
o' w2 (U) =2 pB(U) x T™ be the composition of the trivialization o’ : 7' (U) =
U x T™ which is induced by ¢ and ¢® x idyn. Consider the composition of T
and the map ven : B (U) x T" — pgt (9P (U)) which is defined in (4.1). On
U\OB, this gives the orientation preserving diffeomorphism from 7' (U\0B) to
pien (9P (U\OB). We define =1 (U) to be the space obtained by gluing 7' (U\0B)
and . (9B (U)) by this map.

Let {(Ua, 2)}aer be a coordinate neighborhood system of B which satisfies
the assumption before the theorem. We apply the above construction to each
(Ua, p2). For each overlap with U, N Ug N dB # 0, it is easy to check from the
second condition in the assumption, Lemma B.2, and Lemma A.4 that the transition
map @%a D pB(Unp) x TN = @E(Uag) x T™ defined in Section 4.2 descends to

the orientation preserving diffeomorphism from figa (92 (Uag)) to pign (05 Uap))-
Then we can glue p~1(U,) for all U, to obtain the twisted toric manifold X whose
characteristic bundle is equal to £. This implies the surjectivity. (]

6. TOPOLOGY

Let mp : P — B be a principal SL,(Z)-bundle on a n-dimensional manifold B,
7mr : TR — B the T"-bundle associated with P by the natural action of SL,,(Z) on
T™, X a 2n-dimensional twisted toric manifold associated with P.

6.1. Fundamental groups. In this section, we shall investigate the fundamental

group of X. Let b € B be the base point which is located in the interior of B. Fix

the base point yo € 7' (b) and set xg = v(yg) € X. Since T" is identified with

R"™/Z", mpr : Tp — B has the zero-section sp. Then the homotopy exact sequence
18



for T} splits into the short exact sequence, and w1 (T8, o) is isomorphic to the
semi-direct product 71 (77" (b),y0) x m1(B,b) of 71 (75t (b),y0) and 7 (B,b). The
section sp also defines the section sx of u: X — B by sx = vosyp which also gives
the identification of 7 (X, xg) with the semi-direct product ker p, x m1(B,b).

Let us consider the following commutative diagram of homomorphisms

{1} — m(np (0),90) ——> m(Tp, yo) —> m1(B,b) — {1} (exact)

i )
{1} —— ker pt, ——> m (X, 29) ——> 71 (B, b) — {1} (exact),

where ¢ : m'(b) — TR is the inclusion map and & : 71 (75" (D), yo) — ker . is
defined by k = v, 0 1.

Lemma 6.1. The map & : 71 (75" (), yo) — ker ju. is surjective.

Note that the surjectivity of the map s is equivalent to that of v, since sx, =
Vg O ST,

Proof. Since b is in the interior of B, the composition map v o ¢ : 5" (b) — pu~1(b)
is a diffeomorpshims which sends yg to zg. Then it is sufficient to show that every
element of ker yu, is represented by the loop in u=1(b). Let a € ker u, and take
its representative a’ : I — X with a/(0) = a’(1) = xp. This means that the map
poa' : I — B ishomotopic to the constant map b. Then if necessary, by replacing
a representative of «, we can assume that there exists a contractible locally toric
chart U located in the interior of B such that the image of @’ is included in p=1(U).
Since U is a locally toric chart which is included in the interior of B, u=1(U) is
diffeomorphic to U x T™, and the fact that U is contractible implies that pu=1(b) is
a deformation retract of u=1(U). We take a deformation map h : I x p=1(U) —
p~t(U) which satisfies h(0,-) = id,—1(yy and h(1,-) : p=*(U) — p~'(b). Then
the map h(s,d’(t)) is the homotopy connecting a’ with the loop a = h(1,d/(t)) in
pt(b). O

Since SL,(Z) is discrete, P is a flat SL,(Z)-bundle. Then, TE also has the flat
connection which is induced from that of P. Let v : I — B be a path of B which
starts from the base point b, and HOLY; : ﬂ;l(b) — 75 Y(y(1)) the parallel transport
of T with respect to the induced flat connection along . For v : I — B, define
the subset K, of m (7, (b),y0) by

K, = {a € mi(nz (b),90): (voHoll).(a) = 1}.

We denote by K the subgroup of 7 (75 (b), yo) which is generated by U, K, where
~ runs over all paths of B which start at b. Then the following lemma is obvious.

Lemma 6.2. The subgroup K is included in the kernel of k.

Theorem 6.3. If B has at least one corner point, then u : X — B induces the
isomorphism iy : 71 (X, o) = w1 (B, b).

Proof. Let us show K = m1(75"(b),yo0). Let v : I — B be a path which starts at b
to the corner point b’ of B. Since =1 (') consists of only one point, the composition
map v o Holz 5t (b) — pl(b') sends every loop of 75! (b) to the constant map.
This implies K = 71 (75" (b), yo)- O

Remark 6.4. From facts that the homomorphism p, : 71 (X, z¢) — 71(B, b) of fun-

damental groups induced by p : X — B is surjective and that complete non-singular

toric varieties in the original algebro-geometric sense are simply connected [6], we

can see that twisted toric manifolds associated with principal SL,,(Z)-bundles on
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non-simply connected manifolds, such as those in Example 4.7 and 4.9, are not toric
varieties. In particular, these are not symplectic toric manifolds.

6.2. Cohomology groups. Since i : X — B has a section, as described in the
last subsection, the induced homomorphism p* : HY(B;Z) — H*(X;Z) is injective.
In particular, if B has at least one corner point, y* is isomorphism.

In this section, we shall give the method to calculate not only the first cohomology
but also the full cohomology group of a twisted toric manifold. For topological
tools which we use in this section, see [10]. Let X be a 2n-dimensional twisted toric
manifold associated with a principal SL, (Z)-bundle on a n-dimensional manifold
B, and T'% the T™-bundle associated with P by the natural action of SL,,(Z) on T".
Note that since SL,(Z) is discrete, P is flat, hence this induces the flat connection
to Tp.

Assume B is equipped with a CW complex structure. For each p-dimensional cell
e(P) (we often say simply p-cell), let ¢ be the barycenter of e?) the map ¢ : D — B
denotes the characteristic map of e from the p-dimensional closed ball D? to B.
Define the map @7 : D?P x ;" (c) — Th by

&T(d,0) = HolZ__(6)

oy

for (d,0) € DP x m;'(c), where v : [0,1] — DP is a path with 7(0) = ¢ and

~(1) = d and HolgmY : (TE)e — (TR)q is the parallel transport of Th with respect

to the induced connection along ¢ o~ : [0,1] — B. Note that Holwo,y does not

depend on the choice of «y, since DP is contractible. We shall assume that the cell
decomposition of B satisfies the following conditions

(i) the restriction of y : X — B to each p-dimensional cell e(P) is a (trivial)
torus bundle,

(ii) for each p-dimensional cell e?) the map @7 induces the map X : DP x
p~t(c) — X such that the following diagram commutes

dpp XV

Dr x w5t (c) DP x p~1(c)

| A\
N

Remark 6.5. This assumption is achieved when each p-cell e is included in a
k-dimensional strata S (¥) B of B. Since the characteristic map ¢ sends the interior
DP of DP homeomorphically to e”), k is necessarily equal or greater than p.

In the rest of this section, we shall assume the condition in Remark 6.5. Let
B®) be the p—skeleton of B, and (T8)W) = 7,'(BP), X®) = ,=1(BP)) its inverse
images by mp : Tp — B, p : X — B, respectively. We consider the spectral
sequence {(Ex)p’q dX} with respect to the filtration

S*(X;Z) > S* (X, X©;z) 5 ... 58X, X", Z) =0

of the singular cochain complex with coefficient Z. {(Ex)E?,dX} is called the co-

r Y
homology Leray spectral sequence of the map u: X — B. Let cg\ P) he the barycenter
20



of the p-cell eg\p ). As mentioned before, we can identify the fibers W;I(cg\p )) and

u_l(cf\p)) with tori. Then v ) : w;l(cg\p)) — u‘l(cg\p)) can be thought of as a
A
surjective homomorphism between them, and we have the exact sequence of tori

V. (»)
0— kerz/c(;) — W;l(cg\p)) 2 ufl(cg\p)) — 0.

Since any exact sequence of tori splits, the map v ) induces the injective homo-
A
morphism v*,, : H*(u=2(c); Z) — H* (77" (c”)); Z) which enable us to identify
X
Hq(,u_l(cg\p)); Z) with its image in Hq(ﬂ';l(cg\p)); Z) by v*,,.
X

Let (CP(B;H%), ) be the cochain complex of the CW complex B with the Serre
local system H?% of the gth cohomology with Z-coefficient for the torus bundle 77 :
Tp — B. We denote by CP(B;H%) the subset of C?(B;H4.) whose cochain takes

a value in the image v, (Hq(;fl(cg\p)); Z)) of gth cohomology Hq(;fl(cf\p)); 7)
A
by v*,, for each p-cell egp ).
X
Theorem 6.6. CP(B;H%) is preserved by the differential § of CP(B;H%), so

that CP(B;H%) is a sub-complex of (CP(B;H%),d). We denote its cohomology
by HP(B; H% ). Then we have the isomorphisms

(BEx)P" = CP(B;HY), (Ex)y® = H(B;HY),
(Bx )R = FPHPH9(X, 2)/FP* HP0(X; 2),
where F'H*(X;7) is the image of the map H*(X, X(=1,7) — H*(X;7Z).

Proof. Let {(Er)P4,dL'} be the cohomology Serre spectral sequence of the torus

T ) r
bundle 77 : T3 — B, that is, the spectral sequence with respect to the filtration

S*(Tp;2) > S*(Tp, (TE)52) 5 --- 2 S* (T, (Tp)":2) = 0

of the singular cochain complex with coefficient Z. By the excision isomorphism,
the above assumption, and the Kiinneth formula, for Fi-terms, we have the iso-
morphisms

()" = HPH(TR)), (T3)7 ) 2)

=3 H s (o) (o) - o))
A

= 3 HPH((DP5, 0D%) % (): )
A

~ " HP(DPy, 0075 2) © H () (¢); 2),
A

(Ex)P? = gPra(x®) x =1, 7)

= 3 H () (@) - i)
A

= N Hrta((Dry,0D7,) x 1Y (c); 2)

A
= X" H?(Dry,0DPy; Z) © H(u™ ' (c); 2),
A

where the sum runs over all p-dimensional cells eg\p ). On the other hand, by the
injectivity of the homomorphism v*,, : H*(u‘l(cg\p)); Z) — H* (ﬁ;l(cg\p)); Z) and
X
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the assumption (ii), the map v : (T8)® — X induces the natural injection
v* (Ex)V? — (BE7)P? such that the following diagram commutes

(Ex)P'= S HP(DPy,0DP5; Z) @ Hi(u= 1 (c); Z)

v* O > idj;‘)ip@l’:g\p)

(Er)y7= S, HP(DPy,dDPy;Z) @ H(x7 ' (¢P); 7).

Moreover it is well known that the Ej-term {(E7)}'?,d¥} of the Serre spectral
sequence is isomorphic to the CW complex (C?(B;H%.),d) with the Serre local
system HqT for the torus bundle mr : Tp — B. This fact and the naturality of the
maps in the spectral sequences prove Theorem 6.6. O

Remark 6.7. (1) For ¢ = 0, it is easy to see that (Ex)5° = HP(B;H%) =
H?(B;Z). Moreover (Ex )" =0, if ¢ or p is greater than half the dimension of X.
(2) If n =2 and OB # ), we can take a cell decomposition of B so that all zero cells
are included in B. In this case, the Leray spectral sequence {(Ex )P, dX} degen-

T T

erates at Ey-term. In fact, OB # () implies (Ex)3° = H?(B;H%) = H?(B;Z) = 0,
and since eg\o) € 0B, the fiber u‘l(eg\o)) of 1 on eg\o) is diffeomorphic to the torus
whose dimension is equal or less than one. Then (Ex)y? = (Ex)Y? = CO(B; H ) =
0.

Corollary 6.8. The FEuler characteristic x(X) is equal to the number of the 0-
dimensional strata S B of B.

Proof. Let us consider the rational coefficient cohomology Leray spectral sequence
{(Ex)P,dX} of the map p : X — B. Define

X(Ex)r) =D (=1)P* dimg (Ex )P

Since (Ex)"? = CP(B;H%),
X((Ex)1) =Y (=1)P*4 dimg (Ex)?

p.q
= S g 0786
p.q

_ Z(A)Pﬂ Z dimg H9 (" (c{P); Q)
A

p,q

=S N P (D)), (6.1)
D A

where the summation ), runs over all p-cells. From the construction of the twisted
toric manifold, we have

(p) (0)
_ 1 &’ esYB
xw%%ﬁ{ A

0 otherwise.

By the assumption of the cell decomposition of B, CE\p) € SO B if and only if cg\p)
is the barycenter of the 0-cell in S°©) B, in particular, p = 0. Then (6.1) is equal to
the number of S B. On the other hand, it is easy to see

X((Ex)r) = x((Ex)1)
for any r, and since B is compact and all fibers of y have finitely generated coho-
mology groups, we can obtain

(EX)OO = (EX)T



for sufficiently large r. Moreover, from (Ex )89 = FPHPTI(X;Q)/FPT HP(X;Q),
we can easily check that x(X) = x((Fx)oo)- This proves the corollary. O

In the rest of this subsection, we shall calculate the cohomology groups for some
examples.

Example 6.9 (Example 4.7). Let us calculate the cohomology group for Example
4.7. Let Q = [0,1] x [0,1] be the square in R%. In this case, B is a cylinder, so
B is obtained from @ by identifying each point (0,&2) with (1,&) in Q. Then we
have the natural map from @ to B which is denoted by ¢ : Q@ — B. Q gives a cell
decomposition of B as in Figure 5. The pull-back of the triangle of commutative

&2
(1)
€3
ey,
()
egl) /, 0(2) eél)
L7 . Yo
l% é‘
1 1
e© et!

FIGURE 5. @ and cell decomposition

maps r : T3 — B,v: Tp — X, and p : X — B by ¢ are naturally identified with
the restriction of the triangle (4.2) in Example 4.7 to Q

Q xT? = T#
W\ \\\
\ Q) = X
AI(Q) . \ /
Q B,

where p7 : Q x T? — T3 and ¢~ : 1~ !(Q) — X denote the induced fiberwisely
diffeomorphisms by pull-back. Under the identifications of fibers by ¢ and &~

the fibers ,ufl(cf\p)) on all cells eg\p) except for egl) and e are diffeomorphic to

T?/(0x S*) and the map v ) = V|w‘1(c(">) : WEl(C&p)) — ,ufl(cf\p)) can be identified
A T A

with the natural projection 7% — T?2/(0 x S'). Then the image of the induced

injection v, : Hq(;fl(cg\p));Z) — Hq(wfl(cg\p)); Z) can be given by
X

Z q=0
Vi (HU (52)) = Z@0 q=1 (6.2)
0 otherwise.

On the cell cg\p) = egl), e®, the fiber ,u_l(cg\p)) is naturally diffeomorphic to
W;l(cg\p)) = T2 by Vc&")'
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For ¢ = 0, the cohomology H?(B;H%) of (CP(B; HS), 5) is naturally identified
with the cohomology HP(B;Z) with Z-coefficient.
For ¢ = 1, the degree p cochain u € CP(B;HY) takes a value as follows
Z®0 p=0,orp=1land A=1,3
u(e (p)) ev’ o (Hl(u_l(cg\p));Z)) ={Z®7Z p=land A=2, or p=2
0 otherwise.
All differentials 67 : CP(B; HY ) — CPTY(B; H% ) vanish except for p = 0, 1, and for
=0,6°:C%B;HY) — Cl(B HY) is given as follows
1 - 0 0
(6%) () =" p()Mu(el”) — u(e”),
(")
(%)

Fix the path o which starts from ¢(? to c( ). For each cg\ ), let v, be the path which

connects c(1 ) and c/\1 counterclockwisely along the boundary of ). We identify

)
eél) = p(—l)_lu(ego)) —u(eéo)).

each fiber 7 1((:5\1) ) with 7' (¢(?)) by the parallel transport along the composition
of the paths vy and v, with respect to the connection induced from that of P. Then
51 CY(ByHY) — C*(B;HY) is given by

(6"a) () = u(ey”) + p(1)~ ules”) + p(1)~ ules!)) = p(1) 7 p(=1) " u(es”).
Then the cohomology groups are obtained by
722 p=1,2

0 otherwise.

HP(ByHy) = {

For ¢ = 2, the degree p cochain u € CP(B;H%) takes a value as follows

Z p=land A=2, orp=2

0 otherwise.

u(eg\p)) € u:(;,) (Hl(,u_l(cg\p));Z)) = {

In this case, all differentials 67 : CP(B;H%) — CP(B;H%) vanish. It is clear
except for p = 1. For p = 1, since the holonomy p(—1) along e( ) (resp. p(1)
along egl)) induces the identity of H?(m}'(c go)),Z) (resp. H?*(mp'(c go));Z)), the
differential §' : C! — C? is given by

8 u(e®) = u(e”) +ules”) +ule”) —u(es”) = u(e”) — ules) = 0
Then the cohomology groups are obtained by

Z p=1,2
0 otherwise.

HP(B;HY) = {
The table for the Es-terms is in Figure 6. In particular, the Leray spectral sequence
is degenerate at E2-term in this case, and the cohomology groups of X are given
by

/ k=0,1,4
Hk(X'Z): Z7)2Z k=2
’ 7207/22 k=3

0 otherwise.
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2 0 zZ Z
1 0 7/27.  7.)2Z
0 Z z 0
p
0 1 2

FIGURE 6. the table of (E5?)s-terms for Example 4.7

Example 6.10 (Example 4.8 with £ = 0). Let us calculate the cohomology for
Example 4.8 with £ = 0. In this case, B is a compact, connected, oriented surface
of genus g > 0, with boundary. (We include the case of ¢ = 0, in which case,
X = 5% x S1.) Let Qag4+1 be the polygon with 4g + 1 edges. Qug+1 gives a cell
(1) (1)

17

decomposition of B with one zero-cell (¥, 2g + 1 one-cells e -y €341, and

one two-cell e(?) as in Figure 7. In the cell decomposition, one-cell eg)_l, e%), and
e§1)71 eé1)71
(1) -t
(2) e e
) (& 3 3(2) 1
e et
) /
[ ] \ 6(2)
| \ L]
| \ |
! \ ! (1)
\ \ \ €2
0 ' Y0
| \ |
‘ [
egl) : (M [
Y eé?k \‘/ e§1)
e e(0)
(1) Qag+1 forg=1land k=0 (2) Qag4r for g=1and k>0

FIGURE 7. polygons Q4g+1 for & = 0, Qag4+r for k£ > 0, and the
cell decompositions

eglg)ﬂ correspond to «;, B;, and v in Figure 2, respectively. B can be obtained

from Q4441 by identifying the oriented arrows corresponding to egl) fori=1, ...,

2g. Then we have the natural map ¢ : Qug+1 — B. In this case, the pull-back
bundle ¢*T3 is identified with the trivial bundle Q4+1 x T2 and the pull-back
©*X of X is identified with the quotient space of Q4g+1 x T? which is obtained by
collapsing each fiber on the one-cell e%)ﬂ and all vertices of Qqg41 with 0 x S1. In

this case, all fibers ;fl(cg\p )) except for () and u’l(cg;)_H) are diffeomorphic

to ﬂfl(cg\p)) = T2, whereas on the cell eg\p) = e, e%)_ﬂ, the fiber ,u_l(cg\p)) is

diffeomorphic to T2/(0 x S') and the map v ) : W%l(cg\p)) — ,u_l(cg\p)) can be
A
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identified with the natural projection T? — T2/(0 x S'). For e(® and egz_l,
V¥ (Hq(;fl(cg\p)); Z)) can be obtained by (6.2) in Example 6.9, and for the other
X
cells, v*, : Hq(;fl(cf\p)); Z) — Hq(ﬂgl(cg\p)); Z) is an isomorphism.
X

For ¢ = 0, the cohomology H?(B;H%) of (CP(B; HS), 5) is naturally identified
with the cohomology H?(B;Z) with Z-coefficient.
For ¢ = 1, the degree p cochain u € CP(B;H) takes values as follows

Z®&0 p=0orp=1land A=2g+1
u(e (p)) S o) (H"(u‘l(c&p));Z)) =¢ZPZ p=land A=1,...,2gorp=2
0 otherwise.

All differentials 67 : CP(B; HY ) — CP™1(B;HY ) vanish except for p = 0,1, and in
this case of p = 0, 6° is given as follows
(5Ou) (eéz) 1)
(6%) (e5:)
1
(507.L) (eég)+1)

We identify each fiber w;l(cg\l)) with 7,1 (¢(?) as in Example 6.9. Then ¢ is given
by

t o) tu(e®) —u(e®) fori=1,...,g,
Eo(B) tu(e®) —u(e®) fori=1,...,9,
() () —u(e®) = 0.

(51u) (6(2))
— u(elM) +* plar) u(el) =t plar Brar ) ulelV) =t p(lar B]) tulel)

+.
+ o[ [ o)™ ulesy) ;) + p<H[amag> u(esy)
g—1 g
* ([ TleutidagBoo ™) ulesy 1) = p(] Jlas]) Hulesy)

g
H o))~ ezg)+1)
=1

= (1" p(B1) V) ulel") + (*plar) ™t — 1) uley?)

_ 1 _ 1 1
= (1= p(Ba) ") ulebyy) + (plag) ™ = 1) ulely)) + ulehyy).
Then the cohomology groups are calculated by
Z p=0,2
HP(ByHx) = Z%9 p=1

0 otherwise
for all a; = b; = 0. In the other case,

A p=1
HP(ByHY) =< Z/(a;,b;)Z p=2
0 otherwise,
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where (a;,b;) is the greatest common measure of all a; and b; which are not equal
to 0 and

9
A= {(ul,vl, UG, V) € 299 Z(biui —a;v;) = 0}

i=1
© 299 {(—ayu, —bru, ..., —azu, —byu): u € 7} .

For q = 2, the degree p cochain u € CP(B;H%) takes values as follows

Z p=landA=1,...,2gorp=2

0 otherwise.

u(el) € vig (Hu () 2)) = {

All differentials 67 : CP(B;H%) — CPT1(B;H%) vanish. It is clear except for

p = 1. In the case of p = 1, since all holonomies along eg\l) induce the identity of

H2 (721 (c9); Z), the differential §' is given by
T

Fu(e®) =u(eV) + u(es”) —u(elV) — u(es”)
1
Fulely) ) +Fulel)) —ulel) 1) —u(el)) +ulesy), 1) = 0.

Then the cohomology groups are obtained by

7Z9% p=1
HP(B;H%) = Z p=2
0 otherwise.

The table for the Es-terms is in Figure 8. In particular, the Leray spectral sequence

q q
2 0 /e 2 0 /A
1 Z Y/ 1 0 A Z/(ai,b;)Z
0 Z Z?9 0 0 Z 7¥ 0
p p
0 1 2 0 1 2
(1) a;=b;=0 (2) the other case

FIGURE 8. the table of (ER?)s-terms for k = 0 in Example 4.8

is degenerate at E2-term, too, and the cohomology groups of X are given by

Z k=0,4
7929+ =1,3
0 otherwise
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for all a; = b; = 0. In the other case,

Z k=0,4

7% k=1
HYX;Z) =< A k=2

7% @ Z/(a;,b;)Z k=3

0 otherwise.

Example 6.11 (Example 4.8 with k£ = 2). In the case of k = 2 in Example 4.8,
we must replace (Q4¢41 in Example 6.10 with the polygon Q4g+2 with 4g 4+ 2 edges

1 1 1)\ — 1)\ — 1 1 1 — 1 1
eg )’ eé )7 (eg )) 1’ (eé )) 1’ ) egg) 1 egg)v (egg) 1) 1) (egg)) ’ egg)-i-lv and e2g)-',-2
(1)

eg) 1 and es;” correspond to «;, B; in Figure 2, respectively, and eé )+1 and eéq)_‘_z
correspond to the edge arcs ; and s in Figure 2, respectively. See also Figure 7.
As before, this gives B a cell decomposition with two zero-cells e(l ) and eg‘)), 29+ 2
one-cells egl), ey eé%])_‘_z, and one two-cell e(?). By the same way in Example 6.10,
we have the naturallmap ¢ : Qg2 — B. In this case, the pull-back bundle p*T?
is also identified with the trivial bundle Q4442 X T2 but the pull-back ¢*X of X is

identified with its quotient space which is obtained from Q4g4+2 X T2 by collapsing
each fiber on the one-cell eélg)ﬂ with S* x 0, on the one-cell eéz)w with 0 x S1, and

on all vertices of Q4g42 with 7. The fibers /Fl(cg\p )) are diffeomorphic as follows

one point p=0
,u_l(c(p))% T%/8' x 0 p=land A=2g+1
. T2/0 x S p=1and A\ =2g+2

Tt (e (@ )) T? otherwise.

0y (1) (1)

p (p)
For ey”, es,. 1, and ey o, V7 o (H

is identified as follows

Z q=0
v ( HY
e ( (,u 0 otherwise,

{Z q=0
|

1
o (i) = Josz 1o
0 otherwise,
Z q=20
1
v (H ) 2) =280 g=1
g
otherwise,

and v* o c Hi(u= (e (A)),Z) — Hi(r3' (e g\p)),Z) is isomorphic for the other cells.

The snmlar calculus as in Example 6.10 gives the table of the Ea-terms in Figure 9.
The Leray spectral sequence is degenerate at E?-term, and the cohomology groups
of X are given by

Z k=0,4
7929 k=13
0 otherwise.

Example 6.12 (Example 4.8 with £ = 3). In the case of k¥ = 3 in Example 4.8,

we take XA = CP? as a symplectic toric manifold with the triangle as its Delzant

polytope. In this case, we change (Q4¢+1 in Example 6.10 with the polygon Q4443
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with 4¢g + 3 edges egl), eél), (egl))_l, (egl))_l, - e%)_l, e%), (eg?_l)_l, (eg?)_l,
1 1 1 1
eég)+17 coy eég)+3. egill and egi)

eglg)ﬂ, cee eélg)H correspond to the edge arcs v1, ..., v3 in Figure 2, respectively.

See also Figure 7. This gives B a cell decomposition with three zero-cells ego)’ cen

eéo), 29+ 3 one-cells 651)7 e eé?_%, and one two-cell e(?). In this case, the pull-back
bundle ¢*T% is also identified with the trivial bundle Q4443 x T2 but the pull-back
©*X of X is identified with its quotient space which is obtained from Q4q43 x T
by collapsing each fiber on the one-cell eglg)_s_l with S! x 0, on the one-cell eé?_ﬂ with

0 x S, on the one-cell eéz)+3 with the circle in 72 generated by (—1, —1) which we

denote by —diag(S') , and on all vertices of Q4g4+3 with T2, The fibers /fl(cg\p))
are diffeomorphic as follows

correspond to «;, G; in Figure 2, respectively, and

one point p=0
T%/8' x 0 p=1land A\=2g+1
;fl(cg\p))% T%/0 x St p=1and A =2g+2

T?/ —diag(S') P=1and A=2g+3

W}l(cgp)) =~ T? otherwise.

For eg\o)’ e%)ﬂ’ e eéz)Jrg, 1/:(;,) (Hp(;fl(c&p)); Z)) is identified as follows

Z q=0
* Hq —1 (O) . Z —
VC(;» ( (™ (ex); )) 0 otherwise,
Z q=0
. 1,
v (HU ))2) =082 g=1
g 0 otherwise,
Z q=0
1/:;1)+2 (Hq(/fl(célg)Jrz); Z)) =200 g=1
g 0 otherwise,
Z q=0
i, (70 02) = Loty 4
P otherwise,

where offdiag(Z) is the sub-lattice of Z @ Z which is generated by (1,—1). For
other cells, v*,, : Hp(u_l(cg\p));Z) — Hp(w;l(cg\p));Z) is isomorphic. The similar
calculus as in XExample 6.10 gives the table of the Fs-terms in Figure 9. Then the

Leray spectral sequence is degenerate at E2-term, and the cohomology groups of
X are given by

Z k=0,4
7929 k=13
k . _ ’
H (X,Z> - Z@4g+1 k — 2
0 otherwise.

Example 6.13 (Example 4.8 with k = 4). In the case of k = 4 in Example 4.8, we
take Xa = S? x S? as a symplectic toric manifold with the square as its Delzant
polytope. In this case, we change Q441 in Example 6.10 with the polygon Q4444
with 4¢g + 4 edges egl), egl), (e(ll))’l, (egl))’l7 e eg;)_l, 6%), ( (1) )4 (egz))fl,

€ag—1
eg?ﬂ, e 652)4_4. 62),1 and eg) correspond to «;, G; in Figure 2, respectively, and
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(1) (1)

€415 - -+ €3g+4 coOrrespond to the edge arcs 71, ..., 74 in Figure 2, respectively.

See also Figure 7. This gives B a cell decomposition with four zero-cells e§0)7
eflo), 2g+4 one-cells egl), e e%{r 4, and one two-cell e(?). In this case, the pull-back
bundle p*T? is also identified with the trivial bundle Q4444 x T2 but the pull-back

©*X of X is identified with its quotient space which is obtained from Qqg4+4 x T2

.y

by collapsing each fiber on the one-cell 6(2;)+1 with S1 x 0, on the one-cell eélg)ﬂ with
0 x St on the one-cell egq)% with —S* x 0, on the one-cell eéi])+4 with 0 x —S*, and
on all vertices of Qqg4+4 with T2, where —S' x 0 is the circle generated by (—1,0)
etc. The fibers u‘l(cg\p ) ) are diffeomorphic as follows

one point p=0

T%/8' x 0 p=1land A=2g+1
u_l(c(p))% Ti/OxS1 p=1and A =2g+2

T?/—-8'x0 P=1landA=2g+3

T%/0 x —St P=1land A=2¢g+4

w}l(cg\p)) =~ T? otherwise.

0) (1) 1)

For e\”, €341, - -+ €3g44 l/:(;’) (Hp(ﬂfl(cgp)); Z)) is identified as follows
Z q=0
* HY9(y L (0) 7)) =

l/c;o) ( (= () )) 0 otherwise,
Z q=0

vio (H(52) =002 q=1  (A\=29+129+3)
0 otherwise,
Z q=0

vio (HU (@)):2) =200 g=1  (A=29+2,29+4),
0 otherwise

and %, : Hp(;fl(cf\p));Z) — Hp(wgl(c&p));Z) is an isomorphism for the other
A

cells. The similar calculus as in Example 6.10 gives the table of the Es-terms in
Figure 9. Then the Leray spectral sequence is degenerate at E2-term, and the

q
2 0 729 Z
1 0 Z49tk=2 ¢
0 7 729 0
p
0 1 2

FIGURE 9. (E%?)s-terms for k = 2,3,4 in Example 4.8
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cohomology groups of X are given by

Z k=0,4
7%  k=1,3
k . _ ’
H (X7 Z) - Z@4g+2 k? _ 2
0 otherwise.

Example 6.14 (Example 4.9). Let us calculate the cohomology groups for Example
4.9. In this case, we take the pentagon @5 with edges e(ll), egl), (e(ll))’l, (egl))*l,
and eél). egl), 6%1)7 and ez())l) correspond to «, B, and the edge arc v in Figure 2,
respectively. See also Figure 7. This gives B a cell decomposition with one zero-cell
e three one-cells egl), . eél), and one two-cell e(?). In this case, the pull-back
bundle ¢*T? is also identified with the trivial bundle Q5 x T2 but the pull-back
©*X of X is identified with its quotient space which is obtained from Qs x T2 by
collapsing each fiber on the one-cell eél) with 0 x S, and on all vertices of Q5 with

T?. The fibers ,u_l(cg\p )) are diffeomorphic as follows

one point p=0
;fl(cf\p))% T%/0 x St p=land A=3

w;l(cg\p )) =~ T? otherwise.

For ¢(® and eél), V¥ (Hp(,u’l(cg\p)); Z)) is identified as follows
(5N

Z q=0
A H (Y (O :Z ) -
Ve ( () 2) 0 otherwise,
/ q=0
Vzél) (Hq(,u_l(cél)),Z)) = A D 0 q= 1
0 otherwise.

and v*,, : Hp(;fl(c&p));Z) — Hp(ﬂfl(cg\p));Z) is an isomorphism for the other
cells. The similar calculus as in Example 6.10 gives the table of the Fs-terms in
Figure 10. Then the Leray spectral sequence is degenerate at FE?-term, and the

q
2 0 Z2 VA
1 0 VA 0
0 VA Z2 0
p
0 1 2

FIGURE 10. (E%?)s-terms for Example 4.9
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cohomology groups of X are given by

Z k=0,4

79 k=13
HY(X:;7) = 763 L _ 9

0 otherwise.

6.3. Signatures. In this subsection, we shall give the method of computing the
signature for a four-dimensional case by using the Novikov additivity. Let B be a
surface with at least one corner, and X a twisted toric manifold associated with
a principal SLy(Z)-bundle P on B. For simplicity, assume that B has only one
boundary component. We divide B into two parts B; and By, where By is the
closed neighborhood of the boundary 0B such that 0B is a deformation retract of
By and B is the closure By = B\By of the remainder. We set X; = u~!(B;) for
i = 1,2, and denote by o(X;) and o(X) the signature of X; and X, respectively.
The Novikov additivity says that

o(X) =0(X1) + o(X2). (6.3)

First let us compute the signature o(X;) of X;. We notice that X is the
associated T2-bundle for P. When the genus of B is equal to zero, B; is contractible.
In this case, the signature o(X1) is zero.

When the genus of B is greater than zero, we give B a trinion decomposition
B, = UY_(By);, where each (By); is a trinion, that is, a surface obtained from S2
by removing three distinct open discs. Let (X1); = p=t((By);) for i = 1,... k.
From the Novikov additivity, we have

o(Xy) :ZU((Xl)i), (6.4)

=1

and each o((X1),) can be computed as follows. We take the oriented boundary loops
Y1, Y2, and 73 of (B1); as in Figure 11 which represent generators of m ((B1);) with
[71] - [v2] - [vs] = 1. Let p: m1((B1);) — SL2(Z)(= Sp(2;Z)) be the representation
which determines T2-bundle (X;); on (Bi);. We set C; = p([v,]) for j = 1,2,3.
For €1 and Cs, define the vector space V¢, ¢, and the bilinear form (, )q, o, on

73

71 72

FIGURE 11. (B1); and v;

Vey,c, by
VChCZ = {(x7y) € R? x R?: (Ol_l - I)l‘—F (02 - I)y = 0},

<($, y)> (xlv y/)>c’1,c’2 = (:L‘ + y)J(I - CQ)y/
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for (z,y), (',y") € Ve,.cp, where I = <(1) 2) and J = <_01 (1)> It is easy

to show that (, ). (, is symmetric and we denote the signature of (, ). o, by
T1 (Cl, Cg)

Theorem 6.15 ([5, 14]). o((X1);) = 11(C1,C2).

We should notice that our orientation of (Xi); is different from that in [5, 14].
From (6.4) and Theorem 6.15, we can compute o(X7).

Remark 6.16. Meyer shows in [14] that 71 defines the cocycle 71 : Sp(2;Z) x
Sp(2;Z) — Z of Sp(2;Z) which is called Meyer’s signature cocycle. The author
was taught Meyer’s signature cocycle by Endo [5].

Next, we shall compute o(X53). For X5, we can show the following lemma.
Lemma 6.17. u~1(dB) is a deformation retract of Xs.

Proof. Let h : Ba x I — By be a deformation retraction with h(-,0) = idg, and
h(-,1) € OB. Define the map h: Xy x I — X5 of h by

h(z,s)=vo HOlm(m),s(fE)

for (z,s) € Xy x I, where Yu(z),s 18 the path v, s : I — Bz which is defined by
Vou(z),s(t) = h(p(z), st) for t € I and Hol,,  is the parallel transport Hol, .,  :
ot (p(z)) — ﬂ}l(fyu(x)7s(1)) of T3 along 7,(),s With respect to the connection
induced from that of P. Then h is a deformation retraction. O

Assume that B has k corner points. Then the one-dimensional strata SB
has exactly k connected components (SMB);, ..., (SMB);, and p~'(0B) =
U 7 ((SMWB);), where (SWB); is the closure of (SMB);. Tt is easy to see
from the similar construction of the twisted toric structure on a neighborhood of
OB as in Example 4.9 and Theorem 5.8 that each p~1((SM B);) is homeomorphic
to the two-dimensional sphere S? if k& > 2, and is homeomorphic to S? with one
self-intersection at north and south points if £ = 1. If (SWB), N (SMWB); # 0 for
i # 7, then they have two intersections if k¥ = 2, and have one intersection if k& > 2.
In all cases, the intersections are transversal since by definition, a neighborhood
of each intersection in X is identified with that of the intersection of C x {0} and
{0} x C in C2. Then p~1(dB) looks like a necklace of k spheres and the homology

group of X5 is given by

Z p=0,1
Hy(X2;2) = Hy(p™ ' (0B); 2) = { Z%% p=2
0 otherwise.
Moreover the homology classes [~ ((SMB)1)], ..., [ 1 ((SVB))] € Ho(X2;7Z)

represented by p~1((SMB);) for i = 1,...,k are generators of Ho(X2;7Z). We

set S?2 = u=Y((SVB);) for i = 1,...,k. From the above fact, we can obtain the
following proposition.

Proposition 6.18. For i # j, the intersection number [S7] - [S7] of [S7] and [S7]
is given as follows
0 SPnS;=0
[S7]-[S71 =11 SPNSF#D and k > 2
2 SPNST#0D and k= 2.
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Assume that k > 1. Let us compute the self-intersection number of [S?]. We can
take a contractible neighborhood U of (S B); in B so that U NS™ B has exactly
two connected components (U NS™M B); and (UNSM B)y except for (S B);. We

may assume that (U N SWB); and (U N SMB), are located in Figure 12. Let

FIGURE 12. (SMB); and (UNSMB),

7 2 L — SWB be the characteristic bundle of X. Since £ is primitive, we can
take the local trivialization ¢” : 7, ' (U) 2 U x Z? of 77 : Z% — B so that ¢” also
gives the trivializations 7' ((SWB);) = (SWB); x L and 7' (UNSWB),) =
(UNSWB), x Ly on (SMB); and (UNSMB), for a = 1,2, where L and L, are
rank one sub-lattices of Z2. We take the generators u, u, of L and L, such that
both of the determinants of (u1,u) and (u, uy) are equal to one, where (ug,u) (resp.
(u,u2)) denotes the matrix given by arranging the column vectors u; and w (resp.
u and usg) in this order.

Proposition 6.19. The self-intersection number [S?]-[S?] is equal to the negative
determinant — det(uy, uz) of (uy,uz).

Remark 6.20. The determinant of (u1,us2) does not depend on the choice of the
local trivialization ¢? since the structure group of the bundle is SLy(Z).

Proof. Since the self-intersection number of S? is equal to the Euler number / e(Ngz2)
52 !
of the normal bundle N, s2 of S?% in X, for example, see [3], we identify N, s2. If nec-

. AT 1
essary, by replacing the local trivialization, we may assume that u; = (O) and

u = (?) Then uy must be of the form uy = (;3) for some m € 7Z since

det(u,uz) = 1. The primitive vector us defines the Hamiltonian S!-action on
((C27 Wacz) by
toz = (6727“/?12521’ eQﬂ\/jlthQ)
with the moment map
fua (2) = = 21| +m| 2o,
For € < 0, @uuz >c denotes the cut space which is obtained from C? by the sym-
plectic cutting for this circle action. More precisely, let ® : C2 x C — R be the map
defined by
D(z,w) = —|21[* + ml2|? — w]* —¢
for (z,w) € C? x C. By the construction of the symplectic cutting, @Huz >e =
®~1(0)/S*, where the S'-action on ®~1(0) is
t(zw) = (t-z,e” 2V " Thy).
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Then it is easy to see from the similar construction of the twisted toric structure on a
neighborhood of 9B as in Example 4.9 and Theorem 5.8 that the the neighborhood
of S? in X is orientation preserving diffeomorphic to that of

{(z,w) € ®7(0): 2o = 0}/S*
in C?,,, > for some £ < 0. By this diffeomorphism, we identify S? with

{(z,w) € ®7(0): 2o = 0}/S".
Let mp : @71(0) — €2, >c and my : {(2,w) € ®71(0): 25 = 0} — 57 be the natural
projections. It is easy to see from the symplectic cutting construction that

T TC,, > ® Lie(S1) @z C = T(C? x C)’qu(o)

Q2 (al
TTS? @ Lie(SY) @g C = T(C x {0} x C)‘{(w)@_l(o): oy
where Lie(S!) ®g C is the trivial complex line bundle. By the above identification,
the normal bundle N2 of S? in X is isomorphic to the associated complex line
bundle L
{(z,w) € ®710): 2 =0} xg1 C — S?

of my : {(z,w) € ®71(0): 22 = 0} — S? with respect to the irreducible S*-
representation of weight m. This is the complex line bundle O(—m) on CP*.
Since the Euler class is equal to the first Chern class for a complex line bundle, the

Euler number / e(Ns2) is equal to —m. O
52 ’

i

From Proposition 6.18 and Proposition 6.19, we can compute the signature o(Xs)
case-by-case for k > 1. In the case of k = 1, by blowing up the fiber on the corner
point, which consists of the one point, of B, we can reduce to the case of £ > 1 as
in the following example.

Example 6.21. Let us compute the signature of the twisted toric manifold X
in Example 4.9. Recall that B is a surface of genus one with one corner. As
described above, we divide B into two part B; and By. We give B; the trinion
decomposition as in Figure 13. Then the easy computation shows that the value
71 (p([a1]), p([¥™1])) of the Meyer cocycle vanishes. This implies the signature
o(X1) of X; is zero.

B
Bap™?!
m . "
0471
' Bo the trinion decomposition of By

B,
Ficure 13. B, B;, and the trinion decomposition of B,

Next we consider X5. In general, the fiber of u : X — B on the corner point
consists of only one point which we denote by xg, and by definition, the neigh-
borhood of x; is orientation preserving diffeomorphic to that of the origin of C2.
Then we can blow up X, at zg and denote by E its blow-up. )’(vg is a twisted toric
manifold on the surface BNQ with two corners. For a blowing up of a symplectic
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toric manifold, see [7, 15]. Let (S By); and (S()By), denote connected compo-

nents of the codimension one strata of By as in Figure 14. Since the inverse image

€2

By

FIGURE 14. B, and EQ

S? = ,ufl((S(l)ng)l) of (S(l)E)l is an exceptional divisor, its self-intersection
number [S?] - [S?] is equal to —1.

We compute the self-intersection number [S2] - [S2] of §2 = p~1((SMBy),).
By the construction of X, in Example 4.9, we can take uj, ug in Proposition

6.19 of the forms u; = (_41) = (_31 é) (1)7 uz = (}>, hence [S3] - [S3] =

—det(uy,us) = —5. The above computation and Proposition 6.18 for k = 2 show
1

2 =5
to —2. Since X3 is the blow-up of Xy at xg, the signature of X5 is o(Xs3) =

0(X3) +1 = —1. Then the computations of ¢(X;) and o(X,) together with (6.3)
shows that o(X) = —1.

. . . > . (= 2 . N
that the intersection matrix of X is < ) and the signature o(X3) is equal

APPENDIX A. SMOOTHNESS OF CUT SPACES

For uy,...,uq € Z", define the Hamiltonian T%action on (T*T™ x C?, wpepn &
wea) by

d
t- (57 97 Z) = (67 0 + Ztiuia (e_zﬂ\/jltizi))'
i=1
for t = (t1,...,tq) € T? and (£,0,2) € T*T™ x C? with the moment map ® :
T*T" x C% — R4
D(¢,0,2) = ((wi, &) — |z:]?).

For A = (A1,...,Aq) € R we define the simultaneous cut space (T*T"){#m SAibies
by '

(T*Tn){uui >Nitic1,d (I)il(A)/Td'

ceey

Lemma A.1l. For a linear independent tuple {uy,...,ur} of k vectors in Z™, the
following conditions are equivalent.
(i) {u1,...,ug} is primitive
k
(ii) if (t1,...,tr) € R* satisfies Ztiui € 7", then (ti,...,ty) € ZF
i=1
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Proof. Let A = (u1,...,u) € Myxx(Z), and pa : R¥ — R™ be the linear map
defined by A. Then

(i) <= ¢ " (2") = 7"
— Imps NZ" = pa(ZF)

since @4 is injective. (The condition Impa NZ" D ¢4 (ZF) is trivial since A €

M «1(Z).)
On the other hand, if necessary, by replacing a basis of Z™, A can be of the form
k
dy
A=k ,
dy,
n—=~k 0
and
k

—
Imps =R&---oRe{0}®--- & {0} CR"
k
——
ImpaNZ"=Z®---©Zd{0}®---® {0} CZ"
oA(ZM=diZ® - - dZ® {0} @ --- @ {0} C Z".
(Use the fundamental divisor theory. ) Then
Imps NZ" C oA(ZF) <= d; =41 (i=1,...,k)
< {u1,...,u}: primitive.

Assume ®~1()\) # (). For each (£,6,2) € ®1()\), we set
I(g’g’z) = {Z S {1, A ,d}|2i = 0}

Lemma A.2. (1) The following conditions are equivalent.

(i) A is a regular value of ®.

(i) For arbitrary (€,6,2) € @' (N), {ui}icr.,. ., s linear independent.
(2) Under the condition of (1), the following conditions are equivalent.

(i) T*-action on ®=1(0) is free.

(i) For arbitrary (€,6,z) € ®~*(N), {uiticr.,.., is primitive.
Proof. ® can be decomposed into two maps pca : C¢ — R? in Example 2.2 and
O, : T*T™ — R which is defined by

¢)1(€79) = tha

where B = (u1,...,uq) € Myuxq(Z). Let us pay attention to pca. Since pca is the
moment map of T%action on C%, we have Im(d(ucq),)t = Lie(T%), where T is
the stabilizer of z of T%-action on C?. Since T¢ can be written by

Té={teT" i¢Igcg. =t; =0},

we have
Im(d(pca):)"t = {(M,...,Aa) €ER% i ¢ Iigg.) = A\ =0} (A1)
On the other hand, d(®1)¢g) : T(¢,0)(T*T™) = TeR™ & TyT™ — R is
d(®1)(¢,0)(Vrn, v7n) = "Bugn. (A.2)
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From (A.1) and (A.2), we have
(€,0, 2) is a regular point of ® < {u;}ier, , ., are linear independent.
This proves (1).
(2) is obtained from the fact that the stabilizer Té 0, of (§,0,2) of T-action
on T*T" x C? is written by
Tlg ={teT" Z tiu; € Z"}
i€1(¢,0,2)

and Lemma A.1. O

Theorem A.3. (T*T"){Muz/\ Vir . is smooth, if and only if for each [£,0,z2] €

(T*Tn){uui2/\1}1_:1 77777 o uitier ., is primitive.

Proof. This is a direct consequence of Lemma A.2. O

By Remark 2.7, (T*T”){Mz)\i}i:1 ~, is equipped with the Hamiltonian 7™-
action which is induced from the natural T™-action on T*T™.

Theorem A.4. Under the condition in Theorem A.3, in the particular case where
d<nand Xy =--- = Xg = 0, there exists an automorphism p of T™ such that
(T*T™) (. >0y g 18 p-equivariantly symplectomorphic to the T™ -action on (Cx

T*T" 4 wea Bwpwpn—a) that is the direct product of the T%-action on C* in Example
2.2 and the T" %-action on T*T"~% in Example 2.3.

Proof. For primitive uy, ..., uq, there exists an element p € GL,(Z) such that p
maps u; to the ¢th fundamental vector e; for « = 1,...,d. Then, p induces the
symplectomorphism @ = fp=1 x p of (T*T™ = R™ x T",wp«rn). The source
T*T™ is equipped with d commutative Hamiltonian circle actions defined by wuq,
.., uqg with moment maps fty,, --., fu,, and on the target T*T", ey, ..., eq de-
fine d commutative Hamiltonian circle actions with moment maps pe,, ..., fe,,
respectively. Since for each i, @ is equivariant with respect to the Hamilton-
ian circle action defined by wu; on the source and that defined by e; on the tar-
get, © descends to the p-equivariantly symplectomorphism ¢ from the simulta-
neous cut space (T*T"){szo}iz1 , to (T*T"){Meizo}iz1 ,- But by Example

..........

2.8, (T*T”){Hezo}iz1 _, is equivariantly symplectomorphic to C? x T*T™~?, This
proves Theorem A.4. O

APPENDIX B. SMOOTHNESS OF INDUCED MAPS BETWEEN CUT SPACES

Let u,v € Z™ be two vectors each of which is primitive, p € SL,(Z) with
p(u) = £v, and ¢ : U — V an orientation preserving diffeomorphism between two
open sets U, V C R"which satisfies

p({€eU: (w,&) >0} ={neV: (v,n >0}

In this Appendix, we shall show the following lemma.

Lemma B.1. If ¢ satisfies the condition

(u, &) = (v, (£))

on a sufficiently small neighborhood of {§ € U: (u,&) =0} in {£ € U: (u,&) >
0}, the map ¢ X p : U x T™ — V x T"™ descends to an orientation preserving
diffeomorphism between cut spaces (U x T™),, <, and (V xT™), ;.
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Proof. Let @, : UXxT"xC — Rand &, : V xT" x C — R be the maps which are
defined by

@u(g,e,z) - <U,£> - |Z|2a ‘I%(Waﬂw) - <U777> - ‘w|2
Define the diffeomorphism 1 : ®;(0) — ®;1(0) by

0(6.0.2) = (w0t | 22 ).
where
_ z if plu)=wv

Z° =
z if p(u) = —v.

Note that 1) is well-defined from the assumption of the lemma. 1) is equivariant

with respect to the free circle actions

t- (67 97 Z) = (57 9 + tu, B_Qﬂ\/jltz)
on ®,1(0) and
t(n,mw) = (1,7 + tp(u), e=2mV=1t 1)

on ®;1(0). Then 1 descends to the orientation preserving diffeomorphism 1) :
®.1(0)/St — @,1(0)/S?! since ¢ and p preserve orientations. O

By using Lemma B.1 repeatedly, we can show the version of the lemma for
the case of simultaneous cut spaces. Let {ui,...,uq}, {v1,...,v4} C Z™ be the
primitive tuples of vectors, p € SL,(Z) with p(u;) = fwv; for i = 1,...,d, and
@ : U — V an orientation preserving diffeomorphism between two open sets U,
V C R™which satisfies

Lemma B.2. If ¢ satisfies the condition

(ui, &) = (vi, 9(&))

on a sufficiently small neighborhood of {{ € U: (u;,&) =0, (u;,&) >0 j # i} in
{£eU: (u;,§) >0j5=1,...,d} foreachi=1,...,d, the map p x p: U xT" —
V xT" descends to the orientation preserving diffeomorphism between simultaneous
cut spaces (U x T”){Mizo}i=1 , and (V x Tn){uv,;ZO}i=1 ,,,,, -
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