TWISTED TORIC STRUCTURE

TAKAHIKO YOSHIDA

1. INTRODUCTION

By Delzant’s classification theorem [3], there is a one-to-one correspondence be-
tween a symplectic toric manifold which is one of the special objects in the theory of
Hamiltonian torus actions and a Delzant polytope which is a combinatorial object.
Through this correspondence, various researches on the relationship between sym-
plectic geometry, transformation groups, topology with combinatorics have been
done [2, 3, 4].

On the other hand, there exists a manifold which is locally diffeomorphic to a
symplectic toric manifold and whose local structures are patched together in certain
sense. In this talk, as a formulation of such manifolds, we shall introduce the notion
of twisted toric manifolds and generalize the weak version of Delzant’s classification
theorem to them. Recently, some generalizations are also considered [7, 8, 9, 10, 11].
In general, a twisted toric manifold no longer has a global torus action like that of a
original symplectic toric manifold, but it has a local torus action, i.e. a torus action
on a neighborhood of any point and they are patched together in certain sense. One
of our motivation is to generalize the topological theory of transformation group to
such a " twisted group action” case. The content of this talk is a part of the paper
[12]. We have no time to describe the topology of twisted toric manifolds in this
talk. For the topology of twisted toric manifolds, see [12].

This abstract is organized as follows. In Section 2, we recall Hamiltonian torus
action and symplectic toric manifolds. Then we shall give the definition of the
twisted toric manifold and some examples in Section 3. Section 4 is devoted to the
classification of twisted toric manifolds.

In this talk, all manifolds are assumed to be oriented, and all maps are assumed
to preserve orientations, unless otherwise stated. For simplicity, we shall consider
only for the four-dimensional case, but all arguments in this talk go well for general
even dimensional cases.

2. SYMPLECTIC TORIC MANIFOLD

A four-dimensional symplectic manifold (X,w) is a smooth four-dimensional
manifold equipped with a non-degenerate closed 2-form w. Let a k-dimensional
torus T% act on X which preserves w. In this paper, we identify T* with R*/ZF.
and the Lie algebra t of T* with R¥.

Definition 2.1 ([2, 6]). The T* action is called Hamiltonian, if there is a moment
map which is the map p: X — RF satisfying the following two conditions

(1) t(ve)w = d (1, )

(2) p(0 - 2) = plx)
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foréet, x € X, and § € T, where ve 15 the infinitesimal action, i.e. the vector
field which is defined by

d 2m\/—1t&
ve(zx) = —| e T
e(@) dt lt=0
and (,) is the natural inner product on RX. Note that a moment map of a T*-action
is determined up to additive constant.

Example 2.2. Consider the two dimensional complex vector space C? with the

F

symplectic form wez = ——— Zdzz Adz. T? actson C2 by 0.2 = (e 2mV/=10; )

for @ = (6;) € T? and z = (zz) 6 C2. This action is Hamiltonian and a moment
map pcn : C2 — R? is defined by pucz(2) = (|z:/?).

In the rest of this talk, all manifolds are assumed to be compact and connected.
The following fact is fundamental for the theory of Hamiltonian T*-actions.

Theorem 2.3 ([4]). If T* acts effectively on a four-dimensional symplectic mani-
fold (X,w) in a Hamiltonian fashion, then k < 2.

In particular, in the maximal case of Theorem 2.3, i.e. k = 2, a compact,
connected four-dimensional symplectic manifold (X,w) equipped with an effective
Hamiltonian 7?-action is called a four-dimensional symplectic toric manifold. Sym-
plectic toric manifolds are classified with its moment map image.

Theorem 2.4 ([3]). (1) The image A = u(X) of the moment map of a symplectic
toric manifold is Delzant polytope. (For Delzant polytope, see Remark 2.5.)

(2) By associating the image of a moment map to a symplectic toric manifold, the
set of equivariantly symplectomorphism classes of four-dimensional symplectic toric
manifolds corresponds one-to-one to the set of Delzant polytopes in R? up to parallel
transport in R2.

Remark 2.5. (1) In general, it is well known that the image of a moment map
of a Hamiltonian torus action on a compact, connected symplectic manifold is the
convex hull of the images of the fixed points. See [1, 5].
(2) Let uy,- -+ ,uq € Z2 and Ay, --- ,\qg € R. A convex polytope A in R? defined by
A= {ggRQ <£)ul> > )\7. (Z: 13 7d)}

is called Delzant, if A is compact and for each vertex v € A,

(i) v is defined by exactly 2-equalities (v, u;, ) = \;, (a =1,2)

(i) {wi,,us,} in (i) spans Z2.
For more details, see [3].
(3) Theorem 2.4 says the symplectic toric manifold Xa associated with a Delzant
polytope A C R? is recovered from A. As a topological set, X is obtained as the
quotient space XA = A x T?/ ~ of the trivial T%-bundle on A by the equivalent

relation ~ which is defined as follows. Two elements (£, 0) and (£, 6’) are equivalent,
or (§,0) ~ (¢,6), if and only if ¢ = ¢ and
0'=0 if £ is in the interior of A
0'—0¢eS, if £ is in an edge {(&,u;) = A;} of A
£ is a vertex of A.
where S} is the sub-circle of T? generated by u;.
(4) A 2n- dimensional symplectic toric manifold is locally identified with the Hamil-

tonian T2-action on C? in Example 2.2. More precisely, for any & € A, there
exist



(i) an automorphism p € SLy(Z) of T?
(ii) an open neighborhood U of ¢ in A which is sent to an open set {p=1(U)
in the first quadrant R, ={{ € R*: {; > 04i=1,2} by p~!
(ili) a symplectomorphism ¢ : p='(U) — pes ({p~1(U)) which satisfies ¢(6 -
z) = p(0) - p(z) for z € p=*(U) and 0 € T?

such that the following diagram commutes

Xo p=H(U) £ pes (Pp~H(U)) c C?
ML ul O i#& luw
AD U o tp~H(U) CRY,

3. TWISTED TORIC MANIFOLD

By the topological construction, a four-dimensional symplectic toric manifold
X is obtained from the trivial T2-bundle on the Delzant polytope A by collapsing
each fiber on the edge {£ € A: (u;,&) = A\;} by the circle subgroup S} generated
by ;. By replacing the trivial T2-bundle on A to a fiber bundle with fiber 72 on
a surface with corners, we can obtain the notion of four-dimensional twisted toric
manifolds.

Let B be a surface with corners, 7p : P — B a principal SLs(Z)-bundle, and
the associated T2-bundle and Z2-bundle of P with respect to the natural action
of SLy(Z) on T? and on Z? are denoted by 7r : TIQD — B and my : Z?D — B,
respectively. Consider a four-dimensional manifold X, surjective maps v : T3 — X
and p : X — B such that the following diagram is commutative

TPQ,—V>>X
\o/
T 12

B

Definition 3.1. The above tuple { X, v, u} is called a four-dimensional twisted toric
manifold associated with the principal SLo(Z)-bundle mp : P — B (or if there are
no confusions, we call simply X a twisted toric manifold), if for arbitrary b € B,
there exist

(i) a coordinate neighborhood (U, ¢?) of b € B, i.e. U is an open neighbor-
hood of b in B and ¢? is a diffeomorphism from U to RZ ;N D2(&y) which
sends b to &, where D (&) = {€ €R?: ¢ —&l| <e}

(ii) a local trivialization ¢ : 75 (U) 2 U x SLy(Z) of P (then ! induces
the local trivializations T : 7 (U) 2 U x T? and ¢” : 1, {(U) = U x Z?
of T} and Z%, respectively)

(iii) a diffeomorphism X : p=1(U) = ,uq;l (D3(&))
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such that the following diagram commutes

. (U) 2 pH(U)

pez (D2 (&)

B (U)

where jic2 is the moment map of T2-action on C? in Example 2.2 and v is the
map which is defined by

vea(€,0) = (v/&e?™ 717, (3.1)
The tuple (U, o7, X, pP) is called a locally toric chart.

Remark 3.2. We do not assume the existence of the symplectic structure on X
whose restriction to p~1(U) is equal to (¢X)*wez. This condition may be too
strong. See [12].

Example 3.3 (Torus bundle). Let 7p : P — B be a principal SLy(Z)-bundle
on a closed surface B. Then the associated T?-bundle 7p : T3 — B itself is an
example of a twisted toric manifold associated with wp : P — B. In particular, the
four-dimensional torus T is a twisted toric manifold, which is a T?-bundle on T2.

Example 3.4 (Symplectic toric manifold). A four-dimensional symplectic toric
manifold X with Delzant polytope A has a twisted toric structure associated with
the trivial SLg(Z)-bundle on A.

Example 3.5. S' x $2 has a twisted toric structure associated with the trivial
SLy(Z)-bundle on a two-dimensional unit disc. For more details, see [12].

Example 3.6. The four-dimensional sphere 5% has a twisted toric structure asso-
ciated with the trivial SLy(Z)-bundle on a two-dimensional disc with two corner
points (the shape of leaf). For more details, see [12].

We also have another interesting examples associated with non trivial SLo(Z)-
bundles on a surface with corners, see [12] for more details.

4. CLASSIFICATION

In this section, we shall prove the classification theorem for twisted toric man-
ifolds. Let S B be the set of corner points, SO B = dB\S®B, and S®PB =
B\OB. {S®) B} defines the natural stratification of B. Let 7z : £ — S B be a
rank one sub-lattice bundle of the restriction 7y : Z%‘g(ms_} SW B of the lattice
bundle 7z : Z% — B.

Definition 4.1. 7 : £ — SV B is primitive, if for arbitrary b € B included in
S®*) B, there exist
(i) U(C B): alocally toric chart whose intersection U NS B with S() B has
exactly 2 — k connected components (U NSWB)y, -+, (UNSMB)y_,
(i) {u1,--- ,us_g} C Z*: a primitive tuple of vectors, i.e. they generate over
7 a rank (2 — k) direct summand of Z?
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such that for j =1,--- 2 — k, the following diagram is commutative

73|, &Z UxZ?
U O @]
Z%{(UmsmB)j o (UnsWB), xz?
U O @]
[’|(UOS(1>B)j = (Un S(l)B)j x L.

Remark 4.2. (1) Definition 4.1 does not depend on the choice of a locally toric
chart U, since the notion of primitivity is invariant under the action of SLy(Z).

(2) The automorphism group Aut(P) of P acts on the set of primitive rank one sub-
lattice bundles of 7 : pr‘ sws— S (B as the automorphisms of the restriction of

the associated lattice bundle 77 : Z% — B to S B.

Definition 4.3. Two twisted toric manifolds {Xy,v1,u1} and {Xso,ve, uo} asso-
ciated with 7p : P — B are isomorphic, if there exist an automorphism f of
7p : P — B which covers identity map of B (then ¢? induces the automorphism
YT of mp : T2 — B), and a diffeomorphism %% from X; to X such that the
following diagram commutes

e 9
Tp

T X1 GE X2
B B.

Fix a principal SLy(Z)-bundle on a surface B with corners.

Theorem 4.4 ([12]). (1) For any twisted toric manifold {X,v,u} associated with
7p : P — B, there is the primitive rank one sub-lattice bundle 77 : £L — SMWB of
7 Z%|5(1)B—> SW B which is determined uniquely by {X,v,u}. 7z : L — SVDB
is called a characteristic bundle of {X,v, u}.

(2) By associating the characteristic bundle to a twisted toric manifold, the set
of isomorphism classes of twisted toric manifolds associated with mp : P — B
corresponds one-to-one to the set of equivalent classes of primitive rank one sub-
lattice bundles on SMB of Z%|S(1>B by the action of the automorphism group of
p.
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