An reaction-diffusion approximation
of a semilinear wave equation

H. Ninomiya* and H. Yamamoto!

Abstract

A semilinear wave equation possesses propagation with a finite
speed, while a parabolic equation has propagation with infinite speed.
This paper proposes a reaction-diffusion system whose solutions ap-
proximate those of a semilinear wave equation under some assump-
tions of a reaction term. The proof is based on the energy method.

1 Introduction

Wave equations are often used in optics and vibration theory. A typical
example is
U = Pl

in R, where the subscript x or ¢ indicates that the derivatives are taken with
respect to the variable x or t. For example, uy = 0%u/0t?, Uy, = 0%u/dz.
This equation has the solution

u(z,t) = g1(x — ct) + go(x + ct)

where g, and g, are arbitrary C? functions. Finite propagation is one of the
most important properties of the wave equation. On the other hand, the
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parabolic equation has propagation with infinite speed. Because the heat
kernel is positive everywhere, the solution to the heat equation instantly
becomes positive, even if the initial distribution has compact support. In
this paper, we consider the following problem:

Can a semilinear wave equation be approximated by a reaction-diffusion
system?

We found the answer to be in the affirmative. This means that finite
propagation can be approximated by infinite propagation. The converse, or
the approximation of infinite propagation by finite propagation, was studied
by Holmes [8]. This study was motivated by the mathematical modeling
of animal locomotion. Diffusion models are often used to describe animal
distributions, even though an individual animal moves with a finite speed. To
discuss this issue with animal movements, Holmes [8] compared the telegraph
equation having finite propagation with the diffusion equation having infinite
propagation (see also [5]). She showed that the invasion wave speeds of
both equations are very close numerically. We emphasize that, for some
parameters, the reaction-telegraph equation in [8] becomes a wave equation.

Returning to our problem, we need to construct an appropriate reaction-
diffusion system that approximates a semilinear wave equation. This ap-
proximation is often called the reaction-diffusion approrimation. Combining
the reactions of components and the diffusivity enables us to approximate
the wave equation. This also helps us to understand the solution space of
reaction-diffusion systems. Singular limit problems have been studied for
several decades. Hilhorst et al. [6] discussed the following singular limit
problem:

1
Uy = Uge — UV,
9
1
vy = ——uw,
3

which approximates the one-phase Stefan problem as ¢ — 0. This implies
that the Stefan problem can be approximated by a reaction-diffusion system.
Since their work, many researcher have investigated this kind of singular limit
problem, which is called the fast reaction limit. For example, a nonlinear
diffusion equation such as a cross-diffusion system can also be approximated
by a reaction-diffusion system. See [1, 10, 9, 13] and the references in [7].
Recently, Ninomiya et al. [15] successfully constructed a reaction-diffusion
system that approximates a non-local evolutionary equation with an even
kernel. For singular limit problems of hyperbolic systems, see [11, 14] and
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the references therein.
In this paper, we consider a reaction-diffusion approximation of the fol-
lowing initial value problem of a semilinear wave equation in R":

@ {w“ = dAw + f(w) in RY x (0,7),

w(x,0) = wo(x), w(z,0) =wi(r) onRY,

where d and T are positive constants and Au = 31 9%u/dz2. Let w =
w(x,t) be a solution to (1.1). We assume that the function f(u) satisfies the
following:

(H1) feCYR) (it may allow || f]lcrg) = 00),
(H2) flu)u < filul?,

(H3) = fo (Jul? + ") < F(u) < folul?,
(H4) )l < fadt folul if1< N <4,
(H5) ’];((Z)) — 00  as u — 00,

where p > 1, f; > 0 are constant for j =1,...,5,

q=0 it N=1,2,

N
I<g<

— iftN=34
N =9 i 3,

and

P = [ " f(s)ds.

A typical example of f is f(u) = au — |u[P~'u where a € R and p satisfies

1<p it N=1,2,
5

1§p§§ if N = ,

1<p<2 ifN=4

Remark 1.1. From (H2) it follows that f(0) = 0. It is known that, for
(wo, wy) € H2(RN)x HY(RY), there exists a unique solution of (1.1) satisfying
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w e CHR; HY(RY)) N C(R; H*(RY)) under the hypotheses (H1), the second
inequality of (H3), (H5) and (H4) with

>0 if N =1,2,

0<¢g< i

it N > 3.

For example, see [16, Theorems 1-3 in Chap. 3], [2, 4] and references therein.
The hypothesis (H5) is only used to guarantee the existence of solutions
of the semilinear wave equation (1.1). If the global existence of solutions
of semilinear wave equation is guaranteed by (H1)-(H4) together with the
alternative condition instead of (H5), (H5) can be replaced by that. We also
remark that the semilinear wave equation (1.1) has energy conservation law

d 1 d
1.2 — —|we|* + | Vw|* = F dz = 0.
(12 i [ (Gl §I7e = Fw) ) do =0

We propose the following initial value problem of a reaction-diffusion
system in order to approximate (1.1):

ul,t = dlaAul + Y2 - UI,
" fu in RY x (0,7),
(1.3) Uy = daeAug + 2 5 -+ ef(u)
uy(7,0) = wy, us(w,0) =wy+ew;,  in RY.

where ¢ > 0 is small and wy, w; are the initial data of (1.1). Throughout
this paper, we also assume that 1 < N < 4 and dy > d; > 0 and we set
d:= d2 — d1 > 0.

In the case of f(u) = 0, we explain why we chose the reaction term of
(1.3) as (u2 — u1)/e below. Compared the wave equation with the diffusion
equation, we see that the wave equation contains the second-order derivative
of the solution with respect to t. Hence, we need to produce the derivative
of the solution with respect to ¢ from the reaction term of the system. If
ug(x,t) =~ uy(z,t +¢), then

_uw(mtte) —ui(x,t)  ug(w,t) —ui(w,t)

1) ~ ~
ul,t(‘ra ) c c

Borrowing the ideas of Hilhorst et al. [6] and Iida and Ninomiya [10], we
consider a reaction-diffusion system that consists of the same reaction term
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(uy — uqp)/e and different diffusion coefficients. That is, we propose

Uy — U

(14) ul,t = diAUl + - s Ugjt = d;AUQ + Y2 — th

with diffusion coefficients d; that are specified later. By subtracting the
equation of u; from that of uy, we obtain

€ (ugy —ury) = (di — di) Aug + d5 (Aug — Auy) .

By ugy — urs & urs(t +€) — ui(t) = eupy and Aug — Auy ~ Auy(t + ¢) —
Auy (t) = eAuyy, we see that

€ 3
d2_ 1

Uq 1t ~ Aul + dSAul,t-
By choosing the diffusion coefficients d$ = dje for j = 1,2 where dy > d; > 0,
we obtain

Ut = dAul -+ dQEAuLt =~ dAul

where d = dy —d;. Thus, we see that u; of (1.4) may converge to the solution
of a wave equation.

Remark 1.2. Let dy,d, > 0 and 1 < N < 4. For arbitrary ¢ > 0,
wo € HYRY) and w, € H3(RY), the local existence of a solution (ug,us)
of (1.3) follows from the standard semigroup theory ([12]) and the Sobolev
embedding.

Theorem 1.3. Let 1 < N < 4. Assume that (H1)-(H5) are satisfied, dy >
dy > 0 and wy € HYRY), w, € H¥(RY). Let w be the solution to (1.1).
Then, for any positive constant T', there exists a unique solution (u§,us) of
(1.3) in RN x (0,T). Moreover, the following holds:

t:é% { |w — uiHHl(RN) + Hwt o uit”LQ(RN) } =0 <€1/2)

as e — 0.

As shown in Figure 1, the numerical solution of (1.3) becomes close to
that of (1.1) as ¢ tends to zero, and the approximation becomes worse as t
increases because of the dissipativity.



e =0.001 /\ x ,_A_A\x ,Mx

g = 001 X X x

Figure 1: Snapshots of the first component of the solution to (1.3) in the cases

of f =0 and ¢ = 0.001, 0.01 in the interval (0,10) under the homogeneous
Neumann boundary condition.

2 Boundedness of solutions of a reaction-diffusion
system

Now, we show that the principal component u; of the solution for (1.3)
approximates the solution w of (1.1). We use
U2 — U

U1 ‘= ug, Vg 1= - .

Let the pair (v, vy) satisfy the following initial value problem:

v = d1eAvy + vy,
(21) Vot = dQEA?JQ + dAUl + f(Ul),
’U1<',0) = Wy, ’UQ(',O) = w1 in RN.

Here, we note that d := dy — d; > 0. Based on (2.1), we see that, formally,
v, tends to vy and vy tends to dAvy + f(v;) as € goes to zero. Therefore, we
can conjecture that u; = vy satisfies the wave equation Vit = dAvy + f (Ul)
because vy 4 — vay — dAvy + f(v1) as € — 0.

We also differentiate (2.1) with respect to t:

in RY x (0,7),

(2.2) U1 = dieAvy + vo,

(2.3) Vo = dogAvy + dAvy + f(vy),

(2.4) Vi = dieAv; + Vo

(2.5) Vot = doeAvoy + dAvy g + f'(v1)v1.



By a priori estimation, we show the boundedness and the convergence of a
solution for the initial value problem (2.1).

In order to prove the boundedness of a solution for (2.1), we prove several
lemmas:

Lemma 2.1. For a solution (vi,vs) of (2.1), we have the following:

(2.6)

d |1 dyd, d

— —/ U%td$+£82/ (Avl)de—i-—/ \Vv1|2dx—/ F(vy) dx
dt | 2 RN 2 RN 2 RN RN

= —(d1 + d2)€/ \Vth]Q dx,
RN

Sl
—

(
1

dvd d

—/ |vvl,t\2dx+£g2/ |V(Av1)\2d:c+—/ (Avy)2 da
2 RN 2 RN 2 RN
f'(v1)Voy - Vo de,

= IA
\_/%\

N
(2.
d
i 5/ (Avlt)de+d1d253/ (A2v1)2dx+d€/ |V(Av1)]2dx}
dt RN ' RN RN

1 2

< [ Fw)] Vo] da.
< S fo M EOF VP s

Proof. First, we show (2.6). By substituting (2.3) for (2.4), we obtain
Vi = dlgAULt + dQEA’UQ + dAUl + f(Ul).
From (2.2), it holds that

Vg = V1 — dieAvy,
A’Ug = Avl,t - dleA(Avl).

Gathering these equalities implies that
Ul,tt = d18AULt + d2€ {Avl,t — dlsA(Avl)} + dAUl + f(Ul).
Hence, we obtain

(29) V1t = —d1d2€2A2U1 + (dl + dg)EAULt + dAUl + f(Ul).
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Note that (2.9) is represented only by v;. By multiplying (2.9) with v, and
integrating it over RY, we have

d 1 did d
— —/ v}, dx + 262/ (Avy)? dx + —/ |V, |2 do — / F(vy) dw
dt 2 RN 2 RN 2 RN RN

=—(dy + dg)E/ |Vvl7t\2 dx.
RN

Next, let us show the inequality (2.7). Multiplying (2.9) by Av;; and
integrating it over RY yields that

d (1 N dydy 2/ ) d/ ,
5 v + — V(A + = A
dt{Q/mN' vl e RN| (Aol de + 5 RN( v1)”d

= —(d1 + dg)é—f/ (Avl,t>2 dx + f’(vl)Vvl . Vvl,t dz.

RN RN

Since [pn (Aviy)? da is non-negative, we obtain (2.7).
Finally, we prove (2.8). By applying the Laplacian A to (2.9), we have

Avl,tt = —d1d282A3’01 + (d1 + d2)€A2’U1’t + dAQUl + V- (f,<U1)VU1) .

Multiplying this equation by Awv;, and integrating it over R yield

= {% [ oupdrs B2 [ atupaos s [ v d:c}
RN RN RN

= —(dy + dy)e /

RN
1 2
< — ! Vo dx.
< e Jo @0 9 ds

We multiply this by 2¢ to obtain (2.8). O

\V(Avy,)|? de — f'(v1)Vuy - V(Avy,) dx
RN

We prepare the following lemma to derive a priori bounds.
Lemma 2.2. Assume that A, B, and g are non-negative constants. Suppose
that X is a non-negative C? function, and Y is a non-negative C' function
that satisfies
(2.10) X"+ AY' <X +B
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for t > 0 where the prime ' denotes the differentiation with respect to the
time t. If g > 0, then

(2.11) X(t) < X(0) coshgt—l—é {X'(0) + AY(0)} sinhgt+§ (coshgt — 1) ;
If g =0, then

(2.12) X(t) < X(0) + (X'(0) + AY (0))t + gt?

Proof. First we consider the case of ¢ = 0. By (2.10), we have

X'(t)+ AY (t) < X'(0) + AY (0) + Bt.

Because X'(t) < X'(0) + AY (0) + Bt from Y (¢) > 0, by integrating it once
more, we obtain (2.12).

Next, we consider the case where g > 0. By multiplying (2.10) with e9",
it follows that

(X'e™9" + gXe ™) + A(Ye ™) + AgYe ™ < Be ™.
Because AgY e 9 > 0 holds, we obtain
(X'e™" + gXe ) + A(Ye ™) < Be ™,
Integrating this over [0, ¢] yields

(X'e™ " 4+ gXe ™) — (X'(0) + gX(0))+ A (Ye 9 —Y(0)) < —= (e —1).

< | &

Noting that Ye 9 > 0, we have
B
X'e 9+ gXe " < X'(0) + gX(0) + AY(0) — — (e — 1).
g

By multiplying this with ¢! integrating it over [0,¢] and then multiplying

it with e™9*, we can calculate the following:

X(t) - X(0)e " < % (X7(0) + gX (0) + AY(0)} (% — o)

_E (1 — le—gt — iegt + ie—gt>

g9\9 9 29 29
1 1 1
= X(0) {éegt - 56_9'5} + —{X'(0) + AY (0)} sinh(gt)
9
+— (cosh(gt) — 1)
Therefore, we obtain (2.11). O



Lemma 2.3. Assume that wy € H*(RY) and w; € H'(RY). Let dy > d; >
0, e0>0and T > 0. Let (v1,v2) be a solution of (2.1) for e € (0,e0]. Then,
the following integrations are bounded for any t € [0,T] and € € (0, &) :

/vfdx, /vftd:c, / |V du, / (Vg 4]? do, /(Avl)zd:c.
RN RN RN RN RN

Proof. By (2.6) of Lemma 2.1, it follows that

d (1 dyds
E{g/ Ultdx_’_ 5 Q/RN(A?Jl)QdIE
d
+—/ |Vvl|2dzv—/ F(vl)dx} <0.
2 ]RN RN
Hence, by integrating this with respect to t over [0,¢], we have
1 did d
—/ v, de+ —— 2 2/ (Av1)2d:v+—/ |Vv1|2dx—/ F(v)dz
2 RN 2 RN 2 RN ]RN
1
< —/ w? dx —I—dld2 2/ (AwO)de—i—gl/ |Vw0|2dx—/ F(wy) dx.
2 RN 2 RN 2 RN ]RN
Because — f3|vi|> < —F(v;) holds from (H3),
1 did d
—/ v}, do 4+ —— 2 2/ (Avl)QdI—i-—/ |V |2 da
2 ]RN 2 ]RN 2 RN
1 d,d d
§—/ w? de + —= 2/ (Awo)Qdaz—i——/ |Vwol? dx
2 RN 2 ]RN 2 RN
—/ F(wp) dx + f3/ vf dx.
RN RN

By doubling this and using the boundedness of wy and w;, we obtain
(2.13)

/ U%tdI+d1d2€2/ (Avl)2d$+d/ |VU1|2dx§2f3/ vidr + Cy,
RN RN RN

RN

where

4 ::/ w? dx +d1d262/ (Awg)? dx
RN RN

—I—d/ |Vw0|2dx—2/ F(wp) dz.
RN RN

10
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By wy € H?(RY), we use the Sobolev embedding H2(RY) — L"(R") for all
2 <r < oo when 1 < N < 4. Together with —F(wg) < fa(|wo|* + |wo[PT™)
in (H3), we see that

~ [ Pwgdr< s [ (o +luoP*) do
RN RN
< C (Jlwo3aqam) + o llotan, )
Thus, the upper bound of C} is finite for any ¢ € [0,7] and ¢ € (0, &].

Next, by multiplying (2.9) with v; and integrating it over R, we can
calculate the following:

0
/RN {a(vlvu) - vit} dx

d ((d+d
= —d1d2€2/ (AUl)Q dr — — {M/ ‘V’UHQ d.’lf}
RN dt 2 RN

—d/ IV, |2 do + f(v1)vy dz.
RN RN

Hence, we obtain the following identity:

d2 1 2 d (dl + d2)€ 2

E(ﬁ/RNvldx>+£{—2 /RN |V’U1’ dx

= / v}, dz — d1d252/ (Avy)?dx — d/ |V |? do + / f(v1)vy da.
RN RN RN RN

By (2.13), it follows that

/vftda:§2f3/ vfd:t—d/ |V, |2 dx + O
RN ’ RN RN

Therefore, we see that

d [1 9 d [ (di +dy)e 2
i (3 [otar) + {57 et

§2f3/ vfdx—?d/ |VU1|2dx+/ f(v1)vy dx + Cy.
RN RN RN
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By (H2), we also see that

d? 2 d 2
) </RN vy d;z:) + o {(dl +d2)8/RN |V da:}

< (4f5 + 2f1)/ v? dx — 4d/ |V, |? dz + 20.
RN RN
Here, we set g1 = v/4f3 + 2f;. Then, the following holds:
(2.15)

d? d
— (/ v? dx) + — {(d1 +d2)6/ |Vvl|2dx} < g%/ v? dr + 2C,
dt RN dt RN RN

To simplify the description, let

X(t) := / vide and  Y(t):= / |V, | da.
RN RN
For each ¢ > 0, X(¢) and Y (¢) are non-negative and (2.15) becomes
(2.16) X"(#)+ (d +dp)eY'(t) < g2 X (t) + 2C.

Hence, Lemma 2.2 is applicable to (2.16). If ¢g; = 0, then using (2.11) or
(2.12) with A = (dy + dy)e, B =2C}, and g = 0, we have

/dex < / wgdm—i—QT/ |wo ||w1 | dx
RN RN RN
+(d1+d2)5T/ \Vwol?dx + C,T?  for t € [0,T],
RN

which implies the boundedness of [,y v7 dx.
Next, we consider the case where g; > 0. Lemma 2.2 implies that

X(t) < X(0)cosh(gt) + gi {X7(0) + (dy + dy)eY (0)} sinh(gr?)
+29—C; (cosh(git) — 1).

By (2.14), we have the boundedness of the initial data of X, Y and X' as
follows:

X(0) = / wp dz,
RN

Y(0) = / |Vwo|? d,
RN

X'(0) = Q/RNwowlde/Rngdx—l—/Rwadx.
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Hence, it follows that

/N v?dr < X(0)cosh(git) + gi {X'(0) + (dy + ds)eY (0)} sinh(g1t)

2C
+g—21 (cosh(git) — 1).
1

Because cosh(g;t) and sinh(g;t) are increasing for all ¢ € [0, 7], we see that
(2.17) / v} dr < Cycosh(g,T) + Cssinh(g,T) = K, p for t € [0,7)]
RN

where

2C
CQ = / w(Q] dZU -+ —21,
RN g

i
1
Cy = — {/ wi dw —|—/ w? d + (dy + dg)eo/ |Vw0|2dx} :
g1 UJrN RN RN
By (2.13), it holds for all ¢ € [0, 7] that

(2.18) / v?, dr + d1d2€2/ (Avy)?* dx + d/ Vo2 de < 2f3K, 7+ C).
RN ’ RN RN

/vfdx, /Uitdx and / |V, |? do
RN RN RN

are bounded for any t € [0, T.

Next, we show the boundedness of [,y [Vvi4|*dz and [px(Avy)? dz for
all t € [0,7]. We note that v; € HY(RY) for all ¢t € [0,T] by the previous
proof. We estimate the the right-hand side of (2.7) as follows:

Therefore,

(2.19) f'(v1)Voy - Vo de < /

RN RN

|Vuy 4|2 doc+/ |f'(v))?| VoL |* da.

RN

In the case of N = 1, by v; € H'(R) — BC(R) and (H1), |f'(v1)]? is
bounded for all ¢ € [0, 7. Hence, there exists a constant C'y > 0 depending
on f such that

f/(Ul)V’Ul : Vl)l,t dx < / |vvl,t|2d$ + Of/ |VU1|2 do.
RN RN

RN
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To estimate [px [f/(v1)]*|Vur|* dz, we consider the assumption (H4). By
considering the cases |u| > 1 and |u| < 1, (H4) holds with ¢ = 1 when
0 < g < 1. Thus we can assume that ¢ > 1. Hence, using (H4), we estimate
the following:

/ Fo)PIVulPde < / i+ folon])? [Von P de

RN RN

2/ (f22 + Llon) [Vou|* dee
RN

= 2f42||VU1Hi2(RN) + 2f§HU1H%4q(RN)||VU1H%4(RN)-

IN

N

Consider the case when N = 1,2. Since H(RY) — L"(RY) for 2 < r < oo,
o1l paaeyy < Csllor]|gigay holds. If N = 3,4, then H'(RY) — L"(RY)
for 2 < r < 2N/(N — 2). Noting that 4¢ < 2N/(N — 2), we also ob-
tain [|v1]|paa@yy < Csllvi||greyy. Therefore, |[v1||pagmyy is bounded for all

€ [0,7T]. Similarly, using the Sobolev embedding of H'(RY), we estimate
||Vv1||i4(RN) as follows:

||VU1H%4(RN) < CE'HVUlH?{l(RN) =G5 <HVUIH%2(RN) + HD2U1H%2(RN)> 3

where || D?vi[7.gny = fpn [D*01]* do and |D?0|* = Zﬁ/j:l %{g;j 2. By the

divergence theorem,

N
1% ey = | Do s = 3 / 0o \ (0
s RN 1 /RN 0x;0x; O0x;0x;

0%v 0%v
= § / ( 1) ( 1) dx = || Avy |72 @y
RN

2,7=1

for any v; € H*(RY). Hence, we see that
HVUIH%‘l(RN) < Cg <||vv1||%2(RN) + HAU1H%2(RN)> :

In both cases N =1 and 2 < N < 4, it follows from (2.17) and (2.18) that

(220) / |f’(v1)|2|Vv1|2dx S 04/ (Avl)z d$+05
RN

RN
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where Cy and Cj5 are positive constants independent of ¢t € [0,7] and € €
(0,e0]. Hence, by (2.19) and (2.20), we obtain

/ f’(vl)Vvl : VULt dx S / |VU1¢|2 dx + 04/ (A’Ul)Q dx + 05.

By this estimate and (2.7), we see that

d (1 dyd d
/ Vo2 de + =2 2/ ]V(Avl)Pdw—i——/ (Avy)? da
dt 2 RN 2 RN

< f'(v1)Voy - Vg, da

RN

< / ]Vv17t|2dx+04/ (AU1)2 d$+C5
RN RN

1 did d
gcﬁ{ / Vo2 de + —2 2/ |V(Av1)|2d:v+—/ (Avl)de}+C’5,
2 2 RN 2 RN

where Cg = 2max{1,Cy/d}. Hence, setting

1 did d
Z(t) = = / Vo do + —=2 2/ |V(Av1)|2dx+—/ (Avy)? da,
2 2 ]RN 2 ]RN

we see that the previous inequality becomes Z'(t) < CsZ(t) + Cs, that is,
Z'(t) — CsZ(t) < C5. For any t € [0,7] and € € (0, go], multiplying this with
e~ %! and integrating it over [0, ], we have that

(2.21) Z(t) < Z(0)e%" + G

e (e“' —1) < C72(0) + Cr,
6

where C7 is a positive constant depending on Cs, Cg and T'. Since (u§, uj) is
a classical solution for any € > 0, v; = uj and vy = (u§ — uj)/e, we see that
for each t € [0, 77, vy, is continuously differentiable with respect to = and vy
is continuously twice differentiable with respect to . Hence, the equation
vy = dieAvy + Vo, is continuously differentiable with respect to z. Since
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Vi = dieV(Avy) + Vg, wy € HY(RY) and w; € H3(RY), we see that

1
Z(O) = §/RLN ]Vv17t|2dx

d
+—/ (AU1)2 dz
2 Jrn t=0

1
= 3 /N |d1eV (Awy) + Vo, |* da
R

d1d2 2

+ € / |V (Av,)|? dz
2 " Jen

t=0

t=0

dyd d
+£52/ |V(Aw0)|2da:+—/ (Awg)? da.
2 RN 2 RN

Thus, we obtain that Z(0) is estimated by ||wol|gs@~y and [Jwy || g1 gy). By
(2.21) and the definition of Z(t), for all ¢ € [0,T] and £ € (0,e0], we have
that

1 dydy

d
—/ ]Vvl t|2 dx + —= / IV(AU1>|2 dx -+ —/ (AU1)2 dx S KQ T,
2 RN ’ 2 RN 2 RN ’

where Ky is a positive constant depending on dy, da, €0, C7, |lwol| gs@ny,
w1 || g1 ey and T'. Thus, we complete the proof. O

For the higher derivatives of vy, we present Lemma 2.4.

Lemma 2.4. Assume that wy € HY(RY) and w; € H*(RY). Let dy > d; >
0,9 >0, and T > 0. Then, the following integrations are bounded for any
t €[0,T] and € € (0,¢] :

o R N Y I (A
RN RN RN

where d = dy — d;.

Proof. By integrating (2.8) with respect to ¢ and using (2.20) and Lemma
2.3, we have for any t € [0, T,

5/ (Avy ) dx + d1d2€3/ (A%v)* dx + da/ IV (Av,)]* dz < Cg,

RN RN RN

where Cg is a positive constant depending on 50||w0||§{4(RN) + 50||w1||%,2(RN).
0
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3 Convergence

In this section, we give a proof of Theorem 1.3.

Proof of Theorem 1.3. We can rewrite (1.1) to
Vig="Vs,
(3.1) Vo = dAVL + f(V1),
Vi(z,0) = wy, Va(x,0)=w; in RY.
Since we assume that wy € H*(RY) and w, € H?(RY), at least V; belongs
to H%(RY) for all t € [0, T]. Recall that
U1y = d1€AVy + Vg,
Vg = daeAvg + dAvy + f(vy),

Ul(') 0) = Wo,

in RY x (0,7),

in RY x (0,7,

in RV,
U2<'70) = Wy,

By comparing two systems, we have

(v1 = V1) = dicAvy + (vy — V3),
(’UQ — ‘/2),5 = dgEfAUQ + dA(Ul — ‘/1) -+ f(Ul) — f(‘/l),

Then, we get
(3.2) (v = Vi) — dieAvyy = doeAvy + dA(vy — Vi) + f(v1) — fF(W1).
Multiplying (3.2) by (v; — V4); and integrating it over RY yield

d (1 d
a (5 /RN<U1,t — Vi) de + 5 /RN |V (v — V1)|2d:c)
= / (dieAvy s + doe Avy) (vy — Vi) d

RN

+ RN,{f(Ul)—-f(‘ﬁ)}(vl—-‘ﬁ)tdx-

By Lemma 2.4 and Avy = Avy, — dieA%vp, we have

/ (eAvy ) dx < Cye,

RN

/ (eAvy)?dr = / (eAvy; — d1e2A%0y)* dw
RN RN

< 2/ (eAth)z dx + 2/ (d152A22;1)2 dx < Cye.
RN RN
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By the previous estimates, we see that

d (1 d
% (5 /RN(ULt — ‘/1775)2 dx + 5 /RN IV(/Ul — ‘/1)‘2(123)

(3.3)
= 2Cye /sz(vl’t — Vl,t)Q dx + . {f(v1) = f(V1)} (v1 — V1) d.

By multiplying (3.2) by v; — V; and integrating it over RY, we have

1 d? 5
5@ . (Ul — ‘/1> dl‘
= / (1 — Vl,t)2 dx + / (Vi — Vig) (v — Vi) de
RN RN

= / (v10 — Vig)? da + / (dieAvy s + docAvy) (vy — Vi) d
RN RN

- [ AV = VORdr+ [ ) = F0R} (0= 1) de

< /N(vl,t —Vis)tdr + /N(v1 —Vi)?dx + Coe
(3.4) R R

— [ =P+ [ {5 - 500} 0 - 1) d
RN RN
Since H?(RY) — BC(RY) in the case of 1 < N < 3, we have
(F(w1) = FV)} (0 = Vi) do < O [ (w1 = Vi),
RN RN
[ Arw) = 10 (0= Vi do
C — Vi) de+ C —Vi)*dx.
< Cn /RN(Ul,t 14)"dx + Cp /]RN(UI 1) dx

In the case of N = 4, let us estimate [o, {f(v1) — f(V41)} (v1 — V1) dz and
Ja {f (1) = fF(V1)} (v14 — Viy) dz. Noting that ¢ = 1 in (H4) when N = 4,
we have |f'(u)| < fi + fs|u|. By the mean value theorem, we see that

1
o) — V)] < / /(6o + (1 — O)VO)|d6 - o, — Vi
0
< (fa+t fsloal + f5|VA]) [0 = VAl

18



Hence, we see that

[ 0= $00 o = Ve < [ (at Sl + alViD (o = Vi) do,
and
[ 1500 = £V o = Vo
< [ ol + WAl o = Villow, = Vil ds
<5 =Vt [ (Bt Sl + B (0 = WP da

By the Schwarz inequality and the Sobolev inequality, we have that for each
m=1,2,

/R4 o+ folor] + SIViD)™ (01 = V)2 de

Crallor = Vil T2y + Cral|oa]l fom gy + VAl fomgay) o1 = Vill7aaay

<
< Cuzllvr = Vil + CrallloalZom sy + Vil oy ) Cs 101 = Vil oy

where C}y is a positive constant. Since vy, Vi € H*(R?), Hlezgm(W) and
HV1HT2m(R4) are bounded for each m = 1,2 and t € [0,7]. Therefore, we
obtain that
{f(v1) = F(V)} (01 = V1) dae < Cugllor — Vil ey
R4
W) = fF(V)} (or = V)edo < flone = Vil Ze@ny + Cusllvr — VillFn gy
R

Thus, from (3.3) and (3.4) with the above inequalities, we have

X" < Cue+ CuX + ChsY,
Y' < COue+ OpuX + CiY,
where
X = vy — Vi|Pdz, Y = / |v1¢ — V17t|2dx —l—/ d|V(v; — V1) |*dz.
RN RN RN
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By adding the previous inequalities, we have
X// + Y/ S 20148 -+ 2014X + 2C15Y

By choosing a sufficiently large C14 with /2C14 > 2C45 and taking g =
v2C'14, we obtain

{(X+gX) e} + (Ye*) < 20uee™  fort>0.

The argument similar to Lemma 2.2 yields

/ (v — V1)?dx < Cue, / |V (v — V1) Pde < Clye
RN RN

and / (v — Vig)?dr < Ouge,
RN

where we use (v; — Vi)|t=o = 0 and (vy; — Vi¢)|t=0 = 0. O

4 Concluding remarks

We proposed a 2-component reaction-diffusion system (1.3) approximating a
semilinear wave equation. The semilinear wave equation has energy conser-
vation law (1.2) where w is a unique solution of (1.1). However, as seems
in (2.6) that the first component u of the solution to (1.3) does not have
the conservation law such as the above. Although it is difficult to investi-
gate the details of solutions to the wave equation by (1.3), we have proved
the convergenece in C°([0, T]; H*(R™)) N C*((0,T]; L*(RY)) for any positive
time T" > 0. Moreover, we emphasize that the reaction-diffusion approxima-
tion is useful because of the facility of the numarical scheme. In particular,
when d; = 0, the system (2.1) of (vy,v) approximating the solution of (1.1)

becomes
V1¢ = Vg, .
b > in RV,
Va2t = dQé'A’UQ + dQA’Ul + f(1)1>

This system is approximately the same as (3.1), and we conjecture that the
case d; = 0 is slightly better than the case d; > 0 if the initial data wy and
wy are sufficiently smooth. However, to stabilize the original system (1.3), it
might be better to use the system in the case d; > 0.
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