ENTIRE SOLUTIONS ORIGINATING FROM MONOTONE FRONTS
TO THE ALLEN-CAHN EQUATION
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ABSTRACT. In this paper, we study entire solutions of the Allen-Cahn equation in one-
dimensional Euclidean space. This equation is a scalar reaction-diffusion equation with a
bistable nonlinearity. It is well-known that this equation admits three different types of
traveling fronts connecting two of its three constant states. Under certain conditions on the
wave speeds, the existence of entire solutions originating from three and four fronts is shown
by constructing some suitable pairs of super-sub-solutions. Moreover, we show that there
are no entire solutions originating from more than four fronts.

1. INTRODUCTION
In this paper, we consider the following reaction-diffusion equation
(1.1) U = Uge + f(u), zeR teR,
where the function f(u) € C*(R) satisfies

(1.2) f(O) =f(1)=0, f(0), f(1) <0,
(1.3) =0, f'(a) >0, a€ (0,1), f(u)#0forue(0,a)U(a,l),

(1.4) /f ) du > 0.

A typical example of fis f(u) = u(1l —u)(u — a), where a € (0,1/2). This equation is often
called the Allen-Cahn equation or the Nagumo equation. It is easy to see that the constant
states u = 0 and u = 1 are stable and the constant state u = a is unstable for the kinetic
equation (i.e., (1.1) without diffusion term), since f’(0) <0, f’(1) < 0 and f'(a) >0

Due to the rich dynamics of this prototype equation (1.1), there have been a lot of research
on the dynamical behaviors of (1.1). One of the main concerns on the dynamics of (1.1) is
the existence of entire solutions. Here an entire solution means a classical solution defined for
all (z,t) € R% One of typical examples of entire solutions is the traveling wave solution. A
solution u of (1.1) is called a traveling wave solution, if u(z,t) = ®(x+wvt) for some constant v
(the wave speed) and some function ® (the wave profile). A traveling wave solution is called
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a traveling front, if it connects two different constant states. In fact, (1.1) admits three
different kinds of traveling fronts connecting states {0, 1}, {0,a}, {a, 1}, respectively. The
first one is the bistable connection and the latter two cases are the monostable connections.
For the reader’s convenience, we recall in the followings the traveling front connecting states
{0,1}, ({0,a}, {a, 1}, resp.) with wave profile denoted by g, (1,12, resp.) and admissible
wave speed denoted by v, (v1, v, resp.)

By [1, 2], there exists a unique (up to translations) traveling front u(x,t) = ¥o(z + vot)
of (1.1) connecting {0, 1} with the unique speed vy. Note that, by setting z = x + vot, 1y
satisfies

6’(2’) — Yo @Z)é(Z) + f(¢0(z)) = 07 77Z}(,)(Z) > 07 KIS R?
o(—00) =0, o(o0) = 1.
and the speed vy is given by

R
[ wiere

> 0.

Vo

By [1, 13], there exists a constant ¢ e < —24/ f'(a) such that a traveling front u(x,t) =
Y1 (x+v1t) of (1.1) connecting {0, a} with speed v; exists for each v1 < ¢4 mae. Set z = x4v1t.
Then 9, (2) satisfies

1(2) = 91 (2) + f((2)) = 0, 91(2) >0, z€R,
1(—00) =0, i(c0) =a.
Similarly, there exists a constant o, > 24/ f'(a) such that a traveling front u(x,t) =

a(x+vot) of (1.1) connecting {a, 1} with speed vy exists for each vy > 2 min. Set 2z = x+vot.
Then 15(2) satisfies

(1.5)

2(2) —va¥(2) + f(2(2)) = 0, ¢d5(2) >0, z€R,
a(—00) = a, y(o0) = 1.

Note that vg > 0, v <0< v, and 0 <Yy < 1,0 < Yy < a,a <Yy <1in R.

In 1999, Hamel and Nadirashvili [11] constructed a new type of entire solutions originating
from two fronts (at t = —o0) for the Fisher-KPP equation (see also [12]). Since then, there
have been many works devoted to the construction of entire solutions originating from two
fronts for the scalar reaction-diffusion equations (see, e.g., [19, 8, 10, 3, 4, 14]). In particular,
Yagisita [19] derived the existence of entire solutions which behave as two traveling fronts
Yo(—x + ct) and Yo(x + ct) on the left x-axis and right z-axis as t — —oo, respectively.
Then, Fukao, Morita and Ninomiya [8] provided a simple proof for the results shown in [19]
for the Allen-Cahn equation.

For the function f(u) satisfying (1.2), (1.3), according to the results shown in [11, 10], for
any ci1, 12 < €1.maz, there exists an entire solution of (1.1) which converges to 1y (x + ¢11t)
and ¢ (—z + c1ot) on the left z-axis and right z-axis, respectively, as t — —oo. Similarly, the
existence of an entire solution of (1.1) which converges to s (—x+c91t) and 19(x+coot) on the
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left z-axis and right x-axis, respectively, as ¢ — —oo can be shown for any cs1, a2 > €2, min-
Later, in [14], Morita and Ninomiya proposed a unified method to construct all types of
entire solutions including entire solutions with two merging fronts mentioned above.

Extending these works to multiple fronts, we shall study entire solutions u originating
from k fronts {(c;, ¢;),7 =1,2,--- ,k} (k > 2) satisfying the condition

(1.6) c <y < -oe < gy

such that

lim { Z sup lu(z,t) — ¢z + ¢t + (9]-)\} =0

t——00 1<j<k wj_l(t)<$<wj(t)

for some constants 6y, - - - , 0, where w;(t) :== —(cj +¢j11)t/2, wo(t) == —oo and wy(t) := oo.

Note that the condition (1.6) is quite natural, since two adjacent waves must intersect at
some negative time, if ¢; > ¢;41 for some j € {1,--- ,k —1}. We do not consider the case
when ¢; = ¢j4; for some j. It is a delicate case which is left for open. Also, in this paper, the
new terminology “originating” is used, since we mainly focus on the behavior at t = —oc.
Entire solutions originating from two fronts may be merging to a single front or a constant
state (which is called annihilating) as t — oo.

For an entire solution u originating from k fronts, there is the sequence {aq,ws, - -+ , ag, Wi}
satisfying ¢;(—00) = a;, ¢,;(00) =w; for j =1,--- k. We call it the sequence of u. Due to
the continuity of entire solutions, we have o1 =w; for j =1,--- |k — 1.

We can easily check that the following sequences
(1.7) {0,1,1,0}, {0,1,1,a}, {a,0,0,a}, {a,1,1,a}, {a,1,1,0}

cannot be the sequences of entire solutions originating from two fronts. For example, for
the case {0,1,1,0}, the speeds of the corresponding traveling fronts satisfy ¢; > 0 > c,.
The condition (1.6) is violated. The other cases can be checked similarly. Therefore, entire
solutions originating from two fronts consist of the following seven types:

{0,a,a,0}, {0,a,a,1}, {a,0,0,1}, {1,0,0,a}, {1,0,0,1}, {1,a,a,0}, {1,a,a,1}.

The first, the fifth and the seventh cases were constructed in [19, 8, 10| and the others are
done in [14].

Hence we encounter the natural question: are there entire solutions originating from three
or more fronts for (1.1)¢ The main purpose of this work is to construct entire solutions
originating from k fronts for k£ > 3 for equation (1.1).

The following theorem is the first main result of this paper.

Theorem 1.1. Let (vg, %), (v1,11) and (ve, 1) be traveling fronts described as above such
that

(18) —Vp < U1 S C1,maz-
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Then there ezists an entire solution of (1.1) such that

(1.9) lim { sup |u(z,t) —Yo(—z +vot +0)|+  sup  |u(z,t) — Y1(x + vit + 0)|

t==00 L p<uw (t) w1 (£) <z<ws(t)

+ sup |u(m,t)—w2(x+02t+9)\} =0

T>wa(t)

for some constant 6, where

—(— ¢ - t
wnft) = T (- Z )
2 2
Moreover, it holds
(1.10) lim sup |u(z,t) — 1| = 0.
t—o00 zeR

This theorem shows us a new type of entire solution originating from three fronts with
sequence {1,0,0,a,a,1}. Moreover, three fronts of this entire solution are annihilated as
t — oo. Note that the condition (1.8) on the speeds can be realized when we take the
constant a such that vy > 24/ f'(a). For example, when f(u) = u(l — u)(u — a), we have
vo = V2(1/2 — a) > 2y/a(1 — a) = 21/ f'(a) if we consider 0 < a < (3 — v/6)/6.

For notational convenience, in the sequel we shall use 1, to denote another traveling front
connecting {0,a} with speed 0; < ¢ mae. Similar to Theorem 1.1, we can construct entire
solutions originating from three fronts with sequence {1,0,0,a,a,0} as follows.

Theorem 1.2. Let (vo, ), (v1,¢1) and (171,1751) be traveling fronts described as above such
that (1.8) holds. Then there exists an entire solution of (1.1) such that

(1.11) lim { sup |u(z,t) — Yo(—x + vot + 61)| + sup lu(z, t) — Yy (x + vit + 61)|

t——o0

x<wi (t) w1 (t) <z<ws(t)
+ sup fule,t) = di(—o = Bt — )| b =0
x>wa(t)

for some constants 01 and 0y, where

—(—Uo + Ul)t

—(’Ul — 1~)1)t
2 ’ ’

wy (t) = 5

wy(t) =
Moreover, it holds

lim sup |u(z,t) — Yo(—x +vot +60)| =0

1—=00 2R

for some constant 6.

Notice that three fronts of the entire solution constructed in Theorem 1.2 are merging to
a single front as t — oc.

Next, we have the following existence theorem for entire solutions originating from four
fronts such that these four fronts are annihilated as ¢t — oc.
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Theorem 1.3. Let (vg, 1) and (v1,11) be traveling fronts described as in Theorem 1.1 such
that (1.8) holds. Then there exists a symmetric (with respect to x = 0) entire solution of
(1.1) such that

(1.12) lim { sup |u(x,t) —o(—x +vot + 01)|+ sup |u(x,t) — i (x + vit + 605)]

t==00 L a<w (t) w () <z<0
+ sup  |u(z,t) =i (—x +uit +0)| + sup |u(x,t) — Yoz + vot + 91)|} =0
0<z<—wi(t) xz>—wi (t)
for some constants 6, and 0y, where
— )t
wy(t) = %
Moreover, the asymptotic behavior (1.10) holds.

Finally, we have the following nonexistence theorem for entire solutions originating from
k fronts for k > 5.

Theorem 1.4. Under the condition (1.6), there are no entire solutions originating from k
fronts if k > 5.

Since the comparison principle is available for (1.1), it is well-known that an entire solution
exists if we can find a suitable pair of super-sub-solutions (see, e.g., [8, 10, 14]). Therefore,
the main task of finding entire solutions originating from multiple fronts is to construct some
suitable super-sub-solutions with the desired properties. One of the main ideas in [14] is to
find an auxiliary rational function with certain properties in order to construct a suitable
pair of super-sub-solutions. The form of this auxiliary function depends on the equilibrium
states which are connected by those two traveling fronts under consideration. Although the
method of finding an auxiliary function can be applied to the construction of entire solutions
originating from three fronts, finding this useful rational function is by no means trivial.

Due to the increase of the number of fronts, we were unable to construct a suitable auxiliary
function for an entire solution originating from four fronts. Instead, the super-sub-solutions
constructed for deriving entire solutions originating from three fronts are used effectively to
construct an entire solution originating from four fronts.

Besides the works on the scalar equations, there are many works on the entire solutions
originating from two fronts for systems of two reaction-diffusion equations. We refer the
reader to, for examples, [15, 9, 17, 18, 16, 20]. For the discrete version of (1.1), the same
results as in Theorem 1.1 and Theorem 1.2 have been shown in [5].

The rest of this paper is organized as follows. First, a proof of Theorem 1.4 is given in
§2. In §3, we first give an auxiliary function linking three traveling fronts of (1.1). Then we
provide some useful properties of this auxiliary function and derive the key estimates (see
Lemma 3.4) for the later construction of super-sub-solutions. In §4, we use this auxiliary
function to construct a pair of super-sub-solutions and give a proof of Theorem 1.1 on the
existence of entire solutions originating from three fronts with sequence {1,0,0,a,a,1}. For
the sequence {1, 0,0, a, a, 0}, since the proof of Theorem 1.2 is similar to that of Theorem 1.1,
we only point out the main differences in §5. Finally, in §6, we give a proof of Theorem 1.3.
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2. PROOF OF THEOREM 1.4

First we introduce a sequence {ay,wy, - -, ag, wi } which is called a terminated sequence if
{ag_1,wr_1, ag,wi} is one of the cases in (1.7). This means that, for a terminated sequence
{a1, w1, -, g, wy }, there is no entire solution originating from k+1 fronts with any sequence
{ag,wi, -, Q, Wi, Qpy1, Weet b such that agy = wy for some wyyq € {0,a,1} \ {wi}. Note

that {0,1} and {a, 1} are terminated sequences. For example, if a sequence starts from a,
then the possible sequences are {a,0} or {a,1}. But, the latter is already terminated. In
fact, the possible terminated sequences starting from a are the following two:

{a,1}, {a,0,0,1},

because two waves must intersect at some negative time for the case {a,0,0,a}. Thus the
longest terminated sequence starting from a is {a, 0,0, 1}. Using this argument, we can prove
Theorem 1.4.

Proof of Theorem 1.4. Let u be an entire solution of (1.1) originating from & fronts and let
{ag, w1, -+, g, wi} be the sequence of u. As stated above, the longest terminated sequence
starting from a is {a,0,0,1}. This means that there are no entire solutions originating from
k fronts for k > 5 if a; = a.

For the case where the sequence starts from 0, {0,1} is terminated, while {0,a} is not
terminated. By combing {0, a} and the longest terminated sequence starting from a, we can
conclude that the longest terminated sequence starting from 0 is {0, a, a, 0,0, 1}.

Similarly, let us consider the case where the sequence starts from 1. If it starts from
{1,a}, then the longest terminated one is {1,a,a,0,0,1}. If it starts from {1,0}, then
combing {0, a,a,0,0,1}, we can obtain the longest terminated sequence {1,0,0,a,a,0,0,1}.
Thus the longest terminated sequence starting from 11is {1, 0,0, a, a, 0,0, 1}. Therefore, there
are no sequences for entire solutions originating from k fronts for k& > 5. 0

Remark 1. Taking the symmetry into account, we can check that the only possible sequences
with & = 3 are {1,0,0,a,a,1} and {1,0,0,a,a,0}. Moreover, the only possible sequence with
k=4is{1,0,0,a,a,0,0,1}.

3. SOME FUNCTION LINKING THREE-FRONT DYNAMICS

Set ¢ 1= =g, €2 := V1 < Clymae a0 C3 = V2 > Comin. Let ¢ = ¢;(z 4+ ¢it), i = 1,2,3, be
traveling fronts of (1.1) that satisfy
(3.1) { & (s) — cidi(s) + f(di(5)) =0, s€ER,
¢i(—00) = ai,  ¢i(o0) = w,

where (aq, w1, @z, ws, az,ws) = (1,0,0,a,a,1). Here the prime denotes the derivative with
respect to s. Note that ¢1(z) = 1o(—2) and ¢; = ¥;_1, i = 2,3. In this and next sections,
we assume

1+a

(3.2 B1(0) =35, ba0) =5 6a(0) =~
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By the nondegenerate condition on f, for p < 0, there are positive constants (3;,7;, ¢ =
1,2,3, and K > 0 such that

|0i(x + p)| < Kexp(Bi(z +p)), < —p,
(33) { 61(x + p)| < Kexp(—i(z +p)), = > —p.

In addition, there is a constant 7 > 0 such that

(1o1(z—p) 1] e —p) —
|¢\¢(5’1(ﬁ—)p)!0| STESP l\gg((x;p)), |§T, x> p,
3.4 2(z +p) — - e i
(3.4) |¢|?,2(i+>p)| | <7, z<—p, |¢|?,2(i+)p)|1’ <7 x>-p,
3\ T+P)—a B (7 4+ p) = )
el ST el STTETR

The key auxiliary function we found for linking three fronts is as follows.

Lemma 3.1. Set

(1= —a) +y(a =) —w)
(3.5) Qy,z,w) = z+ (1 )(1_y)z(1—a)+(a—z)(1—w)'

Then the following three statements hold:
(i) @ can be rewritten as
(1—a)(w—-y)
1—y)z(1—a)+ (a—2)(1 —w)’
w+ (a—2)(1 —w) — v

y+(1—y)z
(36)  Qy,zw) = (

(1-yz(1l—-a)+(a—2)(1—-w)
(ii) There exist functions Q;, i = 1,2,3, such that

Qy(y7 Z7w) = (CL - Z)(l - w)Ql(fU; Z7w)7
QZ(y7Z7w) = (1 - y)(l - U))Qg(y, va)v
Q'w(yu va) = (1 - y>ZQ3(y7 Zaw)'

(iii) There exist functions R;, j =1,---,16, such that

Quy(y, z,w) = 2Ry (y, z,w) = (a — 2)Ra(y, z,w) = (1 —w)Rs(y, 2, w),
Q..(y,z,w) = (1 —y)Ry(y, z,w) = (1 — w)Rs(y, 2, w)

= yR(y, 2, w) + (w — a) Rz (y, z,w),
Quu(y, 2,w) = (1 = y)Rs(y, 2, w) = 2Ry (y, 2, w) = (a — 2) Rio(y, 2, w),
Qu:(y,z,w) = (L —w)Ru(y, z,w),  Quu(y,z,w) = (1 —y)Ria(y, z,w),
Quu(y, z,w) = (L —y)Ris(y, z,w) = 2R14(y, z, w)

= (a — 2)Ri5(y, z,w) = (1 — w)Ryg(y, 2z, w).

Proof. Obviously, the function Q(y, z,w) defined by (3.5) allows the expression as (3.6).
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By a simple calculation, we can derive

a(l—2)(a—2)(1 —w)?

Qy(y, 2, w) = [(1—y)z(1—a)+ (a—2)(1 —w)?’
(I =a)a(l-y)(1 —w)(w—y)

Qz(%sz) - [(1 — y)z(l — CL) + (CL - Z)(l - w)]z’

Qu(y, z,w) = a(l —a)(1 —y)*z(1 - 2)

(1 =y)z(l —a) + (a—2)(1 —w)*

Hence, the conclusion (ii) holds.
For the statement (iii), we compute the second derivative of function @) and obtain that

2(1 —a)az(a —2)(1 - 2)(1 —w)?

Ol =) = [T =0+ (= 2 — )
0l = T
Qeetns) = (e S
- LI e
R (== (B s (=
Qe z) =~
Thus, we get the conclusion (iii) and the lemma is proved. 0

With this auxiliary function ), we can construct a suitable pair of super-sub-solutions.
For this, we put u(z,t) = U(&,t) with € ;== x +¢t and ¢ = (¢; + ¢2)/2 = (—vo +v1)/2. Then
(1.1) becomes

(3.7) U, = Uge — e + f(U), €€R.
We can easily check that (3.7) has traveling wave solutions
U= ¢1(§ = s1t), ¢2(£+ sit), d3(E+ sat),
where s1 = (cs — 1)/2 = (1 + 10)/2 > 0, by (L.8), and
521 05— T = (205 — €1 — €2)/2 = (203 + 09— 11)/2 > (g — v1)/2 > 51.

Now we consider

U(E,t) = Q(¢1, 92, 93), o1 = ¢1(§ — qu(t)), d2 = d2(§ + q2(t)), 3 = ¢3(€ + a3(1)),
where ¢;(t) < 0,7 =1,2,3, and —¢o(t) < —qs3(t). Set

T[U] = Ut - Ugg +EU§ - f(U)
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Then

TIQ(P1, b2, 03)] = —Qy91(dh — 51) + Q.05(q5 — 51) + Qus(d5 — 52)
_G(¢17 ¢27 ¢3) - H(¢17 ¢27 ¢3>

where

G<¢1> ¢27 ¢3) = ny{gbll}2 + sz{¢é}2 + wa{%}z + 2[Qyz¢/1¢/2 + Qngbll(bg + sz@bé(#s]a
H(¢1, ¢a, ¢3) = f(Q) — ny(¢1) = Q.f(d2) — Quf(93)-

From (3.6) and Lemma 3.1 we see that

H(l,z,w) = f(Q(L, 2,w)) — Qy(L, 2,w) f(1) — Qx(1, 2,w) f(2) — Qu(1, 2,w) f(w) = 0,
H(y,0,w) = f(Q(y,0,w)) — Qy(y,0,w) f(y) — Q.(y,0,w) f(0) — Qu(y,0,w) f(w) =0,
H(y,a,w) = f(Q(y,a,w)) — Qy(y, w) f(y) — Q:(y, a,w) f(a) — Qu(y, a,w) f(w) =0,
H(y, 2, 1) = f(Qy,2,1)) = Qy(y,2, ) f(y) — Q.(y,2,1) f(2) — Quly, 2, 1) f(1) = 0,

which implies that there is a smooth function H; satisfying
H(y, z,w) = (1 —y)z(a — 2)(1 —w)Hi(y, 2, w).
Since (0, z,a) = z and Q.(0, z,a) = 1, we have
H(0,2,a) = f(Q(0, 2,a)) — Q(0,2,a) f(2) = 0,

which implies H1(0, z,a) = 0. Applying the mean value theorem to H; yields
1
Hi(y,z,w) = / Hyy(0y, 2z, 0w+ (1 —0)a)dl - y
0

1
+/ Hiy(0y, z,0w + (1 — 0)a)dl - (w — a).
0

Thus we obtain

(3.8) { H{y, 2 w) = (L= )zlyHuy, 2, w) + (v = ) Hioly, 2 w)],
H(y,z,w) = (1 —w)(a— 2)[yHa(y, z,w) + (v — a) Ha(y, z, w)]

for some functions H,

ijs 4,7 = 1,2.

Lemma 3.2. For qi,q2,q3 < —0 < 0, there exist positive constants €1, €3 and €3 such that

Qy(P1(€ — q1), D2(§ + q2), #3(§ +q3)) > €1 for § < —qo,
Q-(01(§ — q1), p2(§ + @), #3(§ + q3)) > €2 for 1 <& < —gs,
Qu(d1(§ — q1), P2(§ + q2), @3(§ + q3)) > €3 for £ > —qo.
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Proof. Recall (3.2). Then

S SL0S b€+ @) € 5 a<dyl€+a) S — for E < g,
0< o€ —a) <5 0< o€ +@) <5, a < dul§+q) < —— for g <€ <~
0< € —a) <5 5 < Al6+a) Sa, a<d(§+q) < —— for —g <ES —gs,
D<GE—a) S5 o <oulEtm) Sa T2 <oulEt )< 1hor € g

when q1, ¢2,q3 < —9. Then we have

3a(l —a)
2

(3.9) W9 < (1)1 - 6 + (0 - 62)(1 - ) <

fOI' § S R? 41,492,493 S _6
By Lemma 3.1, for ¢q, g2, g3 < —6, we derive that

Qy(1(€ — q1), 2(§ + q2), 93(§ + g3))
_ a(l = ¢o)(a — ¢2)(1 — ¢3)°
(1= 91)¢a(1 —a) + (a — ¢) (1 — ¢3)]?
a(l = a/2)(a/2)(1 - (a+1)/2)* _2-a
- [Ba(l —a)/2]? 36

fOI' § S —(q2,

Q-(1(§ — q1), 92(§ + q2), #3(€ + q3))
(1 —a)a(l = ¢1)(1 — ¢3)(d3 — ¢1)
[(1 = ¢1)d2(1l — a) + (a — d2)(1 — ¢3)]?
- [(1—a)a(l—a/2)(1—(a+1)/2)(a—a/2) _ 2—a
- [Ba(l —a)/2]? 18

for ¢ <€ < —¢3, and

Qu(d1(€ — q1), P2(§ + q2), P3(§ + a3))
a(l —a)(1 — ¢1)%¢2(1 — ¢o)
[(1 = ¢1)da(1l —a) + (a — d2)(1 — ¢3)]?
a(l —a)(1—a/2)*(a/2)(1 - a) _ (2 —a)?
- [Ba(l —a)/2]? 18

for £ > —qy. Therefore, the lemma follows.
From Lemma 3.1, it is easy to check that there exists a positive constant C' such that

|Ri(01(§ — q1), 92(§ + q2), #3(§ + q3))| < C,
|Hmn(¢l<£ - q1)7 ¢2(£ + QQ)a ¢3(£ + Q3)>’ S C?
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for £ € R, q1,¢2,93 < =0, j = 1,---,16, and m,n = 1,2. Now, we define a function
F(¢1, ¢o, ¢3) as follows

F(01(§ — q1), 92(§ + o), #3(€ + q3))
= =Qy(¢1, P2, 93)01(§ — q1) + Q=(¢1, P2, P3)P5(§ + q2) + Qu(d1, P2, d3)P5(E + g3).

Then the function F' is bounded above for £ € R, ¢, ¢2, ¢35 < —9, since Qy, @, Qu, —¢}, ¢
and ¢4 are bounded above for £ € R, ¢1, ¢2, g5 < —0.

The next lemma shows that the function F' has a positive lower bound for £ € R and
q1, 92, q3 < —0, if ¢ is sufficiently large.

Lemma 3.3. There exists a sufficiently large constant 6 such that

F(¢1(§ —q1), 02§ + q2), 93(§ +q3)) > 0 for E €R, q1, ¢, 93 < —0.
Moreover, F(¢1, g2, ¢3) = F(¢1(§ — q1), 92(€ + q2), 93(§ + q3)) satisfies

(3.10) F (1, ¢a, ¢3) > %Qy’ébi(f —q)| for&<aq,
(B11)  F(61,02.65) > 3[@uI01E )l + Qulehe +a)l] fora<E<
(312)  F(¢r, 2, 05) = %[szb’z(& + @)l + Qulsh(E + w)l| for —a2 <€ < —as,

(3813)  Fl61.02.65) > 3Qulh(E )] for&> —as
when q1,qa, g3 < —0.

Proof. Since ¢1(—00) =1, ¢3(—00) = a, ¢1(§ — q1) is decreasing and ¢3(€ + ¢3) is increasing
for £ € R, there exists a gy < ¢; such that ¢1(qo — q1) = ¢3(q0 + q3), ¢1(§ — q1) > ¢3(€ + q3)
for £ < qo and ¢1(§ — q1) < ¢3(§ +q3) for g0 < § < q1. For ¢¢ < & < q1, we have
Q=(01(§ — q1), 92(§ + q2), #3(§ +¢3)) > 0 and

F(br, 62, 03) = —Qudy + Qudly + Qudl > —Qy 8, > 20,16}

by Qu, @5, @5 > 0. If § < go, we know that Q.(d1(§ — q1), 92(§ + ¢2), ¢3(§ + ¢3)) < 0. From
(3.3)-(3.4), we have |¢}| > (1 — ¢1)/7 and |¢h| < Ke”%. Then we compute that

F(01,62,05) — 5@l = 5 QI8 +Qu6 + Quity > SQuI01] + Q-0

S a(l — do)(a — ¢a) (1 — ¢3)*(1 — 1)
T 27[(1 = ¢1)d2(1 —a) + (a — @) (1 — ¢3))?
(1—a)a(l - ¢3)(1 — ¢1)(P3 — 1)
(1= ¢1)pa(l —a) + (a — g2)(1 — ¢3)]?
a(l —¢1)(1 — ¢3) a a a+1 g,
27 Ba(l —a)/2? [(1 -3)(a-3) (1 T ) +2r(1 —a)(a— K™
> 0

for ¢ sufficiently large. Therefore, (3.10) holds for £ < ¢; and ¢, g2, g3 < —9.
For £ > ¢, since @)y, @z, @y > 0, ¢} < 0 and ¢5, ¢4 > 0, we get the conclusion. 0

+ K eP2a2
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With Lemma 3.3, we now state and prove the following key lemma on the estimates to be
used later in verifying super-sub-solutions.

Lemma 3.4. There is a positive constant M such that

M(|¢5| + |¢5]) for £ <0,

H{dn, 0. 0) + Glon. dndn)| ) M (|65 +1¢54)) for 0 <€ <~

(3.14) F (61, 62, 65)

q3 + q2

M(l¢q| + 1)) for €= ==

for q1,q2,q3 < —0 with 6 > 1.

Proof. For the simplicity of notation, we denote the functions H;;(¢1, ¢2, ¢3) (1,7 = 1,2) by
HZ] Slmllarly we also omit (¢1a ¢27 ¢3) for H(¢1, ¢27 ¢3)7 G(¢17 ¢27 ¢3>a Qy(qbly ¢2a ¢3) and so

on.

First, we estimate |H/F|. For £ < ¢q, by (3.8), Lemma 3.2, (3.4) and (3.10), we have

H 2(1 — ¢1)po[p1 Hiy + (93 — a) Hio)
19 7 < | Q%]
2 2C7T2
< [Cloal + Clos = al) < =~ (16} + 1¢4)).

For ¢; <& <0, by (3.8), Lemma 3.2, (3.4) and (3.11), we have

(3.16) ‘H’ ‘2(1 — ¢1) P21 Hiy + (3 — a) Hy
Fl = Q01| + Q.||
201 — dulldallén][Hu| |, 211~ éulldslls — all Hao|
- @yl )| Q15|
2072 |¢h| N 2072 | g%
N €1 €

From (3.15)-(3.16), we obtain that

(3.17 | < MG+ )]+ e ) for € <.

For 0 < ¢ < —go, by (3.8), Lemma 3.2, (3.4) and (3.11), we have

H 2(1 — ¢1) a1 Hi1 + (93 — a) Hio]
(315) 7 <] Q1%
2|1—¢1||¢2||¢1||H11|+2|1—¢1||¢2||¢3—a||H12|
B Q5] Q||

2072404] |, 207%1¢5)

€9 €2

IA
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For —gy <& < (—q3 — q2)/2, by (3.8), Lemma 3.2, (3.4) and (3.12), we have

(3.19) ‘E‘ < '2(1 — ¢3)(a — ¢2g¢‘1£’21 + (¢3 — a) Ha)
< 2= dslla— bolldllHnl 211 = dslla— dallds — al|Han|
: Q:1¢%] Q-1
207%1¢| | 207 |¢)
= + .
€2 €9

From (3.18)-(3.19), we obtain that
H
(3:20) H

< My(6h(6 — @)l + |4(€ +ap)l) for 0<g < —BTE

For (—q3 — q2)/2 < & < —q3, by (3.8), Lemma 3.2, (3.4) and (3.12), we have

‘E‘ '2(1 — ¢3)(a — ¢2)[P1Ho + (93 — a) Ha
Q:|d5] + Qul s
2|1 — ¢slla — ¢ol|p1||Han| | 2|1 — ¢3lla — ¢al|¢s — al| Ha

(3.21)

N Q|| Qu 5]
20764, 207°I64)
€9 €3 ’

For £ > —qs, by (3.8), Lemma 3.2, (3.4) and (3.13), we have

<

H 2(1 — ¢3)(a — ¢a)[p1 Han + (¢3 — a) Hoo
3.22 —
o2 p| = | o
2 2072
< TL0Iil+ Cla— 6l < =7=(01] + 64
From (3.21)-(3.22), we obtain that
H
(3.29 | < MG E = )l s+ ) for €2 - B,
Next, we estimate |G/F|. For £ < ¢, by Lemma 3.1(ii), Lemma 3.2, (3.4) and (3.10), we
have
H < 9lQu(91)” + Qua(95)” + Quun(dh)” + 2010 + 2Quud & + 2Qzu P
F| = Qylo1
o[BIl ol - ol
€1 €1]¢f| €1]¢4 |
o <|Qyz||¢’2| L 0ullosl 11 - ¢1HR12|\¢’2H¢§|H
€1 €1 €]
CTK CtK CTK
< { 19|+ ——Ig5] + ——a5] +2 ( 4]+ ot + f|¢’2||¢g|>}

< 4(‘¢2’ + ’¢3|)

13
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For ¢; <& <0, by Lemma 3.1(ii), Lemma 3.2, (3.4) and (3.11), we have

'g' < 9 ’ny(¢/1)2 + sz(qsé)Q + wa(¢§,)2 + 2Qyz¢/1¢,2 + 2Qyw¢/1¢é + 2sz¢,2¢g‘
i QI+ Q:16%]

<y (r¢2||Rln¢a| L lQuliss] |¢2||R9||¢g|2>
€1 €9 €2|<Z5'2\
. (\%Hqﬁgy L 1Qulidsl |szn¢gr)
€1 €1 €9
CTK Cr c ... c. ., o C.,
< 2[ ! |¢2|+_|¢2|+ |¢3|+2(6_|¢2|+_’¢3|+_|¢3|)}
1 €1 €2

< M5(|¢2’ + [¢%]).

Then we obtain that

(3:20) 5| < Mallohs + )l 6406 + ) for € <0

For 0 < ¢ < —go, by (3.8), Lemma 3.2, (3.4) and (3.11), we have

'g‘ < 92 ‘ny(¢,1)2 + Qz2(¢é)2 + wa(¢§,)2 + 2Qyz¢,1(b12 + 2Qyw¢ll¢g + 2sz¢/g¢g|
B Qo]+ Q105
2 ('ny||¢3| . (1llRel + ¢ — allRrDIgS |¢2||R9||¢g|2)
o & cal )

\ (|@yzu¢a| L 1Quilloh] Iszll%\)

IN

€9 €1 €2

CtK

IN

[—w - g+ 1640 +

< Mq(|on] + !¢3D-
For —gy <& < (—q3 — q2)/2, by Lemma 3.1(ii), Lemma 3.2, (3.4) and (3.12), we have

'g ) Qyy(¢1)” + Qo2(95)* + Quuw(95)* + 2Qy- ¢ ¢ + 2Qyu @ P + 2Q0Ph P
F Q15| + Qul s
5 (|a — G| Ral| ¢} ]? n (I¢1][Rs| + [¢3 — al| R7|)|¢5] n !wa!|¢é|)

€25 € €3

o (122000 196, 10l

€9 €3 €2

|:CTK CrK

C C C
Eiogl+2(Ziotl + Siotl+ S|

IN

IN

|64 +

< Mg(|oy] + |¢3|)

Then we obtain that

c., c ., C
061+ b+ Sl +2 (Sl + Clotl+ b )|
2 €3 €2

(3.25) \— Mo(164(€ = a1)] + 6h(€ + aw)]) for 0 < € < —

q3 + q2
5



ENTIRE SOLUTIONS ORIGINATING FROM FRONTS 15

For (—g3 — q2)/2 < & < —g3, by Lemma 3.1(ii), Lemma 3.2, (3.4) and (3.12), we have
E' 1@y (61)* + Q:2(05)° + Quun(h)° + 2Qy: 410 + 2Quud) &% + 2020030
F| — Qz‘(ﬁé’ + Qw’¢g|
9 (’@— ¢2|U?2||¢/1‘2 i Q2195 i |a — ¢2||R10H¢é|)

€2¢%)] €2 €3

, <|@yz||¢a| L 9wl | |sz||¢'2|>

€2 63 €3

IN

IN

CrK c, , c. ., c. .,
{ T g+ —\¢2!+ !cbg\ (;!%H—!%H—\%!)}
2 €3 €3

< M10(|¢1| + |¢2|)-
For £ > —¢s, by Lemma 3.1(ii), Lemma 3.2, (3.4) and (3.13), we have

5 |Qyy (91)7 + Q=(¢5)? + Quw(93)” + 2Qy. 01 Ph + 2Qyud' 95 + 2Q0Pr 5|
Qu|d%]
< 9 Pl — ¢s3||Rs|#) |2 n |1 — ¢s3||Rs|| %] " la — ¢2HR10H¢§,’}
e3¢5 €3] 5] €3
i (|1 — ¢3||R1}||¢'1||¢/2| n |Qyuw!|#] L |sz||¢/2|>
€3|05| €3 €3
{OTK CtK CtK

il

IN

4]+ |¢2!

< My (o] + |¢2|)

Then we obtain that

G

B| < Mulioi(c - al +labie + ) or € > ~B T2

The lemma is proved by combining (3.17), (3.20), (3.23), (3.24), (3.25) and (3.26). O
Therefore, from (3.3) and (3.14), we have
|G(1, @2, 3) + H(¢1, d2, ¢3)]
F(¢1, ¢o, ¢3)KM{662(§+Q2) + 653(§+q3)}
F(¢1, ¢, ¢3) K M{e™% + 7%}

CT / / C / O /
Fioal+2 (ol + leil+ Sl

(3.26)

(3.27) <
<

for £ < 0;
| ( 27¢3)+H(¢1a¢27¢3)|
(3.28) < F(¢y,¢2, 03) KM{e™ ™ (E=a1) 4 653(£+q3)}
< F(¢r, do, p3) KM {en®  efslis—a)/2y
for 0 < ¢ < (—g3 — ¢q2)/2; and
|G (@1, P2, 3) + H (1, b2, ¢3)]
(3.29) < F(¢1, 0o, ¢3)KM{@’71(5*‘11) + eﬂz(@rqz)}
< (01,02, ¢3) KM {en® 4 erlima)/2y
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for € > (—g3 — q2)/2.

4. EXISTENCE OF ENTIRE SOLUTIONS - PROOF OF THEOREM 1.1

In this section, we always assume (1.8) holds. Then —vy < v; < 0 < vg and sg > s > 0.
To construct the functions ¢;, i = 1,2,3, in §2, we consider the following initial value
problems (cf. [10, 14]):

(4.1) Py =581+ Le™, —oo<t<0, pi(0)=po;
(4.2) py =82+ Le™,  —oo <t <0, pa(0)=po;
(4.3) rp=s—Le™, —oco<t<0, r(0)=r;
(4.4) rhy =8y — Le"™, —oco <t <0, 7ry0)=r,

where L > 2K M is a positive constant and

(52— 51)72 (52 —51)B3
481 ’ 481 )

In fact, the solutions can be written explicitly as

K := min {717 Y2, /827 637

1 I L(1 — ersity]
pi(t) = sit — —log |7 + L= e :
K L S1 ]
1 L(1 — e=1t)]
pa(t) = sat — —log |e™™° + L - e :
K L S1 ]
1 L(1 — erxst)]
r1(t) = s1t — —log |[e "0 — —( ) ,
K L S1 ]
1 [ L(1 — ers1t) ]
ro(t) = sot — —log |e ™0 — w .
KR L S1 ]

Now, we take py and rq satisfying

1 2L 1 2L
po = —— log (e‘m’o — —> <=0, 19 < ——log <— + e“5> ,
K

S1 K S1

where ¢ is defined as in Lemma 3.3. Then we have

Jim (pu(6) = r(6) = T (pa(t) = ra(t)) = 0.

1 L
lim (py(t) — s1t) = tLiI}loo(p2(t) — 5ot) = - log (e_“po + _) ’

t——o00 51
I t) —syt) = i 1) — spt) = —Llog (e - L
Jdm (r1(t) = s1t) = lim (r2(f) — s2t) = ——log { e S )

Also, there exists a positive constant N such that
(4.5) 0 <pi(t) —ri(t) = pa(t) — ra(t) < Ne™* for all ¢ <0,

and py(t), po(t),m1(t), r2(t) < —6 for all t <O0.
The next lemma shows the existence of super-sub-solutions of (3.7).
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Lemma 4.1. Define the functions U(£,t) and U(€,t) by

U(&,t) = Q(d1(& — pi(t)), ¢2(€ + p1(1)), d3(€ + pa(t))),
U(&,t) == Q(1(§ —71(t)), 2§ +11(1)), d3(€ + 12(t))).

)
Then (U,U)(&,t) is a pair of super-sub-solutions of (3.7) for t < to with some to < 0.
Moreover,

(4.6) UEt) > U t) for £€R, t<t,
(4.7) sup{U(&,t) — U(E, 1)} < pe™ for t<t,
£eR

for some constant p > 0.

Proof. First, we prove U(¢,t) is a super-solution of (3.7) for ¢ < ¢, with some ¢, < 0. By
(3.27)-(3.29), we have

|G(¢17 ¢27 ¢3) + H(gbla ¢2a ¢3)|
F(¢1, d2, p3) K M (PPt 4 ePop2) for £ <0,
< F(p1, ¢a, h3) K M (eM1P1r + ePslp2—p1)/2) for 0 <¢ < —

F(fr, 62, @) KM (091 + 2lom2)) - for ¢ > D202

P1+ P2
2 )

Moreover, we have
pa(t) — pi(t) = ra(t) —ri(t) = (s2 — s1)t = —00
as t — —oo. Hence, by the choice of k, there exists a t; < 0 such that

Bs(pa(t) — pi(t)) Ya(p2(t) — pi(?))

(4.8) 5 < kp1(t) <0, 5 < kpi(t) <0,

(4.9) 53(7“2(25)2— rilt) K (t) < 0, 72(T2<t>2_ rilt) Ky (t) < 0

for all £ < t. Thus, by (4.8), we get

(4.10) |G(¢1, @2, d3) + H (b1, 02, 03)| < 2F (91, da, p3) K Me™".

Then we obtain

TO] = —Qué1 (P — 1) + Q05(0) — 51) + Quy (P — s52) — G(d1, P2, 03) — H(d1, P2, b3)

> F(¢1, 02, 03)(L —2KM)e™ >0

by (4.1), (4.2), (4.10) and Lemma 3.3. Hence U(¢,t) is a super-solution of (3.7) for t < to.
Next, we prove U(&,t) is a sub-solution of (3.7) for ¢ < ¢y. By (3.27)-(3.29) and (4.9), we
have

(4.11) G (b1, b2, b3) + H (b1, bo, d3)| < 2F (¢, po, p3) K Me™.

Then we obtain

TIU] = _Qy¢/1(7’/1 — 51) + Q.05(r) — 51) + Quds(ry — 52) — G(¢1, b2, P3) — H(1, P2, ¢3)
< _F(¢17¢27 ¢3>(L - ZKM)GKTI < 0
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by (4.3), (4.4), (4.11) and Lemma 3.3. Hence U(¢,t) is a sub-solution of (3.7) for ¢ < .
Finally, by (4.5), Lemma 3.3, the function F is bounded above and

U(f,t) _Q<£>t)
= Q(d1(& —pi(t)), 92(& +pi(t)), P3(§ + pa(1)))
—Q(¢1(§ —71(t)), P2 +11(2)), P3(€ + 72(t)))

= /0 F(p1(§ = 0p1 — (1= 0)r1), ¢2(§ + Op1 + (1 = 0)r1), 3(§ + Opa + (1 — 0)ra))df

X<p1 - 701)7

(4.6) and (4.7) hold. Hence the lemma is proved. O

Now, we have a pair of super-sub-solutions of (3.7) satisfying (4.6). By using the same
method as in [8, 10], the existence and uniqueness of entire solutions of (1.1) can be shown
as follows.

Theorem 4.2. There exists a unique entire solution u(z,t) of (1.1) such that
U(x +vet,t) <ulw,t) < Uz +ct,t)
for all z € R and t <ty where the functions U and U are defined as in Lemma 4.1.

Finally, we consider the asymptotic behavior of the entire solution in Theorem 4.2 as
t — 4o00. Since ro(t) — (s1 + $2)t/2 — —o0 and (s1 + $2)t/2 — r1(t) = —o00 as t = —o0,
there exists a constant 7' < 0 such that

ro(t) < 252 <)
for t < T. Define
1 L
(4.12) 0 :=——1log <e_’"° - —) :
K S1

By a simple computation, there exists a constant p > 0 such that
(4.13) —pe™tt <y (t) — 51t — 0 = 1ro(t) — so(t) — 0 < 0.

The next theorem shows the asymptotic behavior, as t — —oo, of the entire solution obtained
in Theorem 4.2.

Theorem 4.3. Let u(x,t) be an entire solution obtained in Theorem 4.2. Then (1.9) holds
for the constant 0 defined by (4.12).
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Proof. Recall that & := z +¢t. For x < —(c1 + ¢2)t/2, we have £ < 0 < —r(t). By (4.7),
(3.3), (3.4), (3.6), (3.9) and (4.13), we derive that

IN I/\’\

VARVAN

IN

z,t) — pr(z + et = O)[ = [U(&, 1) — ¢1(€ — s1t — 0)]
UEt) — U]+ U t) — ¢1(§ — s1t — 0)]
U, 1) = UE D] + o1 (€ = r1(t) — (€ — 51t — O)| + |pa(€ +71(1))] -
(1 —a)(I = o1(§ — () (P3(€ +12(t) — d1(§ —11(2)))
(L= ¢1(€ = ri(8))2(§ + () (1 — a) + (a — d2(§ + r1(1))) (1 — @3(€ +72(1)))
[U(&t) = U )] + |¢1(€ = 71(t) — ¢1(€ — s1t = O)] + mulda(E + 71(1))]
pre"*t 4 Sup 61O (8) = sut — 0] + 7 Ke® @)

IQ IQ

Menslt + erlislt + anKeﬁzrl(t)

for ¢ < min{to, T}, where 7, = 8/a.

Now we consider —(¢; + ¢2)t/2 < 2 < —(cg + ¢3)t/2. This implies that 0 < £ < —(s1 +
s9)t/2. Recall that —(sq + s9)t/2 < —ry(t) for t < T. By (4.7), (3.3), (3.4), (3.5), (3.9) and
(4.13), we have

IA A

IN IN

VARVAN

1) = @a(x + ot +0)[ = [U(E, 1) — da(§ + 1t + 0))|

UEt) = UE O]+ |UE ) — ¢2(E + 51t + 0)]
[U(&,t) = U (& 1)+ |92(€ +71(t) — d2(€ + st + 0)| + [ds(€ + 72(t)) — al -
(1= ¢a(§ +m2(t))(L = ¢1(§ — i (1)) 2(€ + 12(t))
(1 =1 (€ = m1(1)) 2§ +r1(8)(1 — a) + (a — ¢2(§ + 71(2))) (1 — ¢3(€ + 72(1)))
[@1(€ —r1(2))] -
(1= o(§+71(2))(a— 2§+ 7i(1)) (1 — d3(§ + 12(t)))

(L= ¢1(€ = ri(8))2(& +m1(8)) (1 — a) + (a — d2(£ +r1(2)) (1 — @3(€ +12(1)))
U, t) = UE )] 4 |p2(& + 71(t)) — da(& + s1t + 0)]

+m2(|03(€ + r2(t) — al + |¢1(€ —ri(D))])
pue"* 4 Sup 95 (1 (t) — s1t — 0 + ma([d3(§ + 7a(t)) — al + [1(§ — 71(2))])

+

Menslt + erlislt + 7,’27_[((663(54‘7“2@)) + 6—’)/1(5_7"1(75)))
[L@Hslt _{_ernslt +,,727_K(663(—(S1+52)t/2+7“2(t)) +671T1(t))

for t < min{to, T'}, where 7o = 4/(1 — a).
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For the case x > —(ca + ¢3)t/2, we have £ > —(s1 + $2)t/2. Also, for t <T', we know that
—(s1+ s2)t/2 > —ry(t). From (4.7), (3.3), (3.4), (3.6), (3.9) and (4.13), we show that

lu(z,t) — ¢3(x + cat + 0)| = |U(E,t) — ¢p3(€ + sot + 60)|
< U ) = UE D]+ |U(E:T) — ¢3(E + sat +0))
< |U(E ) = U(E )] + [ds(€ +72(t) — d3(€ + sat + 0)] + [a — o (& +71(1))] -
(1= d3(§ +12(1)))(¢1(§ = r1(t)) — d3(§ +7m2(1)))
(1= ¢1(§ = m1(1))) @2 + r1(8)(1 — a) + (a — ¢2(§ + 71(2))) (1 — ¢3(£ + 72(1)))
U(,t) = UE )] + |¢3(& +72(t)) — d3(€ + sat + 0)] +13a — o(§ +11(2))]
pe"rt + Sup |05(O)Ira(t) — sat — 6] + mar K e+

VARVAN

IN

Menslt+ernslt+n37_K€'yg((sl+32)t/2fr1(t))

for t < min{ty, T'}, where 73 = 8/a.
Therefore, the theorem is proved. 0
Finally, the asymptotic behavior, as ¢ — oo, of the entire solution obtained in Theorem 4.2
follows directly by a result in [6]. This completes the proof of Theorem 1.1.

5. PROOF OF THEOREM 1.2

Since the proof of Theorem 1.2 is quite similar to that of Theorem 1.1, we only point out
the main differences in this section.

First, as in §3, (3.1) holds for ¢; = —vg, o = vy, 3 = —0; and ¢1(s) = Yo(—s), P2(s) =
1(s), ¢3(s) = @Zl(—s), where (g, wr, e, ws, ag,ws) = (1,0,0,a,a,0). The key auxiliary
function we found for linking these three fronts is as follows

S O p)aa—w)(=2) + yla— (1 - 2)
G Q) =z (R i ra—

Similar to Lemma 3.1, we have the following lemma on some properties of this function.

Lemma 5.1. The following three statements hold:

(i) Q can be rewritten as

a(w —y)
_ Y+ =yzg—

w+(a—z)w(1 —y)za+ (a—2)w’

(ii) There exist functions Qi, i =1,2,3, such that
Quly. 2 w) = (a = 2wy, z,w),

Q-(y, z,w) = (1 — Y)wQs(y, 2, w),
éw(yvzaw) = (1 - y)2@3(y7z7w)‘
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(iii) There exist functions R;, j =1,--- 14, such that

Quyy. .w) = 2Ra(y, z,w) = (a = 2)Ry(y, 2, w) = whRy(y, z,w),
Qux(y, 2 w) = (1 = y)Ra(y, z,w) = wRs(y, z,w)
=yRs(y, z,w) + (w — a)R7(y, z,w),
Quuw(ys ,w) = (1 — y)Rs(y, 2,w) = 2Ry(y, z,w) = (a — 2) Rio(y, 2, w),
Qu:(y,2,w) = wRi(y, z,w),  Quu(y, z,w) = (1 - y)Rua(y, 2, w),
@yw(y, z,w) = zR13(y, z,w) = (a — 2) Ri4(y, z, w).
Now, set ¢ = (c1+¢2)/2 = (—vo +v1)/2, s1 = (c2 — 1)/2 = (vp +v1)/2 > 0 and
So =c3g—¢= (=201 +vg—v1)/2 > s1. Replacing @ by @, we have the same conclusion as

in Lemma 3.2. However, to get the positivity of ()., we need ¢35 — ¢ > 0 for ¢1 < £ < —q3.

Therefore, we replace (3.2) by
a a
$1(0) = T $2(0) = ¢3(0) = 5

Next, for Lemma 3.3 we need to change the definition of F' as follows:

F($1(§& = q1), 02(& + @), d3(& + %))N N
= —Qy(d1, 2, $3)91(§ — q1) + Q=(d1, P2, $3) D5 (€ + G2) — Qu(P1, P2, P3)P5(€ + q3).

Then the proof of all estimates in Lemma 3.3 is similar, except the proof of (3.13). Indeed,
for this Q, we do not have the positivity of Qz for £ > —q3 because of 0 < w < a. Thus we
assume the extra condition

(5.2) g —qe < —0

to guarantee this lemma. More precisely, when £ > —g3, we know that |¢| > ¢3/7 and
¢ < Kerla—2) < Ke™29 by using (5.2), (3.3) and

e <neso Bagtan oz
(s s
(5.3) |%ig]’ TS§0,|T;L”’<ﬂSZQ
I¢3(5) - al I¢5(5) - 0]
L Tger =70 Tger =70

for some positive constant 7. Then we obtain that

1~
F(¢1, ¢2,¢3) — 5@w|¢§|
- ~ 1~ - -
= Qo+ @t + S Buldh] > Gudh + 5 Quldl

(1= 6)os(ds— &), 1 (4—a)
N [(1 - ¢1)¢2a + (a — ¢2)¢3]2¢2 + 144 ?3
S a2(1—0)(0—a/4)K b (4 —a)?

(a/4)? c 2881 | =
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and (3.13) follows. With Lemma 3.3, the same proof as before can lead to Lemma 3.4. In
particular, we also have the estimates (3.27)-(3.29).
Now, we consider the the functions U(,t) and U(€,t) by

U(&:1) = Q(o1(& = 7r(1)), 62(& +7r(1)), 8s(& + Pa(1))),
U(&,) 1= Q1€ = Fa()), 6a(& + 71 (1)), d9(€ + 7a(1))

Here p; and 7;, ¢ = 1, 2, are the solutions of the following initial value problems:

Py =s1+ Le™,  —oo <t <0, pi(0)=7po,

7 =5 — Le™, —oo<t<0, 7(0)= ",
Py =82 — Le™,  —oco <t <0, pa(0) =,
7y=sy+ Le™, —oo<t<0, F(0)=7po,

where py = pg, 79 = 1o are the same as in §4, L > 2K M is a positive constant and

(82 - 51)’72 (82 - 51)53
451 ’ 451 .

K 1= min {’717 V2, 527 537

It is easy to show that

U [ sy L —em)]
Bu(t) = sit - L1og [em 4 FLZED]
K L S1 ]
1 [ s L1 —emi)]
Pa(t) = sot + —log |e™™ + L= e + Do + To,
I L S1 ]
1 B _ L 1 KkSs1t) ]
71(t) = st — —log |e "0 — —( ) ,
K L S1 ]
R 1 r ~ L(1 — enslt T ~ ~
T’Q(t) = 52t+ Elog e o — % + po + 7o.
L 1

Notice that, since we have ps(t) — p1(t) — —o0 and 7o(t) — 7 (t) = —o0 as t — —o0, there
exists a ty < 0 such that

Po(t) —p1(t) < =6 and  7o(t) — 71 (t) < =6
for all t < ty. Also, there exists a positive constant N such that
0 < pi(t) —71(t) = To(t) — pa(t) < Ne™* for all t < 0.

Then Lemma 4.1 can be easily proved.

With Lemma 4.1, we then have the existence of entire solution connecting three fronts
¢i, © = 1,2,3 as that of Theorem 4.2. The asymptotic behavior, as t — —oo, of this entire
solution (namely, (1.11)) can be proved similarly as that of Theorem 4.3 by defining

1 . L 1 . L
0, := —=log (e—m‘o _ —) , By = —log (e_mo - —> + Po + To-
K S1 K S1

Note that the fact that

’fl (t) — Slt — 91‘ S peﬁslt, ’fg(t) — SQt — 92‘ S peﬁslt
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for some positive constant p was used. Finally, the asymptotic behavior, as t — oo, of this
entire solution follows directly by a result of [6]. This completes the proof of our second
main theorem, Theorem 1.2.

6. PROOF OF THEOREM 1.3

First, recall the rational function @) defined by (3.5) and p; defined as in §5. Let
—Vp + U1

f=_N0TU g
¢ 2

and take ¢(0) = a/4 and 91(0) = a/2. Then, according to [14, Proposition 3.2 and §4] or
a proof similar to Theorem 1.1, the function

Ul(xa t) = Q(%(—ff —ct + ﬁ1<t))7 ¢1($ +ct + ﬁl(t))7 CL)
is a supersolution of (1.1) for t < —1. Note that

y(l —z)(a —2)
a—yz '

Qy, z,a) =z+

Lemma 6.1. Set U(z,t) := Uy(—|z|,t). Then U is a supersolution of (1.1) fort < —1.
Proof. We have

Uva(,t) = =Qy - ¥~ — et + pi(t) + Q= - ¥y (w + 2t + pu(t))
where

Qy = Qy(o(—z — 2t + pi(t)), 1(z + ¢t + pu (1)), a),
Qz = Qz<w0<_x —ct +251(t))71/11(55 +ct +ﬁ1<t))7a)'
Recall that o(—ct + p1(t)) — 0, (¢t + p1(t)) — a as t — —oo. Using

Uz =TI Qna = SEEIE,
and (5.3), we have
Uy(07,t) >0
for t < —1. Therefore, U is a supersolution of (1.1) for t < —1. O

Proof of Theorem 1.3. Because we already have a supersolution, we need to construct a
subsolution. To construct a subsolution, we borrow @ in the proof of Theorem 1.2, namely,

@(ya Z,U)) =y+ <1 - y)z(l — yglizj—:(ya)— Z)U)

and define
U(x,t) := QWO(—IE —Ct+ 7)), Y1 (x + et +71), Y (=2 — ¢ — T3)),

where 73(t) := 75(t) — po — 7o + 1 with 7; := 7(t), i = 1,2, defined as in §5 and here we take
c3 = —C2, P3(8) = ¢o(—s). Then this U is a subsolution of (1.1) for ¢t < —1.
We claim that U(z,t) — U(x,t) > 0 for x € R and t < —T with some sufficiently large T'.
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First, we consider z < 0. Because Q(y, z,a) — Q(y, z,w) > 0 for y € (0,1), z € (0,a) and
w € (0,a), we can easily check that

Qpo(—x —ct +71),Y1(x + ¢t +71),a)
—Qo(—x — et +71), U1 (x + Tt + 71), ¥ (—x — T — 75)) > 0.

Then we obtain

U(x,t) —Ul(x,t)
> QWo(—z =t +p1), i(x +2ct+pr),a) — Q(o(—x — ¢t +71), 1 (x + ¢t + pr1), a)
+Q(Yo(—x — ¢t + 1), 1 (x + et +p1),a) — Q(o(—x — e + 1), 1 (x + ¢t +71),a)
1
= / Jdo - (p1 — 1)
0
where
J = Qu(o(—z — 2t +0p1 + (1 — 0)71), ¥u(x + et + pr), @)y (—x — ¢t + 0py + (1 — 0)71)
+Q:(Yo(—x — et +71),¢1(x + et + 0py + (1 — 0)71), @)y (z + ¢t + 0p1 + (1 — 0)7).
Using this, we divide our discussion into two cases: 1y(—z—ct+71) < a and ¢o(—z—ct+77) >
a.
When 1)y(—z — ¢t +71) < a, we have @, > 0. Then it is easy to see that U — U > 0, since
we always have @, > 0.

Next we consider the case where ¢o(—z — ¢ + 71) > a. Note that p;(t) > 7(t) for ¢t < 0.
Because ¢g(—x — ¢t +71) > a > a/2 = 1¢y(0) and 1)y is increasing, we have

O<-—z—ct+m<—z—c+0p+(1—-0)r <—x—=2t+p,
z+ct+m <z+ct+0p+1-0) <z+ct+p <7 +p <O.

for any 6 € [0,1]. This implies that

Yo(—x —ct 4+ 0p1 + (1 = 0)71) >

Y

N

O<ti(x+ct+p),i(z+ct+0p+ (1—0)r) <

N

Thus we have

B ala — Py (z + ¢t + p1)|[1 — i(x + ¢t + 1) . ~ Y

R PR G N R T MY N t+0h (1= 0R)
ala — Po(—x — ¢t + 71)][1 — o(—x — ¢t + 71)]

[CL — wo(—x —ct + fl)@bl(x —f-Et + 9]51 + (]_ — 9)7:1)]2

ala- “/2632(1 =YD et + B+ (1 — B)7)

_da(1—a)[1 - ‘202(_35 —c fl)]wg(:c +ct+0p + (1 —0)r).

i (x+ct+0py + (1 —0)ry)

v
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Also, by the facts ¢} (s)/(1—1o(s)) < Afor s > 0 for some positive constant A and p;—71 < N,
we know

1 —tho(—x —ct +71) TR EOT () NA
= SRR VAR .
T—do(—z—ct+0p+(1L—0)n) {/ T— (O =

Using (3.3) and (3.4) yields
(a—a/2)(1 —a/2)[1 —tho(=x =t + 0p + (1 — 0)71)]

J =
at
A1 = a)[1 = ¢o(—z —et +71)] o0
a
> 1- %(—:E —ct+0p, + (1 — 9)7‘1) 0(24— a) . 461\/,\7_(1 . a)Ke_BZ‘S =~ 0
at

by taking 6 := —7(—=T) — 1 (—T) sufficiently large. Hence we obtain that U — U > 0 when
Yo(—x —ct+71) >aand t < —T.

Next, we show U(z,t) — U(z,t) > 0 for z > 0 and t < —T with some sufficiently large 7.
For this, we write

U(x,t) —Ul(x,t)
= Y(—x+c+p1) —Yi(—x — ¢t —73)
+w0(x —ct+p1)a— i (—z 43¢t +p1)][l — Y1 (—x + ¢t + py)]
a— Yo(z —¢t +p1)Y1(—x + ¢t +py)
[(1, — Zﬁl(l' +ct + fl)]wl(—l' —ct — fg)[’ll)g(—ﬂf —ct + fl) — ’QZ)l(—{lf —ct — ’Fg)]
It is easy to check that

(6.1)

O<—ct—7r9+py+79<ct+p <ct—p

for t < —T with some sufficiently large T" by the facts p; < 0,

B ~ ~ ~ 1 - L(l _ emslt)_
—ct —To+po+ 79 = —cgt — —log | — ———=
K S1
3 ~ 3 _ B _ 1 6—nf0 — L(l—s—e:slt)_
ct+pp — (—Ct —T9+ Po + ’I"o) = E log e T(rer )
s1 _

Also, since 11 is increasing, we know that ¢y (—x + ¢t + p1) > 1 (—x — ¢t — 73).

For 0 <z < —¢t — Ty + Po + 7o, we have ¢ (—x — ¢t — 73) > 11(—1) >0, 0 < ¢); < a and
Yo(—x — ¢t +71) — 0 as t — —oo. Then it follows from (6.1) that U(z,t) — U(x,t) > 0 for
t < =T with some sufficiently large T'.

For —¢ct — o+ Py + 7o < o < ¢t + Py, we have 1 (—x +ct+p1) > ¥1(0), Y1 (—z —ct —73) <
Y1(—1) and o(—x — ¢t +71) — 0 as t — —oo. Again, by (6.1), we obtain that U — U > 0
for t < —T with some sufficiently large T'.
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For = > @ + p;, we know ¢1(—x + ¢t + p1) < ¥1(0) = a/2 and o(x — ¢t + py) >
Yo(—x — ¢t +7), by x — ¢ + p; > —x — ¢t + 7 and ¢y and ¥ are increasing. Also, as
t — —o0, we have ¢ (z 4+ ¢ + 71) — a, since

Z’+Et+f1 2 2Et+ﬁ1+f1

— OQ.

1 L —emt)] 1 L L(1— et
= 2c9t — —log [6_“’0 + g] — —log {e""o _La=-em)
K

S1 S1

From (6.1), we obtain that

Uz, t) — U(x,t)

> i(—z+7+p1) — hi(—x -t —73)
la — 1 (—z + 2t + p1)][1 — Y1 (—x + Tt + pr)]

a —Po(x — ¢t + pr)i(—z + ¢t + p1)

[a — 1 (x4 Tt + 71) | (—x — &t — 73)

(1 —to(—x —ct+7)|i1(z+ct+ 7))+ [a— 1 (z+ T+ 7)o (—x — Tt — T3)
la — 1 (x + Tt + 71) 1 (=2 — ¢t — T3)ih1 (—x — ¢t — 73)

(1 —to(—z —ct +71)r (@ +Ct +71) + [a — i (@ + ¢t + 7)o (—x — Tt — 73)

+ =0

for t < —T with some sufficiently large T'.

Since we have the supersolution U(x,t) = Uy (—|z|,t), the subsolution U(x,t) and U(x,t) >
Ul(z,t) for z € R and t < —Tj with some sufficiently large Ty. For T' > T, let us denote the
solution of (1.1) with the initial function wy by u(x,t;ug). Consider the following solution
ul(z,t) == u(z,t + T;U(-,—T)), we see that

Ulx,t) <ul(z,t) < U(z,t)

for any € R and ¢ > —T. By the uniqueness and u” (v, —T) = U(z, -T) = U(~z,-T) =
ul(—x, —=T), we have u” (—z,t) = u” (x,t) any z € Rand t > —T. Note that, by comparison,
ult >y if Ty < Ty. Thus u™ := limy_ v’ is well-defined. Then we obtain that «*> is an
entire solution of (1.1) which satisfies

Uz, t) <u™(x,t) < Ulx,t)

and u™(—xz,t) = u™(z,1).
Finally, we claim that u(z,t) = u™(x,t) satisfies (1.12). For z < 0 and ¢ < 0, we have

L(1 — erst)
S1

KTQ

—x —7¢t—73 > —ct — (—v; —¢)t — —log |e” —1>ut+7—1
K

and

i~ = 2t = )

7K exp(—7(—x — ¢t — 73)) < 7Kje” 2"

a—wl(—x—ét—fg)

IN A
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where K; = Ke 20=1 Tt follows that

Q(wo(—l’ —ct+ 7:1),¢1<1' +ct + 7:1),&)

—Qo(—z —Ct + 1), 1 (z + Tt + 1), U1 (—x — Bt — 73))
(a—0)1+a(l—0)a

< all=O)fa—th(~w — 2t = )| s
< Kape
where
K, .= S+ oKy

Now we choose k1 = min{x, —y2v1/s1}. By the facts Q,, Q., ¥§, ¥] are bounded, (4.5) and
the last inequality, we obtain that

U(r,t) — U(x,t) < Kze™' 4+ Koe " < (Ky + K3)e™*', <0, t<0,

for some positive constant K3. By a similar argument as in the proof of Theorem 4.3, we
obtain that

tim { sup fu(e,t) = Yo(—a +vot +0)| +  sup Ju(w, ) — vr(x + it + 0)| } = 0.
t——00 z<wi (t) w1 (t)<z<0
Since u(z,t) = u(—=z,t), (1.12) is proved.

Finally, the asymptotic behavior (1.10) can be derived as before and thereby the proof of
Theorem 1.3 is completed. O
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