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ABSTRACT. For a Mori dream space X, the Cox ring Cox(X) is a Noetherian Z"-
graded normal domain for some n > 0. Let C'(Cox(X)) be the cone (in R™) which
is spanned by the vectors @ € Z™ such that Cox(X)q # 0. Then C(Cox(X))
is decomposed into a union of chambers. Berchtold and Hausen [2] proved the
existence of such decompositions for affine integral domains over an algebraically
closed field. We shall give an elementary algebraic proof to this result in the case
where the homogeneous component of degree 0 is a field.

Using such decompositions, we develop the Demazure construction for Z™-
graded Krull domains. That is, under an assumption, we show that a Z"-graded
Krull domain is isomorphic to the multi-section ring R(X; D1, ..., D,,) for certain
normal projective variety X and Q-divisors Dy, ..., D, on X.

1. INTRODUCTION

Let A = @,,>04,, be a Noetherian normal graded domain over a field k = A,.
Then, by the Demazure construction [4], [5], [17], [19] !, there exists a normal pro-
jective variety X over k and a Q-divisor D such that dD is an ample Cartier divisor
on X for some d > 0, and A is isomorphic to

@HO(X7 OX(TD))
r>0
as a graded ring. When X = Spec(k), we think that 0 is the unique Q-divisor, and
it is an ample Cartier divisor.
One of our aims in this paper is to develop the Demazure construction for Z"-
graded Krull domains (Theorem 8.6 and 8.9). For a normal projective variety X
and Q-divisors Dy, ..., D,,, we put

T1,..sTn €L i=1

It has a Z"-graded ring structure, and is called the multi-section ring with respect

to X and Dy, ..., D,. Under an assumption, we show that a Z"-graded Krull
domain is isomorphic to the multi-section ring R(X; Dy, ..., D,) for certain normal
projective variety X and Q-divisors Dy, ..., D, on X. In the case of Z"-graded
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1Some people call it the Dolgachev-Pinkham-Demazure construction.
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affine integral domain over an algebraically closed field of characteristic 0, Altmann
and Hausen developed another generalization of the Demazure construction using
proper polyhedral divisors in Theorem 3.4 in [1]. In their construction, the given
ring itself is not equal to a multi-section ring. However, using proper polyhedral
divisors, they patch together multi-section rings to obtain the given ring.

Even if Dy, ..., D, are ample Cartier divisors, R(X; Dy, ..., D,) is not necessary
a Noetherian ring. We remark that R(X; Dy, ..., D,) is a Noetherin ring if and only
if it is finitely generated over R(X; Dy,...,D,)o as a ring.

Finite generation of R(X;D,...,D,) is deeply related to birational geome-
try. Let X be a normal Q-factorial projective variety over a field k£, and assume
that Dy, ..., D, are free bases of the divisor class group Cl(X). Then the ring
R(X;Dy,...,D,) is called the Cozx ring of X, and denoted by Cox(X). We say
that X is a MDS (Mori dream space) if Cox(X) is Noetherian [8]. Finite generation
of Cox rings is a very important problem both in algebraic geometry and in com-
mutative ring theory. Let X be a blow-up of P% at finite closed points py, ..., ps.
Nagata [15] proved that Cox(X) is the invariant subring of a polynomial ring over
C with some linear action under some weak assumption. It is known that Cox(X)
is not finitely generated if s > 9 and points py, ..., ps are very general. Therefore
it gives a counterexample to Hilbert’s 14th problem.

For a MDS X, consider the Z"-graded ring Cox(X). We define the cone

C(Cox(X)) = > Rsoa C R™.
acZ”, Cox(X)a70

The cone C(Cox(X)) is divided into some chambers and each chamber corresponds
to a projective variety which is birational to X (cf. Hu-Keel [8], Okawa [16], Laface-
Velasco [13]). In order to define a chamber, Laface-Velasco studied the ideal gener-
ated by elements with degree in a given ray, i.e., for a € Z",

Ja(Cox(X)) = y/the ideal of Cox(X) generated by U,oCox(X),q.
For a € Z", we put

Xo = Pr0j<@TZOCOX(X)ra>'
It is easy to prove that, if

Jp(Cox(X)) D Jo(Cox(X)),

then we have a morphism

Xa — Xb
as in Lemma 8.3. We obtain important birational morphisms analyzing ideals of
the form J,(Cox(X)). One of our aims is to study such ideals for (not necessary
Noetherian) Z™-graded rings.

In section 2, for a Z"-graded ring A, we define the cone C(A), the ray ideal
Jo(A) and ray ideal cones which are the generalization of chambers. We study basic
properties of them (cf. Proposition 2.4). In Example 2.2, we know that C'(A) is a
union of finitely many chambers for a Noetherian Z?-graded domain A such that Ag
is a field.
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In section 3, for a Noetherian Z"-graded domain A such that Ag is a field, we
shall prove that if J,(A) = Jp(A), then J.(A) = Jo(A) for any ¢ on the line segment
between a and b (cf. Theorem 3.1 and Corollary 3.3). This result follows from Theo-
rem 2.11 in [2]. If we remove the assumption that A is a Noetherian, Theorem 3.1 is
false. We give a counter example which is a Cox ring of a normal projective rational
surface in Example 3.4.

In section 4, we study Noetherian Z"-graded domains with only one chamber. For
a Nj-graded Noetherian ring A, we give a necessary and sufficient conditions for A
to be integral over the subring generated by elements with degree in the coordinate
axes (Theorem 4.1).

In section 5, for a Noetherian Z"-graded domain A such that Ag is a field, we
decompose C'(A) into a union of chambers (cf. Theorem 5.1).

In section 6, we refine arguments in the previous section. Considering maximal
ray ideal cones in stead of chambers, we give a structure of a fan to the set of
maximal ray ideal cones (cf. Theorem 6.2). It is already known by Theorem 2.11 in
[2]. For the non-Noetherian symbolic Rees ring in Example 3.4, the set of maximal
ray ideal cones do not form a fan.

Theorems 3.1, 5.1, 6.2 follow from Theorem 2.11 in [2]. However, we give proofs
since we need these arguments in the later sections and our proofs are elementary
and algebraic.

In section 7, we study basic properties of R(X; Dy, ..., D,) for a normal projective
variety X and Q-divisors Dy, ..., D, (cf. Theorem 7.1). It is a generalization of
results in [6], [12], [19]. We shall prove that R(X; Dy, ..., D,) is a Krull domain and
determine the divisor class group of it.

Using these results, we study the Demazure construction for Z"-graded Krull
domains in Section 8 (cf. Theorems 8.6 and 8.9).

2. NOTATION AND BASIC PROPERTIES

Throughout of this paper, C, R, Q, Z, Ny, and N denote the set of complex num-
bers, real numbers, rational numbers, integers, non-negative integers, and positive
integers, respectively. Furthermore, R>( and R+ denote the set of non-negative real
numbers and positive real numbers, respectively.

Let
A= @ A,

acZm™

be a Z"-graded ring, that is, each A, is an additive subgroup such that A, Ay, C Agip
for a,b € Z". For a € R", |a| denotes the length of the vector a. For 0 # = € A,,
we say that the degree of z is a, and denote deg(z) = a. We put

(jLA) = j{: E@ZOG,CIZTIééz]R.::HQ".
Aa#0

A subset ¢ in R" is called a cone if the following two conditions are satisfied; (i)
a+beoifa,beo, (i) Rypa Coifa €o.



4 YUSUKE ARAI, AYAKA ECHIZENYA AND KAZUHIKO KURANO

For a cone o, dim o denotes the dimension of ¢ — ¢ as an R-vector space. We say
that o is a rational polyhedral cone if o is spanned by finitely many elements in Q.

If A is a finitely generated Z"-graded ring over Ag, then C'(A) is a rational poly-
hedral cone.

For a € Q", we define I,(A) to be the ideal of A generated by

U 4.
beR - ganZn
We put
Ja(A) = V/1a(A),
and call it the ray ideal of A at a. In the case where A is a Z"-graded domain, for
ac Q" I,(A) #0if and only if @ € C(A).

Let o be a cone in R” such that ¢ — ¢ is an R-vector subspace spanned by finitely
many elements in Q". We say that o is a ray ideal cone of A if J,(A) = Jp(A) # 0
for any a,b € rel.int(o) N Q", where rel.int(c) denotes the relative interior of o.
For a ray ideal cone o of A, J,(A) denotes J,(A) for @ € relint(c) N Q", and
call it the ray ideal of the ray ideal cone 0. We sometimes denote J,(A) simply
by J, if no confusion is possible. A ray ideal cone o is called a chamber of A if
dimo = dim C(A).

Let T be an additive subsemigroup of R™ containing 0. For example, T is a
subgroup of Z" or a cone in R". We put

Ap = @ A,

acTnNZ»

Remark that it is a subring of A. We regard Ar as a Z"-graded subring of A unless
otherwise specified.

Example 2.1. Let A = k[z,y, 2] be a Z*-graded polynomial ring over a field k
with deg(z) = (1,0), deg(y) = (1,1), deg(z) = (0,1), and Ag = k. Then the set of
non-zero ray ideals of A consists of

A, (x), (zz,v), (2), (xy,zz), (xz,y2).
The following are the maximal ray ideal cones of the above ray ideals respectively.

{0}, Rxo(1,0), Rso(1,1), Rsp(0,1), Rso(1,0) 4+ Rso(1, 1), Rug(1,1) + Rso(0,1)

Example 2.2. Let A = k[z1, 2o, ..., 7] be a Z*-graded domain over a field Ag = k,
where x; is a non-zero homogeneous element with deg(z;) = (o, 5;) for i = 1,...,¢.
Here, we do not have to assume that xy, zo, ..., x; are algebraically independent
over k. Then C(A) is the cone spanned by {(a;, ;) | ¢ = 1,...,t}. For a € Q",
Ja(A) # 0 if and only if a € C(A) since A is a domain.
Consider the following three cases:
(I) Assume that C'(A) is strongly convez, that is, —a ¢ C(A) for any 0 # a €
C(A). Changing coordinates, we may assume «; > 0 for all 7 and

(651 (%) ay
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Assume 5 8 5
_l< H—l:“_: z+s<6z+s+1.
Q; Qi1 Qjqs Qjts4+1
Then Rxo(a, 8;) + Reo(it1, Bit1) is a chamber with ray ideal
(21) \/(il?l,l’g,...,l’i)m($i+1,$i+2,...,$t).
Furthermore, R>o(ci11, 8i+1) is a ray ideal cone with ray ideal
(22) \/($1,£C2,...,£Ci+s) N ($i+1,xi+2,...,l’t).
Here, remark that the ideal (2.1) is contained in the ideal (2.2). If
B _Bo_  _Bi P
(671 Q9 Qo O‘i+1’

then R>o(avy, B1) is a ray ideal cone with ray ideal

(23) \/([L’l,l‘g,...,l'i).

Thus, in this case, C'(A) is a union of some chambers oy, o9, ..., 0,. Fur-
thermore, for ¢ = 1,2,..., s, the ray ideal of ¢; is contained in the ray ideals
of the faces of o;.

(IT) Assume that C(A) = Rso x R. Put @ = (o, 3) € Q2. If @ > 0, then

Ja(A) = Ju0)(4) C A.

For any 8 € Q,
If a <0, then Jg(A) = 0. In this case, A has two maximal ray ideal cones
RZO x R and {O} x R.

(ITT) Assume that C'(A) = R2. For any a € Q?, J,(A) = A in this case.

Remark 2.3. Let
A= D4

aczZn
be a Z"-graded ring.
(1) It is well known that A is Noetherian if and only if

e Ay is Noetherian, and

e A is finitely generated over Aq as a ring.
(2) Let b € Q™. If A is Noetherian, then so is

P A

(a.b)>0

where (a,b) is the inner product of @ and b. Using it, we can prove that
if A is Noetherian, then so is A, for any rational polyhedral cone ¢ in R",
where A, = Baconzn Aa.

(3) Suppose that T is a subgroup or a finitely generated sub-monoid of Z". If A
is Noetherian, then so is Ar.

Proposition 2.4. Let A be a Z"-graded ring.



6 YUSUKE ARAI, AYAKA ECHIZENYA AND KAZUHIKO KURANO

(1) Suppose that S is a Z"-graded subring of A. Let a,b € Q™. Assume that
Ja(S) C Jp(S), and \/14(S)A = Jo(A). Then Jo(A) C Jp(A) holds.
(2) Let T be a subgroup of Z". Let a,b € T. Then

Ja(AT) C Jb(AT) <— Ja(A) C Jb(A)
(3) Let o be a cone in R™. Then, for a € relint(c) N Q" and b € 0 N Q™,
Ja(Ay) C Jp(Ay) <= Ja(A) C Jp(A).

In particular, if o is a ray ideal cone of A, then o itself is a ray ideal cone
of Ag.

(4) Let S be a Z™-graded subring of A. Assume that A is integral over S. Then,
for any a,b € Q",

Ja(S) C Jp(S) <= Jo(A) C Jp(A).
Proof. The assertion (1) follows from

Ja(A) = \/I4(S)A = \/Jo(S)A C \/Jp(S)A C Jp(A).

We shall prove (2). Assume a,b € T. For a homogeneous element w of A with
degree on the ray R.ga, some power of w is contained in I,(Ar). Therefore we have
V1a(A7)A = Jo(A). The implication (=) follows from (1) as above. Next, we shall
prove («<). For z € A, where ¢ € R.ga N'T, we want to show 2™ € I,(Ar) for
some m. Since x € A, C Jo(A) C Jp(A) = \/Ip(Ar)A, there exists homogeneous
elements vy, ..., Y, 21, ..., % of A such that 2™ = ) y;2; for some m, where
deg(v1), ..., deg(y:) are in RyobNT. We may assume that me = deg(y;) + deg(z;)
for each i. Then, since deg(z;) = me — deg(y;) € T, z; is in Ar for each i. Thus 2™
is in Iy (Ar).

We shall prove (3). The implication (=) follows from (1) as above. Next, we
shall prove (<=). It is enough to show A. C Jp(A,) for ¢ € Ropa NZ"™. Let x be an
element of A.. By the assumption, © € J,(A) C Jp(A) = \/Ip(A). Then there exists
homogeneous elements vy, ..., ¥, 21, ..., 2 of A such that 2™ = )" y,2; for some m,
where deg(v1), ..., deg(y:) are in R.ob. We may assume that me = deg(y;)+deg(z;)
for each 7. Let s be a positive integer. We have

"t = Z Yi(2°2).

Since deg(z;) = me — deg(y;), deg(z;) is contained in 0 — o. Since deg(x) is in
rel.int(o), deg(x°z;) is in o for s > 0. Since a™%5 € [(A,) for s > 0, we have
x e Jb(AU>.
We shall prove (4). It is enough to show that
(1) V/1a(S)A = Jo(A), and
(i) Jo(S) = Ja(A) NS
for any a € Q".
First, we shall prove (i). It is easy to see that the left-hand-side is contained in the
right one. In order to show the opposite inclusion, we shall prove A, C /I4(5)A
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for ¢ € Rypa NZ". Take z € A.. Since A is integral over S, we have an integral
equation

"+ ax"™ o+ a, =0
for some m and some ay, as, ..., a, € S. Here we may assume that a; is contained
in S;. for each i. Therefore ™ is in I,(.S)A.

Next, we shall prove (ii). It is easy to see that the left-hand-side is contained
in the right one. We shall prove the opposite inclusion. It suffices to show that,
if a prime ideal P of S contains the left-hand-side, then P contains the right one.
Since S — A is an integral extension, there exists a prime ideal @ of A such that
QNS = P. Take x € A, for some ¢ € R.ga NZ". Take an integral equation

2"+ a4t a, =0

for some m and some aq,as, ..., a, € S. We may assume that a; is contained in Sj.
for each i. Then a; € Jo(S) C P C Q. By the above integral equation, we know
x € Q. Thus @ contains J,(A). Hence P contains J,(A) N S. O

Example 2.5. Let A = k[x,vy, 2, w]/(zw — yz) be a Z*-graded ring with deg(z) =
(3,0), deg(y) = (2,1), deg(z) = (1,2), deg(w) = (0,3) and Ag = k. As in Exam-
ple 2.1, we have mutually distinct non-zero ray ideals of A as

A,
V(@), V(y.oz,20), /(220 yw), V/(w),
V(@) Ny zw), V()N (zw), Viey )N (w).

Now, suppose that there exists homogeneous elements a, b, ¢ in A such that the
inclusion

S =kla,b,c] - A

is finite. Then, by Example 2.2 (I), S has at most 6 non-zero ray ideals. Then, by
Proposition 2.4 (4), A also has at most 6 non-zero ray ideals. It is a contradiction.
Therefore A never have a Z?-graded Noether normalization.

3. RAY IDEALS FOR Z"-GRADED NOETHERIAN RINGS

The aim of this section is to prove the following theorem. This result follows from
Theorem 2.11 in [2]. If we remove the assumption that A is Noetherian, it is not
true as in Example 3.4.

Theorem 3.1. Let A be a Noetherian 7" -graded domain such that Ay is a field 2.
Suppose a,b,c € Q" C R". Assume that ¢ is on the line segment between a and b.
Assume 0 # Jo(A) C Jp(A). Then J.(A) = Jo(A) if ¢ #b.

2Instead of assuming that A is Noetherian, it is sufficient to assume that Ag.,a is Noetherian.
In fact, if Ag.,a is Noetherian, we can find a Noetherian subring of A with the same situation as

A.
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Proof. If ¢ = a, then it is obvious. Assume ¢ # a, b in the rest of this section.
First, we shall prove I,(A)Ip(A) C J.(A). Letz € Agandy € A, ford = ua € Z"
and e = vb € Z", where u,v € Q. By the assumption, we have ¢ = sa + (1 — s)b
for a rational number s such that 0 < s < 1. Choose an integer m > 0 such that
ms = uu’ and m(1 —s) = vv’ for some v/, v" € N. Then 2%*y” € A,e C I(A). Thus
xy € Jo(A).
Since 14(A)Ip(A) C J.(A), we have

Ja(A) C Je(A).

In the rest of this section, we shall show the opposite inclusion.

If @ and b are not linearly independent over R, it is easy to prove the assertion.

Assume that a and b are linearly independent over R. Put 7' = (Ra + Rb) N Z™.
Replacing A by Az, we may assume that A is Z*-graded by Proposition 2.4 (2).
Consider the normalization A of A. Tt is well known that A also has a structure of
a Z*-graded ring. Replacing A by A, we may assume that A is a Z?-graded normal
domain by Proposition 2.4 (4).

In this case, C'(A) is a 2-dimensional cone such that a,b € C'(A4) C R%. Let o be
a strongly convex cone in R? such that a,b € int(c). By Proposition 2.4 (3), we
may replace A by A,. In the rest, we assume that C'(A) is strongly convex.

As in Example 2.2 (I), one of the following two cases occurs:

(i) There exists a chamber 7 such that a € int(7).
(ii) There exists a chamber 7 which is contained in R>pa + Rxb such that a is
in the boundary of 7.

Assume that (ii) occurs. Then J,(A) contains J.(A) by Example 2.2. Then there
exists a rational point @’ (near a) on the line segment between a and b such that
a’ is in the interior of 7. Then we have Ju/(A) C Jo(A). It is enough to show
Jo(A) D Je(A). Therefore, replacing a by a’, we may assume that (i) as above
occurs.

In the rest, let A be a Z*-graded normal domain and we assume that a = («, 0)
and b = (v,0), where «, v, ¢ are positive rational numbers. Put ¢ = sa+ (1 —s)b =
(sa+ (1 —s)7y,(1 —s)d), where s is a rational number such that 0 < s < 1. Here,
remark that

1—15)6 0
(3.1) 0< m < 5
Since a is in the interior of the chamber 7, there exists aq, 51 € Q¢ such that
(3.2) (R>pa + Rxo(ag, 51)) \ {0} C int(7).
Put
p =Rxoa + Rxo(ay, £1).
Since A, is Noetherian, there exists homogeneous elements 1, ..., y; such that

Ap = AO[yby?a o 7yt]'
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Put deg(y;) = (74,9;) € p\ {0} for i =1,2,...,t. By definition, we have 7; > 0 and
0; > 0fori=1,2,...,t. Remark that

for each 1.
Let o be a homogeneous element of A such that deg(z) € RuoeNZ2. Tt is enough
to show x € J,(A). Since 7 is a chamber,

Y1, Y2, -, Yt € Ja(A) C Jb<A)

by (3.2). Therefore there exist homogeneous elements by, bs, ..., b, such that

(1) Y1, Y92, - -5 Yt € \/(blv 627 S 7bh>A7
(3.3) (i) deg(by) = deg(by) = - -- = deg(by) = eb = (e, ed) for some e € N,
(iii) ey is strictly bigger than the first component of the vector deg(z).

Hence yi’, y&, ...,y are in (b, bs, ..., b,)A for some w € N. We put
e =min{d; — (f1/a1) v |i=1,2,...,t}

and

By definition, we know ¢ < 0. Hence we have {2 C p.
Here, we shall prove the following claim:

Claim 3.2. Ifd € QN Z2, then Ag C (b1, by, ..., by)A.
Put d = (&1,m) € QN Z% Remark that Ag = (A,)4. Put
M =yi"ys? -yt € Aqg.

Here, (fl, 771) = (Ul’}/l + U272 —+ - 4 ut’yt,ulél + u2(52 4+ -+ utét). If M is not in
(b1, b2, ..., bp)A, then u; < w for i =1,2,... t. Remark that

0251'—&%‘Z€0
g

for each 7. Then

h — a—fl = (u101 + ugdy + -+ + wsdy) — %(Ul'ﬁ + g2 + A U Ye)
1 1

= U (51 - é’h) + Uz (52 - é%) Tt <5t - &%)
Qo Qg a1

> (ug Hug + - A ug)p > wip.
It contradicts d € Q2. We have completed the proof of Claim 3.2.

A= P A4

QGRZ()U.OZ"

Consider the subring
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of A. Remark that AR>0a is Noetherian by Remark 2.3. We think AR>W as a
Z*-graded subring of A. Let 21, 22, ..., 2, be homogeneous elements satisfying
deg(z;) € RugaNZ? for i =1,2,...,p and

AREO“ = Ao[zl, 29y« ,Zp}.
Then there exist positive integers ki, ks, ..., k, such that
(i) deg(zf!) = deg(4?) = - -- = deg(2"), and
(ii) deg(x k]) eQforj=1,2...,p.

By Claim 3.2, we have
h
= Z bucju
u=1

where ¢j, = 0 or ¢;, is a homogeneous element of A with deg(xz ) = deg(bucju)
for each u. Assume c;,, # 0. Then the second component of deg(c]u) is negative by

(3.1) and the definition of by, ba, ..., by (cf. (3.3) (iii)). Let ¢ be the length of the
vector eb = deg(b,), which is independent of u. Let L be the line segment between

deg(xzkj) and deg(c;,). Let f be the intersection of L and the coordinate axis Ra.

Let v¢ be the distance between f and deg(:vz ). Then v is a rational number such
that 0 <v < 1. Put

k.
= |f —deg(z;")],
where | | denotes the length of a vector. Let u be a positive integer such that

(i) pv is a positive integer, and
(i) |deg(2y23* - 27)] < peb
Since p > pv > 0, we can describe as

h 1
kjinp _ E _ E w1 w2 wh,
(xzj ) - ( bucj") - bl b2 "'bh Cj7w1’w27-~~7wh7
u=1

w1twa+-+wp=pv

(3.4)

where C; y, ws,....w, 1S @ homogeneous element of A with

-----

k.
(35) deg<0j,w1,w2,m,wh) - Mdeg(xzjj> — preb = pf.
Therefore
(3.6) | deg(C Gw1,w2,.. ,wh) 1| deg( )‘ + p.

On the other hand, by (3.5), C;w,.ws,...w, 1S an Ag-linear combination of monomials
V1 U2

21252 - 2 with deg(27 252 - - - 2,7) = uf. We put v; = r;k; + g, for r;,q; € Z such
that 0 < ¢; < k; for j =1,2,...,p. Then we have

| deg(=' 25 -+~ )| < | deg(" 25 -~ 27)| < o
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by (3.4). Therefore

v1 V2 V.

’deg( JW1,Ww2,...s wh)‘ = ’deg(zl 2y ...pr)’
e |deg( riky T‘2k2,..Z;pk'p)’+|deg(zillzg2. .ng)|

< |deg( riky 'rzkz . z;pkp)| + M¢

Comparing the above inequality with the equation (3.6), we have

pl deg(2]")] < | deg(2{ 222 -+ 27M)| = (ry 4 my 4 -+ 4 1)  deg(2]7)].
Therefore we obtain
u<rit+ret -+,
Then
Cliwnwa,wy, € (280 2k 5”)““/1

Let V be a discrete valuation ring containing A. Let v be the valuation of V. Put

vy = v(zfj) = min{v(zy"), v(25?), ..., v(2f)}.
Since (zz )“ € (2, 2k )AL we know that
v(zh) > .
Therefore * is contained in the integral closure of (2, 252, .. 25"} A (cf. (6.8.2) in
[10]). In particular,
x € \/ (2h 2k A = J,(A).
We have completed the proof of Theorem 3.1. 0

Corollary 3.3. Let A be a Noetherian Z"-graded domain such that Ag is a field.
Let a and b be linearly independent vectors in Q™ such that J,(A) = Jp(A) # 0.
Consider the line L passing through a and b.

Then there exists a sufficiently small € such that J.(A) coincides with Jp(A) for
any c € LN U(b) N Q", where U.(b) ={d € R" | |d — b| < €}.

Proof. Let T = (Ra + Rb) N Z2. Replacing A by A, we may assume that A is a
Noetherian Z2-graded domain. Take ¢ € L N U(b) N Q" for a sufficiently small e.
If ¢ is on the line segment between a and b, then J.(A) = Jp(A) by Theorem 3.1.
Assume that ¢ is not on the line segment between a and b. As in Example 2.2, one
of the following three cases occurs:

(i) b is in the interior of a chamber 7.
(ii) b is in the boundary of two chambers o; and os.
(iii) b is in the boundary of C'(A).

0

If (i) occurs, then we may assume that ¢ is in the interior of the chamber 7. Hence
Jo(A) = J.(A). If (ii) occurs, then

0% Jo(A) C Jo(A) = Ja(A).
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By Theorem 3.1, we have J.(A) = Jp(A). Assume that (iii) occurs. Let z be a
non-zero homogeneous element such that deg(z) = sb for some s € N. Then any
power of x is not in [5(A). It contradicts Jo(A) = Jp(A). O

Theorem 3.1 is false if we remove the assumption that A is Noetherian.

Example 3.4. Let a, b, ¢ be pairwise coprime positive integers. Put S = k[z,y, 2],
where k is a field. Let P be the kernel of the k-algebra homomorphism

¢: S — Kk[T]
defined by ¢(z) = T?, ¢(y) = T° and ¢(z) = T¢. For n € N, put
P™ =prSpnsS
and call it the nth symbolic power of P. Put
A= St Pt, PP PO ] S[tt7Y.

Here, we think that S[t,¢7!] is a Z*-graded ring with deg(x) = (0,a), deg(y) = (0, b),
deg(z) = (0,¢), deg(t) = (1,0). Then A is a Z*-graded subring of S[t,t~!].

In this situation, A is Noetherian if and only if it satisfies Huneke’s criterion [9],
that is, there exist positive integers r and s, and elements f € P") and g € P®
such that

(3.7) 0S/(f,g,x)) = rsa.

One can prove that, once A is Noetherian, we can choose homogeneous elements
f and g satisfying (3.7) as in Cutkosky [3]. Assume that A is Noetherian and
homogeneous elements f and ¢ satisfy Huneke’s criterion. Put deg(f) = (0, d;) and
deg(g) = (0,dy). In this case, we can prove that

B=k[t ! x ft', gt C A

is a finite map. Then, by Proposition 2.4 (4), ray ideal cones of A are the same
as those of B. Remark that t=1, x, ft", gt° are algebraically independent over k.
Degrees of them are (—1,0), (0,a), (r,dy), (s,ds), respectively. Here assume that
dy/r < dy/s is satisfied 3. Then, by Example 2.2, the non-zero ray ideals of B are

B,
tHB, (' z)Bn(x,gt’, ft")B, (t 'z gt BN (gt ft"), (ft")B,
¢t HYBN (x,gt%, ft")B, (' a)BN(gt5, ft)B, (t ' z,gt)BnN(ft")B.

The corresponding maximal ray ideal cones are
{0},
RZ()(_LO)’ RZO(O’ 1)7 RZO(S’CZQ)’ R20<r7 dl)’
R20<_170) +R20(0,1), RZ()(O,l) +R20(5,d2), Rzo(s,dz) +R20(T, dl)

3In many cases, dy /T does not equal dy/s when there exist homogeneous elements f, g satisfying

(3.7). In the case (a,b,c) = (1,1,1), di/r = da/s = 1 holds. The authors do not know any other
examples satisfying dy /r = da/s.
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One can see that Theorem 3.1 is satisfied in this case.

Next, we assume that (a,b,c) = (25,29,72). Then the symbolic Rees ring A is
not Notherian by Goto-Nishida-Watanabe [7]. There exist a homogeneous element
ft € A 216) and an ideal J of A such that, for positive rational numbers o and £,
we have

J if B/a > 25-29/3,
Iy ) UDANT i 25:20/3 > Bfa > 216,
(0.0)(A) = (ft)A if B/a = 216,
0 if 216 > 3/a.

Here remark that
72 (fFOANT  (fOA
Thus Theorem 3.1 is not true if we remove the assumption that A is Noetherian.
Since the height of J is bigger than 1, this example satisfies the condition (I) in
Theorem 8.6.
4. WHEN 18 (R>¢)" A CHAMBER?

The purpose of this section is to prove the following theorem:

Theorem 4.1. Let A be a Noetherian Z"-graded domain such that Ag is a field.
Assume that C(A) = (Rso)". Let e; be the i-th unit vector in R™. Let B be the
subring of A generated by

U Amei

m>0

n

U

i=1

over Ap.
Then the following conditions are equivalent:

(1) The inclusion B — A is a finite extension.
(2) Any face of (Rso)™ is a ray ideal cone of A.
(3) C(A) itself is a ray ideal cone of A.

Proof. First, we shall prove (1) = (2). By Proposition 2.4 (4), we may assume that
B = A. Restricting Z" to a subgroup generated by a subset of {ej,...,e,} (cf.
Proposition 2.4 (2)), we have only to show that C(A) itself is a ray ideal cone of A.
Take

a=a e +asey+ -+ a,e, € 1nt(C(A)) N Zn,

where a;’s are positive integers. Take x; € Ay, for i = 1,2,...,n, where b;’s are
positive integers. Put b = b1by---b,,. Then,
deg<x§ba1/b1)mgba2/b2) . _:L,(ban/bn)> — ba
" .

Therefore we know Jo(A) D Je, (A)Je,(A) -+ - Je, (A). On the other hand, since A
is generated by homogeneous elements with degree on coordinate axes, we have
Io(A) C Ie, (A)Iey(A) - - - I, (A) immediately. Thus we obtain

Ja(A) = \/J81(A)Jez (A) - Je, (A).
Therefore C(A) itself is a ray ideal cone of A.
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The implication (2) = (3) is trivial.

In the rest of this section, we shall prove (3) = (1). There exists a positive
integer ¢ such that A., # 0 for ¢ = 1,2,,...,n. Replacing A by A.n», we may
assume A, # 0 for e = 1,2,,...,n. Let A be the normalization of A. Since A is
finitely generated over the field Ag, A is also a finitely generated Z"-graded ring
over the field Ag. Then C(A) = C(A) = (Rxo)", and (Rsg)" is a chamber of A by

Proposition 2.4 (4). Let B’ be the subring of A generated by

U Ame,‘

m>0

n

U

i=1

over Ag. Consider the following diagram:

B — A
L
B — A

It is easy to see that B — B’ is a finite extension. If B’ — A is a finite extension,
then so is B — A. Replacing A with A, we may assume that A is a normal domain.
We denote the field of fractions by Q( ).
Let B be the integral closure of B in A. Since Q(A) is finitely generated over

Q(B) as a field, B is finite over A. We shall prove A = B.

Let us prove the following claim:

Claim 4.2. The ray ideal Jo(ay is \/Je; (A)Jey(A) - - Je, (A).

It is easy to see that Jc(a) contains \/Je, (A)Je,(A) -+ Je,(A) as in the proof
of the implication (1) = (2). We shall prove the opposite inclusion. Let P be a
minimal prime ideal of \/Je, (A)Je,(A) -+ Je, (A). It is well known that P is Z"-
graded. We want to show that P contains Jg(4y. There exists ¢ such that P contains
Je,(A). Then C(A/P) does not contain e;. Since A is Noetherian, both C(A)
and C'(A/P) are rational polyhedral cones. Since C(A/P) C C(A), there exists
b € int(C(A)) N Q" such that b ¢ C(A/P). Therefore P contains Jp(A) = Jo(a).
We have completed the proof of Claim 4.2.

Next, we shall prove the following claim:
Claim 4.3. For a € N*, A, is contained in B.

There exists b € Z such that Je,(A) = \/Ape, A for i = 1,2,...,n, where Ape, A
denotes the ideal of A generated by Ape,.

We put a = a,e,+ases+- - -+aye,, where ay, as, ..., a, € N. Then, by Claim 4.2,
we have

Ja(A) = \/J61(A)Je2<A)"'Jen<A)
= \/Ab61 Ab82 T AbenA
= \/Aba1€1Aba262 e AbanenAy
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where Aps,e; Abages * * * Abane, A denotes the ideal of A generated by
AbalelAbageg ot Abanen = {$1.’L’2 R % | HATRS Abalen I € Aba2627 vy Ty S Abanen}-

Then there exists m € N such that

(4.1) Ja(A)™ C Apare; Avages * * * Abaye, A
We put
T) = Apa and T=EPT,.
£eNg
Since T is finitely generated over Ty = Ag as a ring, we have

(4.2) Ty C Jo(A)™
for £ > 0. Here, recall that
Apares Avazes ** Avane, C 11
Then, by (4.1) and (4.2),
Ty = Aparer Abases *** Abane, To-1
for £ > 0. Then we know that the inclusion
Ao[Abare; Abazes * * Avanen) —> T

is a finite morphism. Since B contains Ag|Apa,e; Abases * * * Avanen ] B contains 7.
Since elements in A, are integral over T', A, is contained in B. We have completed
the proof of Claim 4.3.

Now, we start to prove B = A. It is enough to prove Bp O A for a prime ideal P
of B of height one since B is a normal domain. By Claim 4.3, Q(B) = Q(A). Let
vp be the valuation associated to the discrete valuation ring Bp.

First, assume that, for each i, there exists z; € Ag,e, for some a; € N such that
vp(x;) = 0. For any non-zero homogeneous element z in A,

deg(xxqizg -~ x,) € N™.
Then, by Claim 4.3, we have
XT1Ty Ty € B.

Then we have vp(z) > 0 immediately. Thus z is in Bp in this case.
Next, assume that there exists ¢ such that P contains

U Ane..

For the simplicity, suppose that the above i is 1. Then P N B contains all the
homogeneous element such that the first component of the degree is positive. Since
B is integral over B, P contains all the homogeneous element in B such that the
first component of the degree is positive. Let E(o) be the homogeneous localization
of B, that is

E(O) = {z € Q(B) ‘ yz € B for some non-zero homogeneous element y € B } )
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It is still a Z"-graded ring. Then, by Claim 4.3, it is easy to see A C E(o). Since
Ae; # 0 for i = 1,2,...,n, we may assume that B = K[t7", 5", ..., tZ!], where
deg(t;) = e; and K is a field such that (E(O))O = K. Then P = t,K[t,t,...,t, )N B
since the height of P is 1. Hence Bp = K][t1,t, ... ,tn)(t,) because Bp is a discrete
valuation ring. Thus we have

A C K[t]_;t?, ce. 7tn:| - K[tl,tQ,. .. 7tn](t1) = BP
We have completed the proof of Theorem 4.1. 0

5. CHAMBER DECOMPOSITION

The aim of this section is to prove the following theorem, which also follows from
Theorem 2.11 in [2].

Theorem 5.1. Let A be a Noetherian Z"-graded domain such that Ag is a field.
Then there exists finitely many chambers o1, og, ..., 0, such that

C(A) = UO'Z-.

Proof. Replacing Z™ by the subgroup generated by {a € Z" | A, # 0}, we may
assume that dim C'(A4) = n.

Let =1, 2, ..., x5 be a set of non-zero homogeneous elements such that A =
Ap[x1, 2o, ..., 24 Put a; = deg(x;) for each i. Then,

C(A) = ZRzoai.
i=1

Here, put

{H17H27 cee 7H€} = {H Spanned by a subset of ap, s, ..., Qg

H is an (n — 1)-dimensional linear subspace of R" }

Let f; : R™ — R be a R-linear map such that
H; ={a e R"| fi(a) = 0}
for each i. For &,&,...,& € {—1,1}, we put
C(&1,&,...,8) ={aeR" | &fi(a) >0fori=1,2,..., 0}

Here, we prove the following claim:

Claim 5.2. Let C(&,&,...,&) be the closure of C(&1,&s,...,&) in the classical
topology of R™. Then

(51) O(A) = U C(517€27"'7££)-
C(ANC(&1,£2,....£0)#0
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First, we prove that the right-hand-side is contained in the left one. Assume that

C(A)NC(&, &, ..., &) # 0. Take x € C(A) N C(&1,&, - -.,&). Since
T € O(A) = ZRzoai,
there exist linearly independent vectors a;,, a,, ..., a;, such that

xTr € Rzoail + RZQG,Z'Q 4+ -4 Rzoain
by Carathéodory’s theorem. Since € C(&;,&,...,&), ® is not contained in hy-

persurface spanned by a subset of a;,, a;,, ..., a;,. Hence we know

(5.2) x € Ropa;, + Ropa;, + - +Ropa;,.

Take any y € C(&,&,...,&). Since a;,, a;,, ..., a;, span R" we can write
(5.3) Y =11a;, + 120, + -+ 10,

where 71,79, ...,7, € R. Assume that r; < 0 for some j. Let H; be the hypersurface
spanned by a;,, ..., a;,_,, a,,,, ..., a;,. By (5.2), we obtain & fi(a;;) > 0. On
the other hand, by (5.3), 0 < & fi(y) = ;& fi(as,). It is a contradiction. Hence we
obtain

(54) C(fl, §2, Ce ,5@) - R>OCL7;1 + R>0ai2 —+ 4 R>0ain C C(A)

Since C(A) is a closed subset, the closure C(&y, &, ..., &) is contain in C'(A).
Next, we shall show that the right-hand-side contains the left one in (5.1). It is

enough to show that any point z in the interior of C'(A) is contained in the right-

hand-side. Let U.(z) be an open ball of radius € with center z. If € is small enough,

then U.(z) is contained in C'(A). Since
Ug(Z) §Z H1UH2U"'UH5,

Uc(z) intersects the right-hand-side in (5.1). Since the right-hand-side is a closed
set, z is contained in the right-hand-side.
We have completed the proof of Claim 5.2.

In order to prove Theorem 5.1, it is enough to show the following claim:

Claim 5.3. Suppose C(A)NC(&,&,...,&) #0. Then C(&,&, ..., &) is a cham-
ber of A.

Suppose that C(A) N C(&,&,...,&) # 0. Then it is easy to see that

0(517627 cee 75@) = {w eR" | VZ, flfl(w) Z O}

is a rational polyhedral cone. The interior of C(&;,&,...,&) is C(&1, &, .-, &).
Suppose deg(zi'zi ---2t) € C(&,&,...,&). We shall prove that zi'af ...zl €

s

Jo(A) for any a € C(&,&s,...,&) NQ™. Since
deg(zi'al - - 2b) € Z R>pa;,

t; >0

there exists i1, 19, ..., i, such that
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® a;,a,,,...,a; arelinearly independent,

ot >0,t,>0,...,%, >0, and

[ deg(xi%? R ZL‘ZS) - R>0a,~1 + ]R>0ai2 4+ -4 R>0ain
by the same argument just before (5.2). Then, by the argument that (5.2) implies
(5.4), we obtain

ac C(,&,...,&) CRypa;, + Ropas, + -+ Rupay, .

Then it is easy to see that a power of %'z} -- -z is contained in I, (A).

We have completed the proofs of Claim 5.3 and Theorem 5.1. 0

6. THE FAN STRUCTURE OF RAY IDEAL CONES

In this section, we shall prove that, for a Noetherian Z™-graded domain, there
exists the unique maximal ray ideal cone o; for each non-zero ray ideal J. Fur-
thermore, we shall prove that the set of maximal ray ideal cones forms a fan in
Theorem 6.2, which follows from Theorem 2.11 in [2]. If A is not Notherian, Theo-
rem 6.2 is not true. In fact, the set of maximal ray ideal cones of the non-Noetherian
symbolic Rees ring in Example 3.4 do not form a fan.

Lemma 6.1. Let A be a Noetherian Z"-graded ring and o be a ray ideal cone of A.
Take b € 0 N Q™. Then Jy(A) contains the ray ideal J, of the ray ideal cone o.

Proof. Let P be a homogeneous prime ideal containing J,(A). Remark that C'(A/P)
is a closed subset of R™ since A is Noetherian. If C'(A/P) contains rel.int(c) N Q",
then C'(A/P) contains o. However, C(A/P) does not contain b. Therefore there
exists a € relint(o) N Q™ such that P O J,(A) = J,. Thus Jp(A) contains J,. O

Theorem 6.2. Let A be a Noetherian Z"™-graded domain such that Ag is a field.

(1) There exists only finitely many non-zero ray ideals.

(2) For each non-zero ray ideal J, there exists the unique mazimal ray ideal cone
oy of the ray ideal J. Furthermore, o; is a rational polyhedral cone. For any
acQ"\ oy, Jo(A) does not coincide with J.

(8) Suppose that a rational polyhedral cone o is a ray ideal cone. Then any face
of o is also a ray ideal cone.

(4) Let Jy and Jy be non-zero ray ideals of A. Then Jy contains Jy if and only
if oy, s a face of 0y,.

(5) Assume that Ao\ {0} coincides with the set of units in A. Then

{o,| J is a non-zero ray ideal}
forms a fan.

Proof. First, we shall prove (1). It is enough to show that there exist finitely many
ray ideal cones p1, p2, ..., pg such that

l
(6.1) C(A) = | Jrelint(p:),

=1
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where each p; is a rational polyhedral cone. (If it is satisfied, A has only finitely

many non-zero ray ideals J,,, J,,, ..., J,,.) We shall prove it by induction on the
dimension of C(A). If dim C(A) = 0, it is trivial. Assume that dim C'(A) > 0. By
Theorem 5.1, we have chambers oy, o9, ..., 0, satisfying

C(A) = Ua

It is sufficient to show (6.1) for A,,, A,,, ..., A,,, since any ray ideal cone of A,
is a ray ideal cone of A by Proposition 2.4 (1). Replacing A by A,,, we assume
that C'(A) itself is a chamber of A and C(A) is a rational polyhedral cone. Then
the boundary of C'(A) is a union of finitely many faces of C(A). Let 7 be a face of
C(A). Since dim7 < dim C(A), (6.1) holds for A,. Therefore (6.1) is satisfied since
any ray ideal cone of A, is a ray ideal cone of A by Proposition 2.4 (1).

Next, we shall prove (2). Let J be a non-zero ray ideal of A. Consider a decom-
position of C'(A) as in (6.1). Suppose that the ray ideal of p; is J if and only if
1=1,2,...,s. Then it is easy to see
(6.2) {acQ"| Jo(A)=J} C [ Jrelint(p) € Y Ryea.

=1 acQn, Jo(A)=J
Take an element
T =ua;+ uay+ -+ ua;
in the right end of (6.2), where u; € Ryg and J,,(A) = J for i = 1,2,...,¢. Let
{u;;}; be a sequence of positive rational numbers which converges to u;. We put
T; = U1;a1 + UgjQo + -+ -+ U Ay

for each j. By Theorem 3.1, J,,(A) = J for all j. Since {x;}; converges to =, x is
contained in the closure of the left end in (6.2). Taking the closure of each set in
(6.2), we obtain

(6.3) facQ L@ =T=Ur=" > R

acQn, Jo(A)=J

The right end of (6.3) is a cone in R™. We denote this cone by ¢;. Since oy is a
cone spanned by py, p2, ..., ps, it is a rational polyhedral cone. It is easy to see
that o, is the unique maximal ray ideal cone with ray ideal J.

Next, we shall prove (3). If dimo < 2, then it is easy. Assume that dimo > 3.
Assume that 7 is a proper face of ¢ such that there exist a,b € rel.int(7) N Q"
satisfying Jo(A) # Jp(A). We can take a’,b" € rel.int(7) N Q" such that a,b €
rel.int(Rs>pa’ + Rxob’). Take ¢ € rel.int(o) N Q™. Put

T = RZ(]G// + Rzobl + RZOC-

By definition, dim 7" = 3. The relative interior of 7" is contained in that of . By
Proposition 2.4 (3), T itself is a ray ideal cone of Ar. Then, by Theorem 4.1,
any face of T is a ray ideal cone of Ar. Since a,b € relint(Rsoa’ + R5ob’), we
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know J,(Ar) = Jy(Ar). By Proposition 2.4 (1), we have J,(A) = Jp(A). It is a
contradiction.
Next, we shall prove (4). If 0, is a face of 0, then J; contains .J; by Lemma 6.1.
Conversely assume that J; 2 J. Let a € rel.int(o,) N Q™ and b € relint(o,,) N

Q™. Let ¢ be a rational point on the line segment between a and b such that ¢ # b.
Then J.(A) = Jo(A) by Theorem 3.1. Thus one can see

rel.int(o,,) C relint(o,).
Hence
g C 0Jy-

Since oy, is contained in the boundary of o,, there exists the minimal face 7 of o,
containing o;,. By the minimality of 7, o is not contained in the boundary of 7.
Here, remark that

on ={aecQ"|Ja(A) =1}
by (6.3). Therefore there exists d € rel.int(7) N Q" such that J4(A) = J;. By (3),

7 is a ray ideal cone of the ray ideal J;. Since o, is the unique maximal ray ideal
cone with ray ideal J;, 0, coincides with .
Next, we shall prove (5). Put

A(A) = {0, | J is a non-zero ray ideal}.

Since Ag \ {0} coincides with the set of units in A, each o; in A(A) is a strongly
convex rational polyhedral cone. In order to show that A(A) forms a fan, it is
enough to show

(a) any face of a cone in A(A) is in A(A), and
(b) for 01,09 € A(A), 01 N0y is a face of both o7 and os.

First, we shall prove (a). Take o; € A(A). Let 7 be a face of 0;. By (3), 7 is a
ray ideal cone of A. Let J' be the ray ideal of the ray ideal cone 7. By Lemma 6.1,
J' contains J. Then, by (4), o is a face of 0. Since o, contains 7, 7 is a face of
oy. We want to show 7 = 0. Assume that 7 C oy Take a € rel.int(o,) N Q"
and b € rel.int(7) N Q™. Then we have J,(A) = Jp(A) # 0. By Corollary 3.3, there
exists ¢ € Q" such that J.(A) = Jp(A) and ¢ & 0. It contradicts the maximality
of oy in (2). Hence we have 7 = o.. Therefore any face of o is contained in A(A).

Next, we shall prove (b). Take 0,05 € A(A). We shall prove that o, N oy,
is a face of both o and oy,. If J; D Jy or J; C Jo, then the assertion follows
from (4). Assume J; p Jo and J; ¢ Jo. Since both o; and o, are rational
polyhedral cones, so is 0, N oy,. By Lemma 6.1, J,(A) contains both J; and J,
for any @ € o5, Noy, NQ". Then o, Noy, is contained in the boundary of o, for
i =1,2 by (4). Let 7; be the minimal face of ¢, containing o; Noy, for i = 1,2.
There exists b € 0, Ny, NQ" such that b € rel.int(7;) for i = 1,2. Put J = J(A).
Since 1,7 € A(A) by (a), we know 77 = 75 = ;. Since J contains J; and Jy, we
have o, N0y, = 0.

We have completed the proof of Theorem 6.2. O
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Example 6.3. Let 7 : X — P2 be the blow-up at very general points py, ..., p;.
Let H be the hyperplane in P4. We put E; = 7 '(p;) for i = 1,2,...,t. Consider
the multi-section ring (see Section 7)

R=R(X;-E, —Ey—---— E,, 7 '(H)).

Nagata [15] conjectured that, if ¢ > 10 and d < v/tm, then R, 4 = 0. If Nagata’s
conjecture is true, then

R=o(1, V1) +Rx0(0,1)

is a maximal ray ideal cone of R. Remark that, if v/t ¢ Q, then it is not a rational
polyhedral cone.

7. MULTI-SECTION RINGS DEFINED BY (Q-DIVISORS

Let X be a normal projective variety over a field k£ of dim X > 0. Let K be the
function field of X. Let H;(X) be the set of closed subvarieties of X of codimension
1. Let D; be a Q-Weil divisor for i = 1,2,...,n, that is a finite sum

where m; p € Q.
We define a Z"-graded ring as

R(X;D17D27"-aDn): @ HO(XaoX(ZTZDl))tEItZQt:LTL

1y, Tn €L i
+1 ,+1 +1
C K[ty t5 ..., ],
where

H(X,0x () riDy)) = {a € K* | div(a) + Y _r;D; > 0} U{0} C K.

We sometimes denote R(X; Dy, Do, ..., D,) simply by R. We put

where p; p € Z and ¢; r € N such that GCD(p; p,q; r) = 1. Here, remark that
¢i,r = 1if p;p = 0. We put

qr = LCM(q1,F7 q2,F7 v aQH,F)'
We define

1
Pr= P HU(X,0x( rDi— q—F))tgltZ; .ot C R(X; Dy, Dy, ..., D,).
- F

T1yeersTn €L 7
In this section, we shall prove the following:

Theorem 7.1. Let X be a normal projective variety over a field k with dim X > 0.
Let Dy, Do, ..., D, be Q-Weil divisors.
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(1) The ring R(X; Dy, Do, ..., D,) is a Krull domain. The set of height 1 ho-
mogeneous prime ideals of R(X; Dy, Ds, ..., D,) is contained in {Pr | F' €
Hy(X)}.

(2) Assume that a3 Dy + asDy+ - - -+ a, D, is an ample Cartier divisor for some
ai, as,...,a, € Z. Then the set of height 1 homogeneous prime ideals of
R(X; Dy, Dy, ...,D,) coincides with {Pr | F € Hy(X)}. Putting a =
(a1, a9, ...,a,), the ray ideal Jo(R(X; Dy, Dy, ..., D,)) is not contained in
any height 1 prime ideal of R(X; Dy, Do, ..., D).

(3) Assume that ay Dy + agDy + - - - + a, D, is an ample Cartier divisor for some
a1,0Q2,...,0, € L. We put

{F,Fy,...,F)} ={F € H(X) | mir # 0 for some i}

and
)4 1 n
M = @ —Z D) L = ZZ(m@FN mi7F2, e ,mLF,_,).
Then we have an exact sequence

(7.1) LNZ' — CI(X) — CYR(X; Dy, Dy,...,D,)) —

where Cl( ) denotes the divisor class group.
By the above theorem, we can immediately prove the following corollary.

Corollary 7.2. Assume that a1 D1+ as Do+ - - -+ a, D, is an ample Cartier divisor
for some ay,aqg,...,a, € Z. Then R(X; Dy, Do, ..., D,) is factorial if and only if
o M =L+7Z and

{Z b,D, bl, by, ..., b, are integers such that

b (mi,FU My, Fyy - - 7mi,Fg) € Zﬁ
Now, we start to prove Theorem 7.1.
First, we shall prove (1). Let vp be the normalized valuation of the discrete
valuation ring Ox p for F' € H{(X). We put

a€e K ’UF + rim; g >0 (AR A AL
@ { , 1 %2 n

S:K[tiﬂ,t;ﬂ,...,tﬂ.

By definition, we have

(7.2) R=| () BRr|[)S

FeH(X)

} generates C1(X).

Remark that Rp satisfies R C Rrp C S. Let ar be a generator of the maximal ideal
of the discrete valuation ring Ox p. Then we have

{a € K |vp(a) + Z rim;p > 0} = a;LZi remr] Ox r,
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where |, r;m; p| is the largest integer which is not bigger than . r;m; p.
Here, we show that Rp is a Noetherian normal domain. If m; p is an integer for
all 7 and F', then Rp is a Noetherian normal domain since

=D M F 14T T
R = @ ap T Ox pty - 1)

T1yeersTn €L

— OX7F[(a;m1’Ft1)i1, (a;mQ’th)il, el (a;mn’Ftn)il].
Suppose that m; ¢’s are rational numbers. We put
RE?F) = @ {a € K |vp(a) + Zan’m@F > Qpefrrdrre e,
T1yeeesTn €L %

Since gpm; p’s are integers, Rg?F ) is a Noetherian normal domain. For e K,

ati'ty? - -t is integral over R;ﬂ” )

< (at]'ty? ---tI")% is integral over R}?F )
= (at}ty 1) € RYY
< at]'ty ---t'" € Rp.
Therefore Rp is the integral closure of R](;?F ) in S. Hence Rr is a Noetherian normal

domain.
Put

QF - @ {(I €K | ’UF(G) + ani,F > O}t;lt? R t:’ln

1y, TR €L

Then QF is a prime ideal of Ry satisfying
(7.3) Pr=QrNR.

It is easy to see Qr = vVapRp. Remark that ) is the unique height 1 homogeneous
prime ideal of Rp. Furthermore, we have

(7.4) vop(ap) =qr and vg,(t;) = gpmi

for ¢+ = 1,2,...,n, where vg, is the normalized valuation of the discrete valuation
ring (Rr)g,. Let {Qx | A € A} be the set of non-homogeneous height 1 prime ideals
of Rp. Since Rp is a Krull domain,

(7.5) Rp = (Rp)q, () (ﬂ (RF)QA> :

It is easy to see

(7.6) S = Relor'] = () (Rr)ay-
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Therefore we have

R=| () Re|NS=| [ @®rlo|NS

FeH (X) FeH (X)

(| (Br)e, NQR)) | ((SNQR))

FeH(X)

by (7.2), (7.5) and (7.6). Since R is the intersection of discrete valuation rings with
finiteness condition (e.g., Section 12 in Matsumura [14]), we know that R is a Krull
domain. By Theorem 12.3 in [14], we know that the set of height one prime ideals
of R is contained in

{Pr| Fe H(X)}U{QNR|Q € Spec(S), htQ = 1}.

The second assertion of (1) follows from the fact that any height 1 prime ideal @ of
S does not contain a non-zero homogeneous element of R.

Next, we shall prove (2). Remark that Q(R) coincides with Q(S) since ). a;D;
is ample. We shall prove that Rp, coincides with (Rp)g, for any F' € H;(X). We
have Rp, C (Rr)g, by (7.3). In order to prove the opposite inclusion, it is enough
to show Rp C Rp,. Let M be the set of homogeneous elements contained in R\ Pp.
We want to show Rp C R[M:']. In the case where all the m;¢’s are integers, it is
proved in the latter half of the proof of Theorem 1.1 in [6]. Here, put

¢ =LCM{ge | G € Hi(X)}.
Then R[M}"'] contains Rg?), where

RY = @@ {a€ K vr(a)+ ) armir 2 OH{ 52t
71 i

Since R[M'] is integrally closed in S and Ry is integral over Rﬁ?), R[M*] contains
Rr. Thus we have

(7.7) Rp, = (Rr)q,-

Hence the set of height 1 homogeneous prime ideal of R(X; Dy, Ds, ..., D,,) coincides
with {Pr | F € Hi(X)}. The latter assertion immediately follows from the first half.
Next, we shall prove (3). Let Div(X) be the set of Weil divisors on X, that is,

Div(X) = > npF|npcl
FeH1(X)

Let HDiv(R) be the set of homogeneous Weil divisors of R, that is,

HDiv(R) =4 Y  npPr|np€l
FeH(X)
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Let

¢ : Div(X) — HDiv(R)
be a map defined by
(7.8) O(F) = qrPr.

Here, we have an exact sequence

7.9 0 — Div(X) -2 HDiv(R) -2 M/Z¢ —s 0
(7.9) (X) (R) :

where ¢ is defined by ©(> - npF) = (np /ar, "5 /a4, - - -1,/ qF,)-
For a € K* and b € Q(R)*, we define

divy(a) = > wvp(a)F, dive()= > vg,(b)P,
FeHy(X) PceHi(R)

where H;(R) is the set of prime ideals of height 1 and vg,, is the normalized valuation
of the discrete valuation ring Rp. Then we have

Cl(X) = Div(X)/{divx(a) | a € K*}
Cl(R) = HDiv(R)/{divg(b) | b is a non-zero homogeneous element of S}

by [18], [11]. Here, remark that, for a non-zero homogeneous element b of S, vg, (b) =
0 if P is a non-homogeneous prime ideal of R of height one. Put

P(X) ={divx(a) |a € K*}.
By (7.4), (7.7) and (7.8), we have
¢(divx(a)) = divg(a)

for any a € K*. Thus we have the following commutative diagram with exact rows:

0o — Ker(€) — 7" Sy L — 0

(7.10) L B I b¢
0 — Div(X)/P(X) N HDiv(R)/¢(P(X)) -2 M/Z' —» 0,

where the exact sequence in the second row is induced by (7.9), ¢ is induced by the
inclusion L < M, n is defined by

n(e;) = divg(t;) = Z qrm; r Pr,

¢ is defined by

§(ei) = (mipy, Mipys -, MiR,)-
Then the induced map 7’ coincides with 0. Since the cokernel of 7 is CI(R), we obtain
the exact sequence as in (7.1). We have completed the proof of Theorem 7.1. O

Let us prove Corollary 7.2. The map
LNZ' — CI(X)
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in (7.1) sends

Zbi(mi7pl,mi7p2, R ,mi,Fe) eL aVA (bl,bg, by € Z)
=1

to
Sl X mer) - Yuo,
i=1 FeH(X) i=1
Therefore Corollary 7.2 immediately follows from Theorem 7.1 (3). 0

8. DEMAZURE CONSTRUCTION FOR Z"-GRADED KRULL DOMAINS

The aim of this section is to develop the Demazure construction for Z"-graded
Krull domains.

For a Z"-graded domain A, A denotes the homogeneous localization at 0, that
is, Ay = A[M~'], where M is the set consisting of all the non-zero homogeneous
elements of A. Remark that A also has a structure of a Z"-graded ring.

Lemma 8.1. Let A be a Z"-graded domain such that Ag is a field. Take a €
rel.int(C'(A)) N Q™. Let N be the set of non-zero homogeneous elements with degree
on the half line Ryga, that is,

N = U 4]\ {0}

beR>oanzZr
Then A[N™'] coincides with A .

Proof. Let M be the set consisting of all the non-zero homogeneous elements of A.
For any g € M, there exists u € A such that gu is a homogeneous element contained
in NV since a is in the relative interior of C'(A). Then the assertion immediately
follows from 1/g = u/(gu). O

Definition 8.2. Let A be a Z"-graded domain such that Ag is a field. Take a €
C(A)NQ™. Assume that the ring

ARzoa = @ Ab
bER> gaNZ®
is Noetherian. We think that Ag_ 4 is a Ny-graded ring. Then Proj(Ag..q) is called
the projective variety on the ray R>pa, and denoted by X,.

If @ € relint(C'(A)) N Q", the function field of X, coincides with (A)o by
Lemma 8.1. For any b € C(A) NQ", the function field of X} is contained in (A))o.
Therefore, for a € relint(C(A)) N Q™ and b € C'(A) NQ", there is a unique rational
map from X, to X if the coordinate rings are Noetherian.

Lemma 8.3. Let A be a Z"-graded domain such that Ag is a field. Let a and b
be in C(A) N Q" such that Ag,,a and Ag. . are Noetherian. Assume that Jy(A)
contains Jo(A).
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(1) The function field of Xy is naturally contained in that of X,.
(2) The unique rational map from X, to Xp is a morphism of schemes.

Proof. Let M be the set consisting of all the non-zero homogeneous elements of A.
Let N, (resp. Np) be the set consisting of all the non-zero homogeneous elements
of A with degree in Roga (resp. R.gb). Then the function field of X, (resp. Xp) is
(AIN;1)o (resp. (A[N, '])o). Here, remark that both (A[N;'])o and (A[N, '])o are
contained in the field (A[M~]),.

We may assume that I,(A)™ C Ip(A) for some m € N since Ag. 4 is Noetherian.
Therefore there exist non-zero homogeneous elements by, by, ..., b, with degree in
R-ob, and non-zero homogeneous elements ¢y, ¢, ..., ¢s such that

e deg(c;b;) is in Roga for i = 1,2,...,s, and

o by, Caba, ..., csbs generate an ideal of A containing I,(A)™.
Then ¢1by, c2ba, .. ., csbs generate an ideal of Ag. ,q which contains (Ag_,q)™. There-
fore we have an affine covering -

Xa = | Spec ((Argal(cibi)'])a) -

Since B
(Ar=ob(b; o = (Al )o € (Al(cib) ™o = (Arsgal(cibi) o,
we have

(AN, Do = Q((Arolb; 1)o) € Q(Arsgal(cibi)™')o) = (AING)o-

The assertion (1) has been proved.
We have a morphism

Spec ((ARzoaKcibi)ilbﬂ) — Spec ((ARzob[bzl])o) C Xp.
Patching together these morphisms, we obtain a morphism X, — Xp. [l

Definition 8.4. Let A be a Z"-graded domain such that Ag is a field. Let o be a
ray ideal cone of A such that A, is Noetherian. Let @ and b be in rel.int(o) N Q™.
Then, by Lemma 8.3, we have X, = X. We denote this variety by X,, and call it
the variety of the ray ideal cone o.

Example 8.5. Let k£ be a field.

(1) Let A = k[z,y, 2] be a Z*-graded polynomial ring with deg(z) = (—1,0),
deg(y) = (0,1), deg(z) = (1,1) and Ag = k. Then Jo1y(A) 2 J—11)(A).
However, the morphism X(_; ;) — X(g,1) is an isomorphism.

(2) Let A = k[z,y,2z,w,u] be a Z*-graded polynomial ring with deg(z) =
deg(y) = (1,0), deg(z) = deg(w) = (0,1), deg(u) = (1,1) and Ay = k.
There exist just two maximal chambers R>o(1,0)+Rxo(1,1) and R>o(1,1)+
R>0(0,1). Put @ = (2,1), b = (1,1) and ¢ = (1,2). Since Jp(A) D Jo(A)
and Jyp(A) D J.(A), we have birational morphisms X, — Xp and X, — Xp.
We know X, = Proj(klzz,zw,yz,yw,u]). Then X, — Xp is the blow-up
along V (zz,yz), and X. — Xp is the blow-up along V, (zz, zw).
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We shall prove the following theorem:

Theorem 8.6. Let A be a Z"-graded domain such that Ag is a field. Suppose that
dim C(A) = n. Then the following three conditions are equivalent:

(I) The ring A is a Krull domain such that (Aw))e, # 0 for i = 1,2,... n.
Furthermore, there exists a chamber o of A satisfying the following two con-
ditions:

(a) The ray ideal J, has height bigger than 1.
(b) The ring A, is Noetherian.

(IT) There exist a normal projective variety X over Ao, Q-divisors Dy, D, ...,
D,, and ¢ = (¢1,¢,...,¢,) € Z™ satisfying the following three conditions:
(a) >, ¢:D; is an ample Cartier divisor.

(b) There exists a n-dimensional rational polyhedral cone p such that ¢ €
int(p) and A, is Noetherian.

(¢) The ring A is isomorphic to R(X; Dy, Ds,...,D,) as a Z"-graded ring.

(III) There exist a normal projective variety X over Ag, Q-divisors Dy, Ds, ...,

D,, and ¢ = (¢1,¢a,...,¢,) € Z" satisfying the following three conditions:

(a) >, ¢:D; is an ample Cartier divisor.

(b) There exists a positive integer b such that bDy, bDs, ..., bD,, are Cartier
divisors.

(¢) The ring A is isomorphic to R(X; Dy, Da, ..., D,) as a Z™-graded ring.

Remark 8.7. The variety X is not determined uniquely in Theorem 8.6. Let A be
the ring in Example 8.5 (2). Then A is equal to the multi-section ring of X,, Xp
and X,.

In the case where A is Noetherian, obviously we may remove the conditions (b)
in (I), and (b) in (II).

When we show (I) = (III), we choose ¢ which is contained in int(o).

When we show (II) = (I), we choose ¢ such that o contains ¢, but int(c) may
not contain c.

When we show (II) = (III), we sometimes need to change the variety X.

If dim X = 0, we think that any Q-divisor is 0, and 0 is an ample Cartier divisor
of X.

Using Lemma 8.1, it is easy to see that the following four conditions are equivalent:

A= Ao[tit 5, . tF!] with deg(t;) = e; for i = 1,2,...,n,
the above condition (I) is satisfied with J, = A,

the above condition (II) is satisfied with dim X = 0,

the above condition (III) is satisfied with dim X = 0.

Let us start to prove Theorem 8.6. Assume the condition (III). We shall prove

(IT). By (b) in (IIT), there exists an n-dimensional rational polyhedral simplicial cone
p such that ¢ € int(p) and ), bc;D; is ample Cartier divisor for any (¢}, ¢, ..., c,) €

’n

pNZ". Then, by Zariski’s theorem (Lemma 2.8 in Hu-Keel [8]), we know that A,
is Noeherian.



DEMAZURE CONSTRUCTION 29

Next, we shall prove (II) = (I). When dim X = 0, this implication follows as
in Remark 8.7. From now on, we assume dim X > 0. By Theorem 7.1 (1), A is a
Krull domain. By (a) in (II), we know (A()e, # 0 for i = 1,2,...,n immediately.
Choose a chamber ¢ of A, such that

cecoCp.

Here, int(co) need not contain c. Since A, = (4,),, A, is Noetherian by Remark 2.3
(3). By Proposition 2.4 (1), o is also a chamber of A. Suppose that a height one
homogeneous prime ideal P of A contains .J,. By Theorem 7.1 (2), there exists
F € Hy(X) such that P = Pr. Take a = (ay,as,...,a,) € int(c) N Z" such
that > | a;m; ¢ is an integer for any G € Hy(X). Since ¢ € o and a € int(o),
a + mc € int(o) for any m € N. Therefore Agime C Pr. On the other hand, since
>, ¢iD; is ample and Z?:l a; D; is a Weil divisor with integer coefficients, it is easy
to see that Agime ¢ Pp for m > 0. Contradiction.

Next, we shall prove (I) = (III). We may assume J, # A by Remark 8.7.
Changing a coordinate, we may assume that the interior of the chamber o contains
the unit vectors ey, e, ..., e,. By Lemma 8.3, we have

Xey =Xy =+ = X,

We denote this scheme by X. Then X is a normal projective variety of dimension
positive with function field (A())o by Lemma 8.1. (If dim X = 0, then Ag_., is one
dimensional Ny-graded normal domain. It is easy to see that Ag. ., is a polynomial
ring over the field Ay with one variable. Hence I, (A) is a principal ideal. In
this case, Je,(A) is a unit ideal if the height of Je, (A) is bigger than 1.) Here,
we can choose 0 # t; € (A(o))e, for i = 1,2,...,n by (I). Then, by the Demazure
construction [4], [19], there exists Q-divisors Dy, Ds, ..., D, of X such that

e there exists a positive integer b such that bDy, bDs, ..., bD, are ample
Cartier divisors on X,
o for x € (A))o, meNandi=1,2,...,n,

Tt € Ape, <= v € H(X,O0x(mD;)).

Both A and R(X; Dy, Do, ..., D,) are Z"-graded subrings of Ay = (A(o))o[ti" 5", - .-

It is enough to show A = R(X;D;,D,,...,D,) as a subset of Ag). We denote
R(X; Dy, Ds,...,D,) simply by R.

By Proposition 2.4 (3), (R>()" is a chamber of the Noetherian Z"-graded ring
Ar.o)n- Let B be the subring of Ag. » generated by

Ul U Ane,

m>0
over Ag. Then the inclusion B — A(Rzo)n is finite by Theorem 4.1. Therefore A(Rz )"
is the integral closure of B in A). On the other hand, R is integrally closed in A )
by Theorem 7.1, and R~ is integral over B by Zariski’s theorem (Lemma 2.8 in

til].
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Hu-Keel [8]). Therefore we have
ARzo)r = Bgso)n-

Let y1, 4o, ..., y; be a homogeneous generating system of the homogeneous maximal
ideal of Ar_ (e, +eot-te,)- Here, for a subring T" of Ay, we define the ideal transform
to be

D(T)={x¢€ Aw | y7x, y5'x,..., yx € T for m >0 }.

By definition, D,(Ag.,)~) contains A. Therefore we obtain D, (Ar.,)n) = Dy(A).
In the same way, we obtain D, (Rg..») = Dy(R). Thus we have

DQ(A) = Dg(A(Rzo)”) = Dg(R(Rzo)n) = DQ(R)-

By (I) (a), the ideal (y1,¥2,...,y:)A is of height bigger than 1. Since A is a Krull

domain, we obtain D,(A) = A. By Theorem 7.1 (2), (y1,¥2,...,4:)R is of height

bigger than 1. Since R is a Krull domain by Theorem 7.1 (1), we obtain D, (R) = R.
We have completed the proof of Theorem 8.6. B

Example 8.8. Let A = k[z,y,2,w] be a Z*-graded polynomial ring over a field
Ao = k with deg(z) = (1,0), deg(y) = (2,0), deg(z) = (0,1) and deg(w) = (0, 2).
Let o be a 2-dimensional cone contained in

Rzo(l, 0) + RZ()(O? 1)

Then A and o satisfy the condition (I) in Theorem 8.6. In this case, X, = P}, X P;.
Letting

Di==({(1:0)} xP,) and

(P < {(1:0)}),

NN NN

D, =

A is isomorphic to R(X,; Dy, Ds).

Let B = k[z,y,2,u,v] be a Z*-graded polynomial ring over a field k such that
deg(z) = (1,0), deg(y) = (2,1), deg(z) = (1,1), deg(u) = (1,2) and deg(v) = (0,1).
We put

g1 = R20(2, 1) + Rzo(l, 1), 09 — Rzo(l, 1) + Rzo(l, 2)
Then both ¢, and o9 satisfy the condition (I) in Theorem 8.6.

Next, we shall prove the following theorem:

Theorem 8.9. Let A be a Z"-graded domain such that Ag is a field. Suppose that
dim C(A) = n. Then the following three conditions are equivalent:

(I) The ring A is a Krull domain such that (Awg)e, 7# 0 fori = 1,2,... n.
Furthermore there exists a chamber o of A satisfying the following two con-
ditions:

(a) For any height 1 prime ideal P containing J,, P contains Jo(A) for any
a € int(C(A))NQ"
(b) The ring A, is Noetherian.
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(IT) There exist a normal projective variety X over Ao, Q-divisors Dy, Dy, ...,
D,, and ¢ = (¢1,¢,...,¢,) € Z™ satisfying the following three conditions:
(a) c is in int(C'(A)) and ), ¢;D; is an ample Cartier divisor.
(b) There exists an n-dimensional rational polyhedral cone p such that ¢ €
int(p) and A, is Noetherian.
(¢) There exists a rational polyhedral cone T such that the ring A is isomor-
phic to R(X; D1, Ds,...,D,), as a Z™-graded ring.
(III) There exist a normal projective variety X over Ao, Q-divisors Dy, D, ...,
D,, and ¢ = (¢1,¢,...,¢,) € Z satisfying the following three conditions:
(a) cisin C(A) and ), c;D; is an ample Cartier divisor.
(b) There exists a positive integer b such that bDy, bDs, ..., bD,, are Cartier
divisors.
(¢) There exists a rational polyhedral cone T such that the ring A is isomor-
phic to R(X; Dy, Ds,...,D,), as a Z"-graded ring.

Proof. First, we shall prove (III) = (II). Assume that (III) is satisfied. Then it is
easy to see that there exists ¢ = (¢}, c,...,c),) € Z" such that ¢ is in int(C(A))
and > " | ¢;D; is an ample Cartier divisor. Then this implication will be proved in
the same way as in the proof of Theorem 8.6.

Next, we shall prove (II) = (I). Put R = R(X; Dy, Ds, ..., D,). By Theorem 8.6,
R satisfies the condition (I) in Theorem 8.6. Therefore there exists a chamber o of
R such that the height of J,(R) is bigger than 1 and R, is Noetherian. We may
assume ¢ = (c1,¢a,...,¢,) € o (cf. Remark 8.7). By (II) (a), ¢ is in int(C(A)).
Replacing o by o N C(A), we may assume that

oCC(A)CT.
Since A = R,, we have
A=RnN (R(o))r-

In order to show that A is a Krull domain, it is enough to show that (Ry)- is a
Krull domain. (The intersection of two Krull domains are Krull again.) Since 7 is

an n-dimensional rational polyhedral cone, there exist a finite number of vectors by,
by, ..., b, in Q" such that

T = ﬂ{a € R" | (a,b;) > 0}.

i=1

We may assume that 7N {a € R" | (a,b;) = 0} is a face of 7 of dimension n — 1 for
1=1,2,...,m. Here, we put

and
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Then (); is a prime ideal of the ring 7;. Put V; = (7})g,. Then

T = RoyNV; and (R))- = Ry N (ﬂ Tz) = Ry N (ﬂ Vé) :
=1 =1

Since R(g) is Noetherian normal domain and V;’s are discrete valuation rings, (R))-
is a Krull domain. Hence A is a Krull domain. Here, we have

A:Rm@m).

Let P be a height one prime ideal of A containing .J,. Height one prime ideals which
come from R does not contain J, by the definition of . Thus there exists ¢ such

that P = AN Q;V;. Then
P= P A

aczZ”, (a,b;)>0

Thus P satisfies the condition (I) (a).

Next, we shall prove (I) = (III). If the height of J, is bigger than 1, this impli-
cation immediately follows from Theorem 8.6.

Assume hat ht J, = 1. Let P be a height one prime ideal containing .J,. Then, by
the condition (I) (a), P contains I,(A) for any a € int(C(A))NQ". Since P contains
a non-zero homogeneous element and the height of P is one, P is a homogeneous
prime ideal. Put v = C(A/P). By the assumption, we have v N int(C(A)) = 0.
Then we obtain

(8.1) (v —v)Nint(C(A)) = 0.
We shall prove the following claim:

Claim 8.10. (1) The dimension of v isn — 1.
(2) There exists 0 # b € Q" such that

A= @ Aa and P = @ Aq.

acz", (a,b)>0 acZ”, (a,b)>0

First, we shall prove (1). Let s be the dimension of v. By (8.1), we have s < n.
Assume that s < n — 1. Changing the basis of Z", we may assume

v—v =Re; +Rey+ -+ Re,.

Let
¢:R" — R"°
be the projection defined by

¢((d17 d27 B 7dn)) = (ds—i-la ds+2> s 7dn)
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By (8.1), we know that ¢(C(A)) # R"*. Then there exists a non-zero vector *
b’ € R"* such that (a’,b") > 0 for any a’ € ¢(C(A)). Here, put

Q={¢(a)|acZ", A, #0}

Qp ={¢(a) |lacZ", 0+ A, C P}.
If A, ¢ P, then a € v and ¢(a) = 0. Thus we have Q = Qp U{0}. Remark that
(8.2) Qp generates ¢(C(A)) as a cone

and
Qp CQC P(C(A)) Cc{a' eR"*| (a',b) > 0}.
If ¢(a) # 0, then A, C P. Thus we have
P> @ A,
acZ”, (¢(a),b’)>0

Remark that the right-hand-side is a non-zero prime ideal of A. Since the height of P
is one, we know that P coincides with the right-hand-side. That is, for 0 # ¢ € A,,

(8.3) g€ P = (¢(a),b)>0= ¢(a) #0=q € P.
Let x = x1 + 29 + -+ + x4 be a non-zero element of A, where 0 # z; € A, for
1=1,2,...,/¢, and assume that ¢y, cs, ..., ¢, are mutually distinct. Here, we define

ord(z) = min{(¢(c;),b") |i=1,2,...,0} >0
in(z) = Z z;.
(¢(ci),b)=ord(x)
Then it is easy to see that, for non-zero elements x,y € A, we have
ord(x) + ord(y) = ord(zy),
in(x) -in(y) = in(zy).

Let ¢’ be an element in Z"~*. We say that z is ¢-homogeneous with ¢-deg(z) = ¢
if p(¢;) =c fori=1,2,... 4.
For 0 # g € A, we have

/

(84) q¢ P <= ord(q) =0 <= in(q) is ¢-homogeneous with ¢-deg(in(q)) =0

by (8.3).

Since Ap is a discrete valuation ring, there exists 7 € P such that PAp = nAp.
Take 0 #£y € A, C P. Since y € PAp = wAp, there exists r € N and z,w € A\ P
such that

(8.5) 2’ = wy.
Then we know that
(8.6) in(z) -in(7)" = in(w) - y.

4The difficulty in this proof lies in that we have to find such a vector b’ contained in Q™ *.
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By (8.4), in(z) and in(w) are ¢-homogeneous with ¢-deg(in(z)) = ¢-deg(in(w)) = 0.
Therefore in(m)" is ¢-homogeneous with ¢-deg(in(m)") = ¢(a). Then it is easy to
see that in(m) is ¢-homogeneous and
¢-deg(y) = r - ¢-deg(in(m)).
Thus we have
Qp = {r- ¢-deg(in(n)) | r € N}.

It contradicts that dim ¢p(C'(A)) =n —s > 2 (cf. (8.2)).

Next we shall prove (2) of Claim 8.10. Since s = n — 1, we may assume that the

vector b’ in the proof of (1) is contained in Q'. Put b = (0,b’) € Q™. Then we have
(p(a),b) = (a,b) for any @ € R™. Hence we have

A= & o= P A

acZ”, (¢(a),b')>0 acZ”, (a,b)>0
P- B M- D A
acZ”, (¢(a),b’)>0 a€Z”, (a,b)>0

We have completed the proof of Claim 8.10.

Since A is a Krull domain, there exists only finitely many height one prime ideals
containing J,. Let {Pi, P5, ..., P,} be the set of height one prime ideals of A
containing J,. By Claim 8.10 (2), there exist by, ba, ..., b,, in Q" such that

(8.7) A= P Aoand = fH A
aczZ”, (a,b;)>0 aczZ”, (a,b;)>0
fore=1,2,...,m. We put
Ei = @ (A(O))a and UZ = @ (A(O))a-

acZ”, (a,b;)>0 acZ", (a,b;)>0
Since A C E; and P, = ANU;, we have Ap, C (E;)y,. Since Ap, is a discrete
valuation ring, we have Ap, = (E;)y,. In particular, we have

Api D F;

for each .

Choose a € int(o) N Q". Take a homogeneous generating system {y1,ya2, ..., ¥}
of the ideal I,(A,) with degree in Rypa. Consider the ideal transform D,(A). By
definition, it is a Z"-graded ring. Let H;(A) be the set of height one prime ideals of
A . Since A is Krull, we have

A= Ap
(4)

PeH,
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Then we obtain

A= Dy(A)N <ﬁ Apl.) = D,(A) N (ﬁ E) .

Here we define 7 to be

(8.9) 7=(){a €R"|(ab;) > 0}.
i=1

Then

A= Dg(A) N (A(O))T = Dg(A)T'
Since

oCC(A) Cr,

we know Dy (A), = A,, and it is Noetherian by (I) (b). By Proposition 2.4 (3), o is a
chamber of D,(A). By (8.8), there is no height one prime ideal of D,(A) containing
Ja(Dy(A)) (cf. Theorem12.3 in [14]). Therefore D,(A) satisfies the condition (I)
in Theorem 8.6. Then, by Theorem 8.6, there exist a normal projective variety X
over Ag and Q-divisors Dy, Ds, ..., D, satisfying conditions (a), (b) in (III) in
Theorem 8.6, and

D,(A) = R(X; Dy, Ds, ... D,).
Therefore we have

A= R(X, Dl, DQ, cee 7Dn)’r'

By Remark 8.7, the vector (c1, o, ..., ¢,) is in int(o). Therefore (c1,ca,...,¢,) is in
C(A).
We have completed the proof of Theorem 8.9. U

Example 8.11. Let A = k[z,y, z] be a Z?-graded polynomial ring with deg(z) =
(1,0), deg(y) = (1,1) and deg(z) = (0,1). Then A does not satisfy the condition (I)
in Theorem 8.9.

Remark 8.12. Let A be a Z"-graded Noetherian normal domain such that Ag is
a field and (A()e, 7# 0 for ¢ = 1,2,...,n. Even if all the ray ideals of chambers
are of height less than 2, A is isomorphic to a section ring R(X; Dy, Do, ..., D,) as
follows.
By the map
L'~ 1" x {0} = 2",

we think that A is a Z"1-graded ring. Let e; be the ith unit vector in Z". Consider
the polynomial ring

B = A[Il,ZE27 ey Ity Y1, Y2, - - ,yn_H]
with deg(x;) = deg(y;) = (e;, 1) for i = 1,2,...,n and deg(x,.1) = deg(yni1) =
(—e;—ey—---—e,,1). Let a be a point in Q"™ sufficiently near (0,...,0,1). Then
Jo(B) contains z12y - - - Tpyq and Y1y « - - Yny1, and therefore the height of J,(B) is at
least 2. Then there exists a chamber o of B such that B and o satisfy the condition
(I) in Theorem 8.6. Then there exist a normal projective variety X of dim X > 0
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and Q-divisors Dy, Do, ..., D, such that B is equal to R(X; Dy, Da, ..., Dpyq).
Therefore A coincides with R(X; Dy, Do, ..., D,). In this case, X does not inherit
properties of the ring A as in the following example.

Let A = k[x] be a graded polynomial ring over an algebraically closed field k with

deg(z) = 1. Let X be a blow-up of a smooth projective variety over k at a closed
point. Let E be the exceptional divisor of X. Then we have A = R(X; F).
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