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Abstract

In this paper, we construct a local ring A such that the kernel of the map
Go(A)g — GO(A)@ is not zero, where A is the completion of A with respect to the
maximal ideal, and Gy( )g is the Grothendieck group of finitely generated modules
with rational coefficients. In our example, A is a two-dimensional local ring which is
essentially of finite type over C, but it is not normal.

1 Introduction

For a Noetherian ring R, we set

Z[M]
M: f. g. R-mod.

Go(R) = ({IL] 4+ [N]—=[M]|0 = L — M — N — 0 is exact),

that is called the Grothendieck group of finitely generated R-modules. Here, [M]
denotes the free basis (corresponding to a finitely generated R-module M) of the free
module @ Z[M], where Z is the ring of integers.

For a flat ring homomorphism R — A, we have the induced map Go(R) — Go(A)
defined by [M] — [M ®p A].

We are interested in the following problem (Question 1.4 in [7]):

~

Problem 1.1 Let R be a Noetherian local ring. Is the map Go(R)g — Go(R)g
injective?

Here, R denotes the m-adic completion of R, where m is the unique maximal ideal of
R. For an abelian group N, Ng denotes the tensor product with the field of rational
numbers Q.

We shall explain motivation and applications.



Assume that S is a regular scheme and X is a scheme of finite type over S. Then,
by the singular Riemann-Roch theorem [3], we obtain an isomorphism

TX/S : G()(X)Q :> A*(X)Q,

where Go(X) (resp. A«(X)) is the Grothendieck group of coherent sheaves on X (resp.
Chow group of X). We refer the reader to Chapters 1, 18, 20 in [3] for definition of
Go(X), Ax(X) and 7x/g. Note that Go(X) (resp. Tx/g) is denoted by Ko(X) (resp.
7x) in [3]. The map 7x/g usually depends on the choice of S. In fact, we have

e (On]) = [PE € Au(PL)g = QIPH & QI

k

781 speck((Op1]) = [Pi] + x(Op1)[t] = [Pi] + [t] € Au(Pr)g,

where t is a k-rational closed point of IP’,Iﬁ over a field k. Here, for a closed subvariety
Y, [Y] denotes the algebraic cycle corresponding to Y. Hence,

TPL /P} ([OP;D o TP}/ Speck ( [O]Pj}c])

in this case. However, for a local ring R which is a homomorphic image of a regular
local ring T', the map Tgpec R/ Spec 7 18 independent of the choice of 7' in many cases. In
fact, if R is a complete local ring or R is essentially of finite type over either a field or
the ring of integers, it is proved in Propopsition 1.2 of [9] that the map 7g,ec g /SpecT
is actually independent of T'.

From now on, for simplicity, we denote Tspec R/ Spec DY Tr/7- It is natural to ask
the following:

Problem 1.2 Let R be a homomorphic image of a regular local ring T'. Is the map
Tr/T independent of T

Remark that, by the singular Riemann-Roch theorem, the diagram

TR/T
—

Go(R)g

«—

Go(R)g 5 Au(R)g
is commutative, where the vertical maps are induced by the completion R — R. We
want to emphasize that the bottom map, as well as the vertical maps is independent
of the choice of T since R is complete (Propopsition 1.2 of [9]). Therefore, if the
vertical maps are injective, then the top map is also independent of T.

Therefore, if Problem 1.1 is affirmative, then so is Problem 1.2.

We shall explain another motivation.



Roberts [11] and Gillet-Soulé [4] proved the vanishing theorem of intersection
multiplicities for complete intersections. If a local ring R is a complete intersection,
then 75,7 ([R]) = [Spec R] holds, where

[Spec R] = E (g, (Ry)[Spec R/p] € Adim r(R)q-
peSpec R
dim R/p=dim R

In [11], Roberts proved the vanishing theorem of intersection multiplicities not only
for complete intersections but also for local rings satisfying 7r,7([R]) = [Spec R].
Inspired by his work, Kurano [9] started to study local rings which satisfy the condi-
tion 7,7 ([R]) = [Spec R], and call them Roberts rings. If R is a Roberts ring, then
the completion, the henselization and localizations of it are also Roberts rings [9].
However, the following problem remained open.

Problem 1.3 If R is a Roberts ring, is R so?

It is proved in Proposition 6.2 of [7] that Problem 1.3 is affirmative if and only if
so is Problem 1.1.

The following partial result on Problem 1.1 was given by Theorem 1.5 in [7]:

Theorem 1.4 (Kamoi-Kurano, 2001 [7]) Let R be a homomorphic image of an
excellent reqgular local ring. Assume that R satisfies one of the following three condi-
tions:

(i) R is henselian,

(ii) R = Sy, where S is a standard graded ring over a field and n = ©p>0Sn,

(iii) R has only isolated singularity.

Then, the induced map Go(R) — Go(ﬁ) is injective.

However, the following example was given by Hochster:

Example 1.5 (Hochster [6]) Let k be a field. We set

T = klz,y,u,9](zyu0)
P = (-f,y),
f e :L‘y - U:LQ - Uy2‘

Then, Ker(Go(T/fT) — Go(T/fT)) > [T/P] # 0. In this case, 2- [T/P] = 0.

The ring T/ fT is not normal in the above example. Recently Dao [2] found the
following example:



Example 1.6 (Dao [2]) We set

R = R[.’E, Y, va](x,y7z,w)/(x2 + y2 - (’U) + 1)Z2),
P = (z,y,2)

~

Then, Ker(Go(R) — Go(R)) > [R/P] # 0. In this case, 2-[R/P] = 0. Here, R is

a normal local Ting.
The following is the main theorem of this paper:

Theorem 1.7 There exists a 2-dimensional local ring A, which is essentially of finite
type over C, that satisfies

-~

Ker(Go(A)Q — Go(A)Q) 75 0.

Remark 1.8 1. By Theorem 1.7, we know that both Problem 1.1 and Problem 1.3
are negative. That is to say, there exists a local ring R such that R is a Roberts
ring, but R is not so.

2. Problem 1.2 is still open.

3. In [10], we defined notion of numerical equivalence on Go(R) and A,(R). We
set Go(R) = Go(R)/ ~pum. and A.(R) = A.(R)/ ~num.- Then, we have the
following;:

— =~

(a) Go(R) — Go(R) is injective for any local ring R.
(b) The induced map Tg/7 : Go(R)q = A, (R)g is independent of 7.

(¢) R is a numerically Roberts ring iff so is R. (Definition of numerically
Roberts rings was given in [10]. The vanishing theorem of intersection
multiplicities holds true for numerically Roberts rings.)

4. The ring A constructed in the main theorem is not normal. We do not know
any example of a normal local ring that does not satisfy Problem 1.1.

Theorem 1.7 immediately follows from the following two lemmas.

Lemma 1.9 Let K be an algebraically closed field, and let S = ®,>0Sy be a standard
graded ring over K, that is, a Noetherian graded ring generated by S1 over Sy = K.
We set X = Proj S, and assume that X is smooth over K withd =dim X > 1. Let h
be the very ample divisor on X of this embedding. Let w:Y — Spec S be the blow-up
atn = @n>OSn.

Assume the following:

1. Set R = Sy, and let R be the completion of R. Then, the map A1(R)g — Al(}A%)Q
induced by completion is an isomorphism.



2. There exists a smooth connected curve C' in'Y that satisfies following two con-
ditions:

(i) C transversally intersects with 71 (n) ~ X at two points, namely Py and
Ps.
(11) [P1] — [P2] # 0 in Ag(X)g/h - A1(X)q.
Then, there exists a local ring A of dimension d+ 1, which is essentially of finite
type over K, such that

-~

Ker(Go(A)g — Go(A)) # 0.

Lemma 1.10 We set S = Clxo, z1,22]/(f), where f is a homogeneous cubic poly-
nomial. Assume that X = Proj .S is smooth over C.
Then, R satisfies the assumption in Lemma 1.9 with d = 1.

We shall prove the above two lemmas in the following sections.

2 A proof of Lemma 1.9

Here, we shall give a proof of Lemma 1.9.

Let p be the prime ideal of S that satisfies Spec S/p = 7(C). Set R = S, and
m=nR.

Then, C is the normalization of Spec S/p. We denote by v; the normalized valu-
ation of the discrete valuation ring at P; € C for i = 1, 2.

First of all, we shall prove the following:

Claim 2.1 There exists s € m/pR such that

1. vi(s) = va(s) >0, and

2. K[s|s) — R/pR is finite.
Proof. Let C’ be the smooth projective connected curve over K that contains C' as
a Zariski open set. We regard P;, P, as points of C'.

Let R(C") be the field of rational functions on C’. Since P; is an ample divisor
on ', there exists t; € R(C’)* such that

e P; is the only pole of ¢, and

e P, is neither a zero nor a pole of t7.
Similarly, one can find to € R(C")* such that

e P is the only pole of t5, and

e P is neither a zero nor a pole of 5.



Replacing t; (resp. t2) with a suitable powers of t1 (resp. t2), we may assume v1(t1) =
1)2(252) < 0.
Put ¢t = 1/t1te € R(C')*. Then, {P;, P,} is the set of zeros of t. Note that
vl(t) = ’Z)Q(t) > 0.
Let Oy, be the discrete valuation ring at P; for i = 1,2. Then, K[t]) is a subring
of
Oy, N Oy, = S/p @s/p R/pR,

where () is the normalization of the given ring.

Since {Py, P2} is just the set of zeros of ¢, O,, N O,, is the integral closure of
K[t]) in R(C"). In particular, S/p ®g/p R/pR is finite over K[t]q.

Let I be the conductor ideal of the normalization

R/pR C S/p ®s/p R/PR.

Let m; be the maximal ideal ofS’i/]J@S/p R/pR corresponding to P; for i = 1,2. Since
I is contained in m/pR,
I Cmy Nms.

Therefore, we have

\/f:mlﬂmgat.

Thus, t" is contained in I for a sufficiently large n. In particular, t" is in m/pR.
Consider the following commutative diagram:

K[t"] gy — R/pR
! o
Kltlgy — S/p®s) R/pR

The morphism in the left-hand-side, as well as the bottom one is finite. Hence, all
morphisms are finite.
Put s = t". Then, s satisfies all the requirements. q.e.d.

Let R -5 R/pR be the natural surjective morphism. We set A = ¢~1(K[s]y)).

R - R/pR
roo
A — K[S](S)

In the rest of this section, we shall prove that the ring A satisfies the required condi-
tion.
Next we shall prove the following:

Claim 2.2 The morphism A — R is finite birational, and A is essentially of finite
type over K of dimension d + 1.



Proof. Remark that
ADpR#0

since the dimension of R is at least 2. Take 0 # a € pR. Since Ala~!] = R[a™}],
A — R is birational.

One can prove that A is a Noetherian ring by Eakin-Nagata’s theorem. However,
here, we shall prove that A is essentially of finite type over K without using Eakin-
Nagata’s theorem.

Let B be the integral closure of K[s] in R/pR. Remark that B is of finite type
over K.

Since R/pR is finite over K[s|.), B @[5 K[s]s) = R/pR.

3

R - R/pR — B
T T T
S K[s]s) «— Kls]

Take an element s’ € R that satisfies £(s') = s. Suppose S = K[sy,...,s,]. Since
B ®kis K[s](s) = R/pR, there exist g; € B and f; € K[s]\ (s) such that {(s;) = g:/fi
fori =1,...,n. Take an element f/ € K[s'] such that {(f]) = f; fori=1,...,n. Put

S' = K[, s1f1,. . snfh]-

Remark that R is a localization of S’, and £(S”) C B. Since B is of finite type over
K, there exists a ring D that satisfies

e SSCDCR
e D is of finite type over K,
e R is a localization of D, and
e {(D)=B.
Put ¢ = ¢|p and E = ¢! (K][s]). Then, D is finite over E.

D % B
Tooo
E — K5
Since B ®k[q K|s|s) = R/pR, there is only one prime ideal N of B lying over
(s) C K|[s]. Therefore, ¢~1(N) is the only one prime ideal lying over the prime ideal
#~1((s)) of E. Localizing all the rings in the above diagram, we have the following
diagram:
DopEyrs) —  B@s L)
1 0 p
Bgrsy = Kls]®p Egy)



Remark that D ®@p Eq&*l((s)) = R, K[S] XE E(ﬁfl((s)) = K[S](S) and B ®fg E¢71((s)) =
R/pR. Therefore, A coincides with Ey-1((,)).

Since D is finite over F and D is of finite type over K, E is also of finite type
over K.

Therefore, we know that A is essentially of finite type over K and R is finite over
A. Tt is easy to see

dimA=dimR=dimS =d+ 1.
q.e.d.

In particular, A is a homomorphic image of a regular local ring T'. Therefore, we
have the commutative diagram

TA/T

Go(A)g A«(A)g
! !

-~ TA)T

Go(A)g —5 AA)g

|

by the singular Riemann-Roch theorem (Chapter 18, 20 in [3]). Remark that the
horizontal maps in the above diagram are isomorphisms. Therefore, in order to prove

-~

that Ker(Go(A)g — Go(A)g) is not 0, it is sufficient to prove that Ker(A4;(A)gp —

~

Ai(A)g) is not 0.
The diagram

H
y— &)

induces the commutative diagram

~

A1(R)g — Ai(R)o
! l (1)

-~

Ai(A)g — Ai(A)

where the vertical maps are induced by the finite morphisms A — R and A — E,
and the horizontal maps are induced by the completions A — Aand R — R.

The top map in the diagram (1) is an isomorphism by assumption 1 of Lemma 1.9.

Here we shall show, for each prime ideal of A, there exists only one prime ideal
of R lying over it. Let q be a prime ideal of A. Recall that the conductor ideal pR
is a prime ideal of both A and R. If q does not contain pR, then A, coincides with
R ®4 Aq. Therefore there exists only one prime ideal of R lying over g in this case.
Next suppose that q contains pR. Then ¢ is either pR or the unique maximal ideal
of A. In any cases, there exists only one prime ideal of R lying over q.

Consider the following commutative diagram:

0 — Ray(R) — Zi(R) — Ai(R) — O

| ! l
0o — Ratl(A) — Zl(A) — Al(A) — 0

8



We refer the reader to Chapter 1 in [3] for definition of Rat, and Z.. Since the
morphism A — R is finite injective, the cokernel of Rat;(R) — Rati(A) is torsion by
Proposition 1.4 of Chapter 1 in [3]. Since, for each prime ideal of A, there is only one
prime ideal of R lying over it, the map Z1(R) — Z1(A) is injective and the cokernel
of it is a torsion module Z/(2v), where v = v1(s) = va(s). Therefore the map in the
left-hand-side in diagram (1) is also an isomorphism.

By the commutativity of diagram (1), we know that, in order to prove that

-~

Ker(Ai(A)g — A1(A)g) is not 0, it is sufficient to show that
Ker(41(R)g — A1(4)g) = Q.

Since A/(pR)A = K/[s]z) = K][[s]], (pR)A is a prime ideal of A of height d. We
have the following bijective correspondences:

the set of prime ideals of R lying over (pR)A

«—— the set of minimal prime ideals of R//E%
«— the set of maximal ideals of S/p ® s/p R/PR
— {Pb PQ}a

where Si/p ®g/p R/pR is the normalization of R/pR. Therefore, there are just two
prime ideals of R lying over (pR)A\. We denote them by p; and ps.
It is easy to see that pR is the conductor ideal of the ring extension A C R, that
is,
pR=A:4 R.
Then, (pR)A = A : 7 R is satisfied. Therefore, (pR)A is the conductor ideal of the
ring extension A C R. Consider the map

©: Z1(R) — Z1(A).

Let q be a prime ideal of A of height d. If g does not contain the conductor ideal
(pR)A, then there exists only one prime ideal q’ of R lying over q. Furthermore, A/q
is birational to R/q’. Therefore,

¢([Spec R/q]) = [Spec A/q].

Here, we shall show

-~

o([Spec R/p1]) = ¢([Spec R/p2]) = v[Spec A/(pR)A],

where v = v1(s) = va(s). Recall that

—_—

Ou; % Oy, = (R/PR)" = R/pR = R/p1 x R/po.



Therefore, we may assume 5; ~ ﬁ/pl for 1 = 1,2. Then, we have

—_

rankg/(pR)g R/pl = rankg/(pR)g R/pl = rankg/(pR)g Ovi = rankKHsH OUZ.

= dimg 50\1/361,\1 = dimg Oy, /50y, =v

for ¢ = 1,2. Here, dimg means the dimension of the given K-vector space.
Thus, we have the following exact sequence

0 — Z - ([Spec R/p1] — [Spec R/p2]) — Z1(R) — Z1(A) — Z/(v) — 0.

Consider the following diagram:

=)

0 — Rah(R) — Zy(R) — A
! ! !

-~

0 — Rahi(A) — Zi(A) — A (A) — 0

) — 0

Since the morphism A — R is finite injective, the cokernel of Ratl(ﬁ) — Ratl(g) is
torsion (c.f. Proposition 1.4 in [3]). Thus, we have the following exact sequence

0 — Q- ([Spec R/p1] — [Spec t/pa]) — Ai(R)g — Ai(A)g — 0.
Therefore, we have only to prove

[Spec R2/p1] — [Spec 12/pa] # 0

~

n A1 (R)Q
Let 7 : Y — Spec R be the blow-up at mR. Since 77 !(mR) ~ X,

~

A(X)g B A(Y)e ™ A1(R)g — 0

is exact and

. ([Spec B/p1] — [Spec B/pa] ) = [Spec R/p1] — [Spec R/pal,

where i : X — Y is the inclusion. Consider the following commutative diagram:

Pz‘ — {Pl, PQ} — X
I o1 o
SpecO,;, — SpecR/p — Y

! !
Spec R/p — SpecR

10



Take the fibre product with Spec]/% over Spec R. We may assume that Spec ﬁ/ P
coincides with Spec O,, for i = 1,2 so that the following diagram commutes:

P; = P, — {P, P2} —_— X

- - ! 0 ! o

Spec E/pZ = Spec 5; — SpecO,, ®R R — Spec R/p Qg R — Y
L Lo L
Spec R/p; — Spec R/pR — SpecR

Assume that R R
[Spec R/p1] — [Spec R/pa] =0

in A;(R)g. Then, there exists 6 € A1(X)g such that

i+(8) = [Spec R/p1] — [Spec R/pa).

Here, consider the map
A1(Y)g = A(X)o,

that is taking the intersection with 7~ *(mR) = X. Since i'i,() = —h - § and
i ([Spec R/p1] — [Spec R/pg]) =1 ([Spec Oy, ] — [Spec Ov2]) = [P1] — [P,

we have

[P — [P = —h - 6.

It contradicts to
[P1] = [P2] #0

in Ao(X)g/h - A1(X)qg.
We have completed the proof of Lemma 1.9.

3 A proof of Lemma 1.10

We shall give a proof of Lemma 1.10 in this section.

Suppose that S = Clxg,x1,22]/(f) and X = ProjS satisfy the assumption in
Lemma 1.10. Let Z be the projective cone of X, that is, Z = Proj C[zg, x1, z2, 3]/ (f)-

Let W 5 Z be the blow-up at (0,0,0,1). We set Xoo = Vi (z3) and Xy =
¢€71((0,0,0,1)). Remark that both of Xy and X, are isomorphic to X. Then,
W % X is a P'-bundle.

Take any two closed points Q1,Q2 € X. We set L; = n~1(Q;) for i = 1,2.
Consider the Weil divisor L1 + Ly + X, on W. Here we shall prove the following:

11



Claim 3.1 The complete linear system |L1 + Lo + Xoo| is base-point free, and the
induced morphism W EN satisfies that dim f(W) > 2.

Proof. Since the complete linear system |@Q1 + Q2| on X is base-point free, so is
|L1+Lo|. Since the complete linear system | X | is base-point free, so is | L1+ Lo+ X oo |.
In order to show dim f(W) > 2, we have only to show that the set

{a € ROW)* | div(a) + L1 + Lz + Xoo > 0}

contains two algebraically independent elements over C.
Note that, since W > X is a surjective morphism, R(X) is contained in R(W).
Consider

H'(W,0w (L1 + Lo+ X)) = {a€ R(W)*|div(a) + L1 + Ly + Xoo > 0} U{0}
HY(X,0x(Q1 + Q2)) {a € R(X)* |div(a) + Q1+ Q2 > 0} U{0}.

It is easy to see
HY(W, 0w (L1 + Lo + Xoo)) D H(X,0x(Q1 + Q2)) D C.

The set H°(X, Ox(Q1 + Q2)) contains a transcendental element over C. Since R(X)
is algebraically closed in R(W) and

HO(W, 0w (L1 + Ly + Xoo)) # H(X,0x(Q1 + Q2)),

HY(W,Ow (L1 + L2 + Xo)) contains two algebraically independent elements over
C. q.e.d.

Since |L1 4+ Lo + X | is base-point free as in Claim 3.1,
div(a) + L1 + Lo + X

is smooth for a general element a € HY(W,Ow (L1 + Ly + Xo)) \ {0} (e.g., III
Corollary 10.9 in [5]). Since dim f(W¥) > 2 as in Claim 3.1,

div(a) + L1 + Lo + X

is connected for any a € HO(W,Ow (L1 + La + X)) \ {0} (e.g., IIT Exercise 11.3 in
5)).

Let {ai,---,a,} be a C-basis of H*(W, Ow (L1 + Ly + Xo)). Let a; be the local
equation defining the Cartier divisor div(a;) + L1 + L2 + X for i = 1,...,n. For
c=(c1,...,cq) € C"\ {(0,...,0)}, D, denotes the Cartier divisor on W defined by
cloq + -+ CpOy.

For a general point ¢ € C", D, does not contain Xy as a component and D,
intersect with Xy at two distinct points. Recall that X is isomorphic to X. Set

D.NXo = {QClJQCZ} C X.

12



Choose e € X such that the Weil divisor 3e coincides with the very ample divisor
corresponding to the embedding X = Proj.S. We regard the set of closed points of
the elliptic curve X as an abelian group with unit e as in the usual way.

Let ¢ : X — P be the morphism defined by |2e].

For a general point ¢ € C", we set

0(c) = p(Qe1 © Qe2) € PE,

where © means the difference in the group X. One can prove that there exists a non-
empty Zariski open set U of C" such that 0|y : U — IP’}C is a non-constant morphism
and D, is smooth connected for any ¢ € U. Then, there exists a a non-empty Zariski
open set of Pt which is contained in Im(@|y). Let F be the set of elements of X of
order finite. Then, it is well-known that F' is a countable set. In particular, ¢(F')
does not contain Im(#|7). Therefore, there exists ¢ € U such that 6(c) € ¢(F). Then,
D, is a smooth connected curve in W such that D, intersect with Xy ~ X at two
points {P;, P,} transversally such that P © P» has order infinite in X.

Let ¢ : X — Ap(X) be a map defined by ¢(P) = [P] — [e]. It is well known that
¢ is a group homomorphism. We have the following exact sequence:

0— X -2 A4(x) &8z 0

Since deg(h) = 3, we have an isomorphism

X ®Z Q i AQ(X)Q/hAl(X)Q.

By definition, we have B
0# ¢(PLO Py) =[] - [P)]

in AQ(X)Q/hAl(X)Q.

Let Y be the blow-up of Spec S at the origin. Then, Y is an open subvariety of
W. Weset C = D.NY. Then C satisfies assumption 2 in Lemma 1.10.

Since H'(X, Ox(n)) = 0 for n > 0, we have C1(R) ~ CI(R) by Danilov’s Theorem
(Corollary in 497p and Proposition 8 in [1]). Therefore, R satisfies assumption 1 in
Lemma 1.9.

We have completed the proof the Lemma 1.10.

Remark 3.2 Let A be a 2-dimensional local ring constructed using Lemma 1.9 and
Lemma 1.10. Since A and A are 2-dimensional excellent local domains, we have the
following isomorphisms:

Go(A) ~ Zd A(A)

A
Go(Ad) =~ Z& Ai(A)

12

Therefore, R R
Ker(Go(A) — Gp(A)) = Ker(A1(A) — A1(A)).

13



Using it, we can prove that

Ker(Go(A) — Go(A)) ~ Z

as follows. Consider the following diagram

0

!

0 7

! !
AR) L R
Li L
A(4) L Ay(A)

! !
Z)(20) — Z/(v)

! !

0 0

Let o; be the element of Aj(R) such that f(c;) = [Spec R/p;] for i = 1,2. Then, the
kernel of g is generated by

i(a1) — v[Spec A/pR).

Here, note that

2 (i(c1) — v[Spec A/pR]) = i(aq) — i(a2).

Since the kernel of ¢ is not torsion, it must be isomorphic to Z.

References

[1] V. I. DaNtLov, The group of ideal classes of a complete ring, Math. USSR
Sbornik 6 (1968), 493-500.

[2] H. DA0, On injectivity of maps between Grothendieck groups induced by com-
pletion, preprint

[3] W. FuLTON, Intersection Theory, 2nd Edition, Springer-Verlag, Berlin, New
York, 1997.

[4] H. GILLET AND C. SOULE, K-théorie et nullité des multiplicites d’intersection,
C. R. Acad. Sci. Paris Ser. I Math. 300 (1985), 71-74.

[5] R. HARTSHORNE, Algebraic Geometry, Graduate Texts in Math., No. 52,
Springer-Verlag, Berlin and New York, 1977.

[6] M. HOCHSTER, Thirteen open questions in Commutative Algebra, talk given at

LipmanFest, July 2004, available online at
http://www.math.lsa.umich.edu/hochster/Lip.test.pdf

14



[7] Y. Kamor AND K. KURANO, On maps of Grothendieck groups induced by com-
pletion, J. Algebra 254 (2002), 21-43.

[8] K. KURANO, A remark on the Riemann-Roch formula for affine schemes asso-
ciated with Noetherian local rings, Tohoku Math. J. 48 (1996), 121-138.

9] K. KURANO, On Roberts rings, J. Math. Soc. Japan 53 (2001), 333-355.

[10] K. KURANO, Numerical equivalence defined on Chow groups of Noetherian local
rings, Invent. Math., 157 (2004), 575-619.

[11] P. C. ROBERTS, The vanishing of intersection multiplicities and perfect com-
plezes, Bull. Amer. Math. Soc. 13 (1985), 127-130.

Kazuhiko Kurano

Department of Mathematics

Faculty of Science and Technology

Meiji University

Higashimita 1-1-1, Tama-ku

Kawasaki 214-8571, Japan
kurano@math.meiji.ac. jp
http://www.math.meiji.ac.jp/ kurano

Vasudevan Srinivas

School of Mathematics

Tata Institute of Fundamental Research
Homi Bhabha Road, Mumbai-400005
India

srinivas@math.tifr.res.in

15



