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Abstract

Let A be a Notherian ring graded by a finitely generated Abelian group G. It
is shown that a Chow group A,(A) of A is determined by cycles and a rational
equivalence with respect to certain G-graded ideals of A. In particular, A,(A) is
isomorphic to the equivariant Chow group of A if G is torsion free.
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1 Introduction

In this paper, we study a Chow group of a Noetherian ring graded by a finitely generated
Abelian group and prove that a Chow group of such a graded ring is determined by its
cycles and rational equivalence of graded objects. For certain varieties, it had been proved
by Fulton, MacPherson, Sottile and Sturmfels[2]. Precisely speaking, their result is stated
that a Chow group of a variety (over C) with an action of a connected solvable linear
algebraic group is isomorphic to its equivariant Chow group. The aim of this paper is to
give an elementary proof to a similar statement for a Chow group of a graded ring. We do
not have to assume that the given ring contains a field.

Let G be a finitely generated Abelian group (not necessary torsion free) and A =
@geG A, be a Noetherian G-graded ring. We call that a G-graded ideal p C A is a
G-prime ideal, if every homogeneous nonzero element of A/p is a nonzero divisor. If G is
torsion free, then a G-prime ideal is actually a prime ideal. Otherwise a G-prime ideal is
not necessary a prime ideal and these ideals involve much information. We define a group
A%(A) = Z%(A)/Rat%(A), where Z%(A) is the free Abelian group generated by [A/p] for
all G-prime ideal p and Rat®(A) is a subgroup of Z¢(A) which is a graded analogue of
rational equivalence determined by homogeneous elements and G-prime ideals (see (2.5)).
Then our main result is stated as follows.



Theorem 1.1 Put W = {P € Spec(A) | P € Mina(A/p) for some G-prime ideal p} C
Spec(A). If G 2 Z™&T with |T| < oo, then there is the natural map ¢ : AS(A) — A.(A)
satisfying following conditions.

(1) A.(A) is generated by {[A/P]| P € W}.
(2) |TKer(p) = (0).
In particular, A%(A) is isomorphic to A.(A) via ¢ if G is torsion free.

Example 3.4 shows that the map ¢ in Theorem 1.1 is not always an isomorphism.

2 Definition of A%(A)

Let A be a Noetherian ring essentially of finite type over a regular domain R. We treat a
Chow group of A using relative dimension instead of the usual Krull dimension (Chap. 20 in
Fulton[1]). Relative dimension dimg(A/P) is defined as dimgz(A/P) = tr.deg(k(P)/k(R N
P))—htr(RNP) for each P € Spec(A). Note that dimg(A/P) = dimg(A/Q)+ht4,p(Q/P)
for P C @ € Spec(A). If S is a multiplicatively closed subset of A with SN P = ¢ for
P € Spec(A), then we have dimp(S™'A/PS~'A) = dimg(A/P). For a finitely generated
A-module M, we set

dimgp(M) = sup{dimg(A/P)| P € Supp,(M)}
Asshp(M) = {P € Supp,(M) | dimg(M) = dimg(A/P)}.

The i-th cycles Z;(A) of A is the free Abelian group generated by [A/P] for all P €
Spec(A) with dimg(A/P) = i. Rat;(A) is the subgroup of Z;(A) generated by div(Q, a)
for every @) € Spec(A) with dimg(A/Q) =i+ 1 and for every a € A\ @, where

diva(Q, a) = Yo lap(Ap/(a,Q)AR)A/P].

PeMing (A/(a,Q))

If no confusion is possible, we denote div4(Q, a) simply by div(Q, a). The i-th Chow group
A;(A) is defined to be the quotient group Z;(A)/Rat;(A). We define the Chow group
(resp. cycles, rational equivalence) of A by A.(A) = ®;czAi(A) (resp. Z.(A) = BiczZi(A),
Rat.(A) = @lezRatZ(A))

The aim of this section is to define a similar notion to Chow groups for graded rings and
to define the natural map from this group to the ordinary Chow group. Let (G,+) be a
finitely generated Abelian group. We say that a ring A is a G-graded ring, if there exists

a family {A,},ee of subgroups of A such that A = @geG Ay and AgA, C Agyy for every



g,h € G. Similarly, a G-graded A-module is an A-module M with a family {M,},ce of
subgroups of M such that M = @geG M, and AjM; C Mgy, for every g,h € G. The
subgroup M, is called the component of M of degree g. An element x € M, \ {0} is called
a homogeneous element of degree g and we write as degz = g.

Throughout the paper, we assume that A is a Noetherian G-graded ring such that A
is an R-algebra and A is essentially of finite type over R, where R is assumed to be an
excellent regular domain.

Definition 2.1 A G-graded ideal p of A is said to be a G-prime ideal, if every homogeneous
nonzero element of A/p is not a divisor of zero. We denote the set of all G-prime ideals by
Spec(A).

Remark 2.2 If GG is torsion free, then G-prime ideals are nothing but G-graded prime
ideals and Spec®(A) C Spec(A). However, if G' has torsion, then G-prime ideals are
not necessary prime ideals. For example, put A = Q[X]/(X? — 1). We consider A as
a Z/(2)-graded ring by degX = 1 € Z/(2). Then A has no graded prime ideals, but
Spec?(A) = {(0)}. G-prime ideals have a lot of information on G-graded rings and G-
graded modules. they play roles of prime ideals in the category of G-graded rings (and the
category of G-graded modules). See, for example, [4], [5].

Let p C A be a G-prime ideal and let M be a G-graded A-module. We define a homoge-
neous localization M, of M at p by M, = S™'M, where S is the set of all homogeneous
elements of A \ p. We define a G-graded module M (g) by M(g) = M as the underlying
A-modules, that is graded by M(g), = My, for h € G.

For an ideal P C A, we put P* = @geG PN A, the maximal graded ideal contained in P.

If P is a prime ideal, then P* is a G-prime ideal. Conversely, if p € Spec®(A), then P* = p
is satisfied for every P € Ass,(A/p) since any nonzero homogeneous element of A/p is
not a zero divisor and, therefore, Spec?(A4) = {P* | P € Spec(A)}. Furthermore, we have
Ass4(A/p) = Mina(A/p) since Ay,)/pAy) is G-simple. (Note that Assa, (Ap)/PAp) =
Ming,, (A /PAg)) is satisfied since Ag,)/pA(p) is G-simple that will be defined in (2.6).)
We put SuppG(M) = {p € Spec“(4) | My # 0} and denote by MinG (M) (resp.
Assh%(M)) the set of minimal G-prime ideals in Supp§ (M) (resp. the set of G-prime ide-
als p € SuppG (M) with dimz (M) = dimg(A/p)). Note that P € Supp ,(M) is equivalent to
P* € Supp§ (M). For a G-graded A-module M, M has a finite filtration (0) = My C M; C
-+ C M, = M of G-graded submodules of M with M, /M; = A/p;(g;) for some G-prime
ideal p; and for some g; € G. Note that Supp§ (M) = {p € Spec®(A) | p D p; for some i}



and MinG(M) C {p1,---,pn}. If G is torsion free, then MinG(M) = Miny (M) and
Assh$ (M) = Asshg(M).

Definition 2.3 We denote by Z&(A) the free Abelian group with basis [4/p] consisting of
all G-prime ideals p such that dimgz(A/p) = i. The G-cycles Z¢(A) of A is defined to be
the direct sum of Z&(A) for all i.

For p € MinG (M), Zg(p)(M(p)) denotes the length of the maximal chain of G-graded
submodules of M. It is easy to see that Zg(p)(M(p)) is equal to £4,(M,), if G is torsion

free. We put [M] = ZpeAsshg(M) Zﬁ(p)(M(m) [A/p] € ZgimR(M)(A)'

Definition 2.4 Suppose p € Spec®(A) and let a € A\ p be a homogeneous element. We
put

divi(p,a) = Y G (Aw/(a.p)Aw) [A/d].

qeMing (4/(a,p))

We define Rat{’(A) to be the subgroup of Z%(A) generated by div(p,a) for every p €
Spec”(A) with dimg(A/p) =i + 1 and for every homogeneous element a € A\ p. We put
Rat{(A) = Y",., Rat{(4) C Z¢(A) and call it the G-rational equivalence of A.

Later, we will see div®(p,a) € Z¢(A) if dimg(A/p) = i + 1 (Lemma 2.10). Hence we
have Rat{ (A) C Z§(A) for each i and Rat¥(A4) = @,_, Rat{’(4) C ZF(A).

Definition 2.5 The i-th G-Chow group of A is defined by A¥(A) = Z&(A)/Rat{(A). We
define the G-Chow group of A to be A%(A) = @,_, AF(A) = ZF(A)/Ratf(A).

In order to compare A¢(A) with A,(A), we need some lemmas on relative dimension of
graded objects.

Definition-Proposition 2.6 ((1.6) in [4]) A G-graded ring A is said to be G-simple, if A
has no proper G-graded ideal. If A is G-simple and G' = {g € G | A, # 0}, then 4, is a
field and A is ismorphic to a twisted group ring A5[G'] of G’ over the field Ay. It is proved
in [4] that any G-simple ring is complete intersection.



Now, we have the following relative dimension formula for G-prime ideals.

Lemma 2.7 Let p € Spec®(A) and P € Spec(A) with P* =yp. Then we have

Particularly, dimp(A/p) = dimg(A/Q) is satisfied for all Q € Assa(A/p), i.e. Asshp(A/p)
= Assa(A/p) holds.

Proof. We put K = [A(p)/pA(p)]g and G(p) = {g e G | [A(p)/pA(p)]g #* 0} Then we
have

dimp(A/P) = tr.deg(k(P)/K) + tr.deg(K/k(R N po)) — htr(R N po)
= dim(K'[G(p)]/PK'[G(p)]) + tr.deg(K/k(R N po)) — htr(R N po)
= dim(A(p)/PA(p)) + tr.deg(K/k(R N po)) - htR(R N po)

If Q€ Assa(A/p), then dim Ay, /QA(p) = dim A,y /pA( by (2.6). Hence we have
dlmR(A/p) - dlmR(A/P) = dim A(p)/pA(p) — dim A(p)/PA(p) = dim Ap/pAp
|

Corollary 2.8 For p,q € Spec®(A) with p C q, if we put r = dimg(A/p) — dimg(A/q),
then there exists a saturated chain p =1po C p1 € --- C p, = q of G-prime ideals.

aa

Proof. By (2.7), we have r = ht4,,(q/p). If r > 0, then there is a homogeneous element
a € q such that a € p. Since a is not a zero divisor of A/p, we have p; € MinG(A/(a,p))
with p; C q and ht 4, (q/p1) = 7 — 1. The assertion is proved by induction on 7. O

Lemma 2.9 (1) Miny(M) = [eming(ar) Assa(A/p).

(2) Asshgr(M) = HpeASShg(M) Assa(A/p).

Proof. (1) It is easy to see [pemingar) Assa(A/p) = Useming(ar) Assa(A/p), since
Assa(A/p) N Assa(A/q) = ¢ for p = q. Take P € Mina(M). Since P € Supp,(M),
we know p := P* € Supp§(M). If q is a minimal G-prime ideal of M contained in p,
then q C P. Since Asss(A/q) C Suppy(M), we have P € Mina(A/q) = Assa(A4/q)
and q = P* = p. Thus Ming (M) C U,ening(ar) Assa(A/p) is satisfied. Conversely, take
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p € MinG (M) and P € Asss(A/p). If Q € Miny (M) with Q C P, then Q* € MinG (M) as
above. We have Q* C P* = p and, by the minimality of p, Q* = p is satisfied. Since P is
a minimal prime ideal of A/p, we have () = P. This completes the proof of (1).

(2) Take P € Ming(M) and put p := P*. Then P € Asshp(M) if and only if
dimg(A/P) = dimg(M). On the other hand, by (2.7), we have dimg(A/P) = dimg(A/p).
Hence P € Asshy(M) iff p € Assh§(M). O

Lemma 2.10 Take p € Spec”(A) and a homogeneous element a € A\ p. Then we have
the following.

(1) 2scsihg(A/(a,p)) = Min§(A/(a,p)) and Asshr(A/(a,p)) = Miny(A/(a,p)) are satis-

(2) dimg(A/q) = dimg(A/p) — 1 for each q € Min§(A4/(a,p)), and dimp(A/Q) =
dimg(A/p)—1 for each @ € Miny(A/(a,p)) are satisfied.

Proof. The assertion (1) follows from the assertion (2).

(2) Let q € MinG(A/(a,p)) and Q € Ass(A/q). Remark that, by (2.9), @ is a minimal
prime ideal of A/(a,p). If P € Asss(A/p) with Q D P, then @ is a minimal prime
ideal of A/(a,P). Indeed, if we assume @); € Mins(A/(a, P)) such that @ D @i, then
qg=0Q* D Qf D (a,P)" D (a,p). Then, by the minimality of q, we have q = Q* = Q7
and, by the minimality of (), we have Q = @;. Since P* = p, we have a ¢ P and
dimp(A/q) = dimgr(A/Q) = dimg(A/P) —hta,p(Q/P) = dimg(A/p) — 1. This completes
the proof of Lemma. O

Now we define a group homomorphism from Z%(A) to Z,(A) as follows;
o  Z94) — Z.(A)
[A/p] — Ypeassa(asp) Lar(Ap/pAp)[A/P].

Then, by (2.7), ¢ is a graded group homomorphism, namely, o(Z5(A)) C Z;(A) for each i.
Sometimes, we consider that Z%(A) is a subgroup of Z,(A) via ¢ since ¢ is injective. Take
p € Spec®(A) and a € |, Ay \ p. By (2.10), we have

geG

p(dive (p, a))

D qeMind (A/(ap)) gg(q) (A /(a, p)A@)e([4/4])

quMing(A/(a, )) ZQGASSA(A/q) Eg(q) (A(q)/(a, p)A(q))EAQ (AQ/CIAQ)[A/Q]
qeMin§ (A/(a,p)) ZQGASSA(A/q) lag(Aq/(a,p)AQ)[A/Q]

> 0eMina (4/(ap)) Lo (Aa/(a,p)AQ)[A/Q)]

> QeAssha(A/(ap) Lo (Ag/(a,p)AQ)[A/Q)]

= [A/(a,p)].



Then [A/(a,p)] belongs to Rat,(A), since a is a nonzero divisor of A/p ((1.2.2) of [6]).
Hence ¢ induces a graded group homomorphism ¢ : A9(A) — A,(A). Henceforth we call
this ¢ the natural homomorphism from A%(A) to A.(A4).

In the same way as ordinary Chow groups, we have the following. (See, for example Ch.
1 of [6].)

Lemma 2.11 (1) If f : A — B is a flat G-graded ring homomorphism that is essen-
tially of finite type of relative dimension k, then the map Z$(A) EAN Z$ . (B) that
sends [A/p] to [B/pB] induces a map of G-Chow groups A% (A) L A¢ . (B).

(2) Let S be a multiplicatively closed subset of A consisting of homogeneous elements. Let
79(S, A) denote the subgroup of Z9(A) generated by all [A/p] such that p N S # ¢.
Then the inclusion Z9(S, A) < Z%(A) induces an ezact sequence

79(S,A) — AY(A) — AY(ST'A) — 0.

(8) A module finite G-graded ring homomorphism g : A — B induces the map g, :
A%(B) — AY(A) such that g.([B/RB]) = Eﬁ(p)(Bm/‘BBm))[A/p], where p = ANP.
(Note that dimg(B/P) = dimp(A/ANP) for P € Spec®(B).)

a

The following lemma is an easy consequence of (2.11) which will be used in the proof of
the main result.

Lemma 2.12 Let A[z] be a polynomial ring over A. We regard Alz| as a G-graded ring

by deg(z) = g for some g € G. Then we have an isomorphism A%(A[z]) = A%(Alz,z71])
induced by Alx] — Alx,x 7.

Proof. By (2.11), (2), it is enough to show that AY(A[z]) — A% (A[z, 2 !]) is injective.
By (2.11), (2), the kernel of this map is generated by G-cycles [A[z]/B] such that x € P.
For each such B, there is a G-prime ideal p C A such that P = (p, x)A[x] and [A[z]/PB] =
div®(pA[z], 2). Hence we have [A[z]/P] = 0 in AS(A[z]). This completes the proof of
Lemma 2.12. a



3 Proof of Theorem 1.1

Proof of (1). Take P € Spec(A) with dim Ap/P*Ap = d. We shall prove that [A/P] €
A.(A) comes from Z. (W) by induction on d. Note that the image of Z. (W) coincides with
Z.(W)/Z.(W)NRat,(A). Suppose d > 0 and put Y = WNSpec(A/P*). Then the diagram

Ze(W
Z. (W)m(Ra)t. o = A (4)
b o
Ze(Y *
Z.(V)NRats (A/P7) " A.(A/P)

is commutative. To prove our assertion, it is enough to show that [A/P] is contained
in Z,(Y)/Z.(Y) N Rat,(A/P*). Thus we may assume P* = (0), (namely, any nonzero
homogeneous elements are nonzero divisors). Consider the localization sequence

Zaimp(a/P)(Sy A) = Adimp(a/p)(A) — Adimp(a/P)(A)) — 0

where S is the set of all nonzero homogeneous elements of A. Since A is G-simple
(or A is a twisted group ring over the field [A()lo), A.(A@) = Adimg(ae)(A@) =
Adimp(4)(A(o)) is satisfied. On the other hand, we have dimg(A4) > dimp(A/P) since
d=dim Ap = dimp(A) — dimg(A/P) > 0. Hence [A/P] is rationally equivalent to a cycle
> ns[A/Py] such that dimg(A/P;) = dimg(A/P) and P contains a nonzero homogeneous
element for each s. Since P} # 0 and dimg(A/P;) < dimg(A), we have dim Ap, /PFAp, =
dimg(A/P}) —dimg(A/P;) < dimg(A) —dimg(A/P) = d. Then, by induction hypothesis,
[A/P;] is in Z.(W)/Z.(W) N Rat, (A) for each s and so is [4/P]. O

Remark 3.1 If G is torsion free, then a G-prime ideal is a G-graded prime ideal and
Spec?(A) = W C Spec(A). Hence A,(A) is generated by cycles [A/p] such that p €
Spec?(A). Therefore ¢ is surjective.

To prove the statement (2), we need some lemmas.

Lemma 3.2 Suppose that G is torsion free and put dimg(A) = d. Then ¢ : AG | (A) —
Ay 1(A) is an isomorphism.

Proof. By (1.1), (1), it is enough to show that ¢ is injective. _
First, we assume that A is an itegral domain and denote by A the normalization of A.
Note that A is a G-graded ring since G is torsion free, and the inclusion i : A < A is finite



since A is excellent. Consider the following commutative diagram

0 0
Lo
zi1(A) = 7, (A)
v 1 1?

Za 1(A) 25 Zg 1(A).

By the definition of the map 4, (cf. (2.11), (3)), we have Rat§ ,(A) = 4,(Rati ,(A)) and
Raty 1(A) = i,(Raty_1(A)) (cf. Prop 1.4. of [1]). Now, we show that Raty | (A)NZ5 ,(A) C
Rat§ (A). Let D € Raty 1(A4) NZ§ ,(A). If we denote by D = >_7_ div4((0),a;), then
D = 3 diva((0),a;) = > in(div5((0),a;)) = i.(divz((0),]], @)). Hence there is
an element a of the quotient field of A such that D = div4((0), a) = i.(div1((0),a)). Put
div4((0),a) = >, n; [A/P;] with P; # P; for i # j. Assume that P; is not a G-graded prime
ideal for some i and put ) = ANP;. Then the prime ideal ) is not G-graded. Since () A is
prime and A C A, P; is the unique prime ideal lying over (). Thus the coefficient of [4/Q)]
in D is also n;. On the other hand, D is a linear combination of cycles corresponding to G-
graded prime ideals of A since D € Z¢(A). Therefore, we have n; = 0 for each non graded
prime ideal P; and div 5((0), a) € Z%(A). Once Raty_;(A)NZ§ | (A) C Rat§ | (A) is proved,
then we have D € i,(Raty ,(A)) = Rat$ ,(A). Hence we may assume that A is normal.
Since Z§ ,(A) (resp. Z4 1(A)) is the group of G-graded divisorial ideals (resp. divisorial
ideal) and Rat$ |(A) (resp. Raty_,(A)) is the group of G-graded principal divisors (resp.
principal divisors), our problem is described in terms of ideal theory. Namely, if I C A
is a G-graded divisorial ideal (i.e. a divisorial ideal and a G-graded A-submodule of A))
such that I is isomorphic to a principal divisor of A, then there exists a G-homogeneous
element x of Ay such that I = Ax. Indeed, if a G-graded fractional ideal I C A is
principal, it must be generated by a homogeneous element since G is torsion free.

Now, we prove the assertion in general. Let L be the kernel of @, c\pin,(4) 75 [(Alp) —
7§ (A). Note that Min4(A) = MinG(A), since G is torsion free, and Dperting ) 75 [(A/p)
— 75 (A) is surjective. For q¢ € Mina(A4) and a G-cycle C € Z§ | (A/q), Cy denotes the
element in ,c\riy, (4) 7S | (A/p) where component corresponding to Z$ | (A/p) is C (resp.
0) if p is equal to q (resp. otherwise). Then L is generated by elements [A/q], — [A/q],
such that dimp(A/q) =d — 1 and q D pUp’ for p,p’ € Asshp(A) with p # p’. Similarly,
we denote by L' the kernel of @, cyiin, 4y Za—1(A/P) — Zg-1(A) and, for q € Min,(A)
and C" € Z41(A/p), Cy denotes the element in D, ¢\, (4) Za—1(A/p) where component
corresponding to Zg 1(A/p) is C' (resp. 0) if p is equal to q (resp. otherwise). Then L’ is
also generated by elements [A/Q],—[A/Q)],, such that dimg(A/Q) = d—1, p,p" € Asshg(A)
with p #Zp’ and Q D pUp'.



Claim. The natural map L — L’ is an isomorphism.

Proof of Claim. Take ) € Spec(A) such that dimg(A/Q) = d—1 and @ D pUp’ for some
p,p’ € Asshp(A) with p # p’. Suppose that ) is not homogeneous. Since Q* is a prime
ideal that is properly contained in @ and dimgz(A/Q) = d — 1, we have Q* € Asshr(A).
On the other hand, QQ* is the maximal G-graded ideal contained in @) and, thus, Q* D p,p’.
This implies Q* = p = p’ and contradicts to p # p’. Hence @ is homogeneous. The
surjectivity of L — L' is proved. The injectivity is easy. The proof of Claim is completed.

We put L = L/L 0@, c pqnp(a) Ratg—i(A/p) and L' = L/L N, gqhp(a) Rata1(A/p).
Then we have the following commutative diagram:

0 0
\ \

00— L — @peMinA(A)AdG—l(A/p) — AL (4) — 0
\ \ \

0 — L' — @pertingnyAa1(A/p) — Aga(4) — 0
\ \ \
0 0 0

Note that the middle vertical map is an isomorphism since A/p is an integral domain and
dimg(A/p) < d. The map L — L' is surjective by the previous claim. Then our assertion
follows from the snake lemma. O

Lemma 3.3 Suppose that G is torsion free. Let B be a G-graded ring and let b be a
homogeneous element of B. We define a homomorphism div® (b)N : 28 (B) — Z¢ (B/(b))
by dive (b) N ([B/p]) = [B/(b,p)] if b & p, and div®(b) N ([B/p]) = 0 if b € p. Then this
map induces a homomorphism dive (b)N : AS(B) — AZ (B/(D)).

Proof. We show div®(b) N (Rat{ (B)) C Rat{’ ,(B/(b)). Take div¥(q,c) € Rat{(B). To
prove div®(b) N (div©(q,c)) € Rat{ | (B/(b)), we have only discuss the case b ¢ q. Hence
assume b ¢ q. Since the diagram

268y ON 76 (B)®b)
) » )
7¢(B/a) Y% 76 (B/(q,b))

is commutative, it is enough to show that div®(b) N (div®(q, c)) € Rat® (B/(q,b)). Hence
we may assume that ¢ = (0) and i = dimg(B) — 1 by replacing B with B/q. Consider the
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commutative diagram

Z?fB) awen, sz/(b))
AS(B) AS (B/(b))
1 . 1
AB) UL A (B/()

where the bottom line is defined in (2.4.1) of Fulton[1]. By (3.2), we have isomorphisms
A%(B) = Ay(B) and AY [ (B/(b)) = A;_1(B/(b)). This implies that div®(b) N (Rat{(B)) is
contained in Rat{ | (B/(b)). O

Proof of (2). First, we suppose G = Z™. We want to prove A9(A) = A,(4). Let
AlG] = @, Aey be a group ring over A and we regard A[G] as a G-graded ring by
deg(ae,) = deg(a) + g for each homogeneous element a € A and for each g € G. We define
a flat ring homomorphism f : A — A[G] by (3. cq ag) = > e @€y, Where a is the
homogeneous component of deG ag, of degree g. Then A = EBQGG Ay is isomorphic to
AlGly = B ,cq Age—g via f. Since A[G] = D AlGloe, is also a group ring over A[G]y,
we have the following bijective correspondence between Spec(A[G]y) and Spec”(A[G]):

Spec(A[G]o) +— Spec®(A[G])
P — PA[G]
PBo — B

This bijection gives isomorphisms Z;(A[G]y) = Z¢& (A [G]) Rat;(A[G]o) = Ratfl,,(A[G])

r+m
and A;(A[G]y) = A& (A[G]). Consequently, A;(A) EAN AZ (A[G]) is an isomorphism.
Note that, for P € Spec(A), f(P)A[G] may not be equal to PA[G]. However it is easy to
see f(p)A[G] = pA[G] and f*([A/p]) = [A[G]/pA[G]] for each p € Spec”(A). (See Remark

3.7).

Next, we regard A[G] as a Laurent polynomial ring A[G] = A[xfl, -+ it with homoge-
neous variables zy, -+ ,Z,,. Then the map g* : AS(Alxy, -+, 2,]) = AG(A[:v1 RN i)

= A%(A[G]) induced by A[zy,---, 2, — Alzit, -, 2t

m] is an isomorphism by (2.12).
Furthermore, by (3.3), there are homomorphisms

di

LAﬁm (Alway -+ pn]) — - di

L)AG(A)

Denote the composition by n : A%, (Alzy, -, 2,]) — AF(A). If p is a G-prime ideal
of A, then n([Alxy, -, zn|/pA[z1,- -+ ,2m]]) = [A/p] by the definition of maps (cf. (3.3)).
Finally, we know that the composition of

Az(i—m(A[xla e ,l'm])

(A[G)) L5 aG

1+m

AG(A) B Ai(A) L AG

+m

(Alz1, ..., 2m]) = AY(A)
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is identity on A¥(A). This shows the injectivity of ¢ and, therefore, ¢ is an isomorphism
if G is torsion free.

Suppose that G =2 Z™@T with |T| < co. In order to prove |T'|Ker(¢) = (0), we construct
Y A (A) — AY(A) such that ¢p([A/p]) = |T|[A/p] for every p € Spec®(A). Henceforth,
we identify G with Z™ © T. If we put Ay, = @,.p Ay for a € Z™, then the family
{As}taezm gives a Z™-grading on A, that is, A = @,y Aa. We have a homomorphism
@ AG(A) L AL (A) =2 AZ"(A) such that o' ([A/p]) = [A/p] for p € Spec®(A), by definition
of A,(A) 22 AZ"(A). Here the right hand side of the equality ¢'([A/p]) = [A/p] is the class
of Z™-graded module A/p in AZ"(A).

We use the same argument as the previous part of the proof of (2). We consider a group
ring A[T] = @, . Ae; and regard it as a G-graded ring by deg(ae;) = deg(a) + t for each
G-homogeneous element a € A and for each t € T. Then A[T|"™) := @, ym AlT)(00) =
Docrm (BrerAwpe—s) and A[T] can be regarded as a group ring of T over A[T]*™.
Hence we have a bijective correspondence between Spec”” (A[T]*™)) and Spec®(A[T)),
and the natural isomorphism AZ"(A[T]#™)) =2 AG(A[T]). If we define a flat homomor-
phism h : A — A[T] by h(3,neq Wat) = D(anea Uan€—t, then A is isomorphic
to A[T]®™ (as Z™-graded rings) and, thus, we have an isomorphism h* : A”"(A) =
AZT(A[T)"™) = AY(A[T]). By definition of h, h*([A/p]) = [A[T]/pA[T]] is satisfied for
each p € Spec®(A). Furthermore, the inclusion i : A — A[T], (i.e. A maps to Aeg)
determines i, : AY(A[T]) — AY(A), since T is finite. We denote by ¢ : A, (A) — A%(A)
the composite map of

AL(4) = ATT(4) 5 AT(AT]) & A%(4)
and claim that ¢ is the desired homomorphism. Recall that [A/p] maps to [A[T]/pA[T]]
under A%(A4) & A, (4) S AZ"(A) X5 A%(A[T)) for p € Spec®(A) by the definition of

each maps. Hence we have ¢ (¢ ([A/p])) = @.([A[T]/pA[T]]) = @ (((A/p)[T1]) = [T][A/p] for
every p € Spec”(A). This implies that |T|Ker(¢) = ¢p(Ker(p)) = 0. O

In the proof of (1.1), we showed that ¢ is an isomorphism if G is torsion free. However,
it is not true in general.

Example 3.4 Let A = k[z,y]/(z*—y?) with field k. We consider A as a G := Z/(2)-graded
ring with deg(z) =0 € G and deg(y) =1 € G. Then we have

Z (ch(k) =2
A(A)=A(4) = { 7.2 Echék; #* 2;-

On the other hand, A%(A) is generated by [A] and [A/(x,y)], and AY(A) = AF(A) @
A§(A) 2 Z @ Z/(2). On can show that the map ¢ is neither injective nor surjective.
Remark that the cokernel of ¢ is not torsion if ch(k) # 2.
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Corollary 3.5 Let H be a subgroup of G such that G/H is torsion. Then AT (AU is
isomorphic to A%(A)qg, where AT =@, . Ay and AY(—)g = AY(—) ®7 Q.

Proof. Since G/H is torsion, we have the following bijective correspondence between
Spec (A1) and Spec”(A):

Spec(AM)) < Spec“(A)
P — (VpA)
RSl — B

Then we have the following exact sequence
0— Z9(A) - ZH(A) 5 D =0

such that D is torsion. The cokernel of Rat®(A4) — Rat(AU") is also torsion, (cf. Prop.
1.4. of [1]). This completes the proof of the corollary. O

Corollary 3.6 Let A =@ ., A, be a positively graded ring. Then A,(AD)q of the d-th
Veronese subring A9 of A is isomorphic to A,(A)q for any integer d > 0.

Proof. This is a direct consequence of (1.1) and (3.5). O

With notation as in (3.6), A.(A) is not always isomorphic to A, (A@). For example, if
A is a polynomial ring with two variables over a field, then A,(A4) = Ay(A) and A;(A®?)) =
CI(A®) £ 0.

Remark 3.7 (5.2 of [1]) We are able to describe the inverse map n(g*)~'f* of ¢ in the

proof of (1.1) explicitly, if the given graded ring is standard. If A = @, ., Ay, then the
map n(g*) "' f* is determined by -

A4 S AGUA) D AG(4)
A/P]  —  [Alm]/*P] — [Afin(P)],

where " P is the homogenization of P and in(P) is the initial ideal of P for P € Spec(A).

13



4 Appendix

The most important point of Theorem 1.1 is Lemma 3.3, where we discussed a graded
version of the intersection operator defined in (2.3) of Fulton[1]. Beside we assumed that
G is torsion free in Lemma 3.3, but it is still true for any finitely generated Abelian group,
that is the purpose of the appendix. Using this general statement, we can prove (1.1)
directly. However, our proof of the general statement is different from the proof of (3.3).
The proof will be done in the completely parallel way to Corollary 2.4.1 of Fulton[1].
Precisely speaking, the general statement follows from a commutativity of the intersection
with divisors, that is, div¥(p,b) N [A4/(a)] = div¥(p,a) N [A/(D)] in AS(A/(a,b,p)) for
homogeneous elements a,b and p € Spec®(A). The corresponding equality in the ordinary
Chow group was proved in Chapter 2 of Fulton[1]. In order to prove this property, we
have to argue not only in the category of graded rings, but also in the category of ”graded
schemes”. Hence the important problem is to define a concept of graded schemes by which
we can prove an analogue statements of [1]. In this appendix, we give such a notion of
G-graded objects in a category of schemes.

In this section, we do not assume that an Abelian group is finitely generated for a little
while. A graded ring (A4,G) is a pair of a ring A and an Abelian group G such that A
is a G-graded ring. If no confusion is possible, we say that A is a graded ring. Let A
be a G-graded ring and B be a G'-graded ring. We say that a graded homomorphism
f: A —> Bis aring homomorphism f together with a group homomorphism f : G — G’
such that f(A,) C By, for each g € G. In particular, f is called G-graded, if G’ = G'" and

f = 1g. We denote by grRing the category of graded rings and graded homomorphisms
and denote by grRing the category of G-graded rings and G-graded homomorphisms.

A G-graded ringed space (X, Ox) is a ringed space such that Oy is a sheaf on X with
objects in gr¢Ring. Note that each stalk of a G-graded ringed space is also a G-graded
ring. A G-graded ringed space (X, Oy) is said to be a G-graded locally ringed space, if
Ox, has a unique maximal G-graded ideal for each x € X and we denote this maximal
G-graded ideal of Ox , by m, for z € X. A graded (locally) ringed space means a G-graded
(locally) ringed space for some Abelian group G. Let (X, Ox) be a G-graded ringed space
and (Y, Oy) be a G'-graded ringed space. A graded homomorphism f : X — Y between
graded ringed spaces is defined by a homomorphism f : X — Y of ringed spaces such that
a ring homomorphism Oy (U) — Ox (f~'(U)) induced by f is graded for each open subset
U C Y. A morphism of (G-)graded locally ringed spaces is a (G-)graded homomorphism
f: X — Y as (G-)graded ringed spaces such that f,(ms)) C m, for each z € X. We
denote by grLocalSP (resp. gr©Local®P) the category of graded (resp. G-graded) locally
ringed spaces and graded (resp. G-graded) local homomorphisms.

14



Definition 4.1 (Affine G-graded Schemes) Let A be a G-graded ring. We put DG(f) =
{p € Spec®(A) | f & p} for each homogeneous element f € A. Then Spec®(A) can
be regarded as a topological space with open basis {DS(f) | f € A is homogeneous}.
Actually, Spec®(A) can be identified with the quotient space Spec(A)/ ~ of Spec(A) with
an equivalence relation defined by P ~ @Q iff P* = Q* for P, € Spec(A). Thus a map
¢ : Spec(A) — Spec®(A) defined by p(P) = P* (P & Spec(A)) is continuous (the quotient
map) and it determines a ringed space (Spec”(A), OSpecG(A)) by Ogpec(ay = PxOspec(a)-
Then (Spec®(A), Ospeci(a)) is a G-graded locally ringed space such that

¢ OSpecG(A)(Dg(f)) = Ay for each homogeneous element f € A
 Ogpec(a)p = Agp) for p € Spec®(4)

e ¢ is a graded homomorphism from the 0-graded ringed space (Spec(A), Ogpec(a)) t0
the G-graded ringed space (Spec®(A), Ospect (4))-

We denote by (Spec®(A), A) instead of (Spec®(A), Ogpecc(ay) and call it an affine G-graded
scheme. We call ¢ the natural map of the affine G-graded scheme (Spec®(A), A).

Definition 4.2 (G-graded Schemes) A G-graded locally ringed space (X, Oy) is said to be
a G-graded scheme, if it has an open covering {U;} of X such that (U;, Ox|y,) is isomorphic
to an affine G-graded scheme in gr®LocalS?. We call that a graded locally ringed space
is a graded scheme, if it is a G-graded scheme for some G. We denote by grSch (resp.
gr9Sch) the full subcategory of grLocal®P (resp. gr@Local®P) consisting of all graded
schemes (resp. G-graded schemes).

It is easy to reword the statements of schemes to those of (G-)graded schemes. For
example, the following property holds for graded schemes, (see, for example [3]).

(Glueing Lemma) Let {X};cr be a family of G-graded schemes. Suppose that there are
given open subsets U;; C X; and isomorphisms ¢;; : (U, Ox,|v,;) — (Uji, Ox;ly;;) in
gr%Sch for each 4, j € I such that (1) gpi’jl = p;; for each 7, j, (2) ¢;;(Ui; NUs,) = Ui N Uy,
and i = @jrpi; on U;; N Uy, for each 4, 7, k. Then there exist a G-graded scheme X and
morphism 1; : X; — X in gr¢Sch for each i € I such that (1) ¢; is an isomorphism of X;
onto a G-graded open subscheme of X, (2)X = J,.; vi(Xi), (3) ¥i(Ui;) = ¥i(X;) N;(X;)

and (4) T/JZ = wJSOZ] on UZJ

(Fibre Product) grSch has a fibre products. Namely, if f : X — Sand g: Y — S are
morphisms in grSch, then there exists a graded scheme X x g Y together with morphisms
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p: X XsY — X, q: X XgY — Y in grSch such that

XxsV L v
P 19
x L g

is commutative, and such that for any graded scheme Z and for any morphisms p' : 7 —
X,q : Z — Y in grSch with fp’ = g¢', there is a unique morphism h : 7 — X Xg Y
such that p’ = ph and ¢’ = ¢h. Particularly, if grading of S, X and Y have value in G,
G' and G", respectiv?ly, then X xgY isa G’ H(f,g) G"-graded scheme where G’ H(f,g) G"
is a pushout of G’ L G L G". We remark that if S = Spec?(A), X = Spec® (B) and
Y = Spec®’ (C), then X xgY = Spec” Hia ¥ (B, C).

For any Abelian group G, we regard Z as a G-graded ring with Zy = Z and Z, = 0
for all 0 # g € G. Then Spec®(Z) is the terminal object of gr®Sch. If & : G — G' is
a group homomorphism, then it determines a morphism SpecG,(Z) % Spec®(Z) in grSch
such that u# = 1z. Hence we have a functor (=) Xgjec(z) Spec? (Z) from gr®Sch to
gr&Sch. In particular, if @ is injective, then this functor gives a fully faithful embedding
gr©Sch < ¢r&Sch. Moreover, an arbitrary group homomorphism @ gives a natural
bijection between Hom o g.p (X, Yxspeco(Z)SpecG' (Z))and {f € Homg,sen(X,Y) | f =0}
for all object X of gr®Sch and all object Y of gr®Sch. In particular, (=) Xgpe.6zySpec(Z) :
gr9Sch — Sch induces a natural bijection

Homgsen(X,Y) 2 Homsen(X, Y Xgpec0(7) Spec(Z))

for all scheme X and all G-graded scheme Y. From this property, a G-graded scheme is
associated to a scheme which determines a structure of a G-graded scheme. The following
statement is just a translation of the functor in terms of a universal arrow, but it explains
the relationship of graded schemes with schemes.

Proposition 4.3 Let (Y,Oy) be a G-graded scheme. Then there exists a scheme (X, Ox)
together with a graded homomorphism ¢ : X — Y satisfying the following condition; for
any scheme Z and any graded homomorphism f : Z — Y, there is a unique homomor-
phism g : Z — X in Sch such that f = ¢g. In particular, if Y = |, Spec(A4;) is an
affine G-graded open covering and {Spec(A;) 2 Spec®(A4;)Y; is a family of natural maps,
then X and ¢ are obtained by gluing {Spec(A4;) 25 Spec?(Ay)}i (and, thus, Oy = ¢, Ox).

We denote by (X% Oxe) the G-graded scheme (Y, Oy) as above. In general, we have
the following.
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Proposition 4.4 Let (X% Oxc) be a G-graded scheme and let ¢ : G — G’ be a group
homomorphism. Then there exists a G'-graded scheme (X, Oyar) together with a graded
homomorphism ¢ : X — X satisfying the following condition; for any G'-graded
scheme Y and any graded homomorphism f : Y — X with f = @, there is a unique
homomorphism g : Y — X% in gr%Sch such that f = ¢g. In particular, if X& =
U, Spec®(A;) is an affine G-graded open covering, then X and ¢ are obtained by gluing
{Spec? (A;) &5 Spec?(A))};.

As we mentioned first, any notion and any argument of scheme theory can be replateced
by a graded version. In particular, we are able to argue GG-Chow groups in the category
of G-graded schemes of finite type over a regular scheme as in the same way as [1]. Such
arguments conclude the following.

Theorem 4.5 Let G be a finitely generated Abelian group and let A be a G-graded Noethe-
rian ring. For a homogeneous element a € A, we define a homomorphism diVG(a)ﬂ :
Z§(A) — ZZ1(A/(a)) by divi(a)N([A/p]) = [A/(a,p)] if a & p, and divF(a)N([A/p]) =0
if a € p. Then this map induces a homomorphism div® (a)N : AF(A) — A [ (A/(a)).

Corollary 4.6 Let A be a G-graded ring and let Alz] be a G-graded polynomial ring with
a homogeneous variable x. Then div®(z)N : AZ | (A[z]) — AY(A), and the flat pull-back
map A (A) — AL (A[z]) are isomorphisms for each i € Z.

At last, we give an important example of a G-graded scheme. Suppose that G is finitely
generated and A is a Noetherian G-graded ring. We denote by T'(A) the set of all homo-
geneous unit and put deg(4) = {g € G | A, # (0)}. If wis in I'(4) of deg(u) = g and
H is a subgroup of G, then AWM =, , Ay, = Ay, We call that A is free over
A by homogeneous unit, if there exists a set of homogeneous unit {u;};c s of A such that
{deg(u;) }jes is a representatives of G/H (and, thus, A = P, , AM)y;). For a subgroup
H C G, we put Xg = {p € Spec®(A4) | G(p)o + Hy = Gg}, (cf. the proof of (2.7)), and
Tn(4) = {a € Uyeq A\ {0} | deg(T(Ala™ D))o + Ho = Go}. Then Xz = U,ey, (s DG(a),
since G is finitely generated.

Remark 4.7 For an element a of I;7(A), we put N = deg(I'(A[a"'])). Then A[a—'](N+H)
is free over Ala~']) by homogeneous unit, namely there exists a set of homogeneous unit
{u;}jer of Ala!] such that {deg(u;)},cs is a representatives of N+H/H and Aa~!|N+H) =
Djcs Ala' ™)y, Furthermore, if b € A is a homogeneous element with deg(b) —deg(u;) €

H for some j € J, then there is a homogeneous element by € A[a™']) such that b = byu;
in Ala™"] and A[(ab)~")") = (Ala=]")[by ]
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By (4.7), there is a bijective correspondence between D (a) and Spec” (A[a~1]UD) for
any a € Ig(A). Then, by gluing {Spec” (A[a=1)))},cr,(a), We can define a H-graded
scheme structure on X and put Projg(A) = Xg Xgyect(z) Spec(Z). Then Projg(A) is
obtained by glueing {Spec(Ala ']"™)}ocry (4)-

Example 4.8 Let a be a G-graded ideal of A and let R(a) = €,,5,0"t" C A[t] be the

Rees algebra of a. We regard R(a) as G @ Z-graded ring with deg(t) = (0,1). Then the
scheme Proj(R(a)) coincides with Projz(R(a)), where Proj(—) is the ordinary Proj.

Remark 4.9 Projg(A) is a generalization of Proj in Definition 8.2.1 of Roberts[6], and
is the almost same as Proj of Rosenberg[7]. If the reader want to check (4.5) quickly, then

it is enough to show the similar statement to Theorem 8.9.2 of [6] by replacing Projy(A)
with Proj(A).
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