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Families of Finite Groups
p, q =1 or prime
©Gd={G|3P IHIG |P|=p? H/P cylic, |G/H| = q°}

e G = U G, hyperelementary group
q

oGl = U Gl hypoelementary group, mod P cyclic group
p

oG = U gg mod P hyperelementary group
P,q

Notation G1(G)={H|H <G, H € G}
G1(G)={H|H<G, Heg'}

Def G is Oliver group PN ¢ G (eg Cpipps X Coipops € G)



Relation of Families of Finite Groups

gl

g1

Oliver gr's

nonsolv gr's

nontriv
perfect

gr's

C : Cyclic groups

P : Groups of prime power order

& : Elementary groups




Equiv Relation ~, and Set RO,(G)

Let ~, be equiv. relation on family M of real G-modules

Assume V=W (VW e M) = V ~, W

Def (Associated Set with ~y)

RO,(G) = {[V] — [W] € RO(G) | V, W € M, V ~, W}



Standard Relation

Def ~y is called standard if

(1) Vi ~¢ Wy, Vo ~ Wy => V1 @ V2 ~ W1 @ W2
(2) H < K, V ~, W = indKV ~, ind{W

(3) p: H— K homo, V ~, W = ¢*V ~, o*W

Prop If ~y is standard then RO,(—) is Green submodule of
RO(—) over Burnside ring functor (—) and

Ind : @ nycg, () ROr(H) —> RO((G) is surjective

Res : RO((G) — @D nycg, () ROr(H) is injective



Exotic Relation

Def ~v, is called exotic if

(1) indf (RO, (H)) C RO,(K) for V (H,K) : H < K,
(2) »*(RO((K)) = RO((H) for V o : H — K iso, and
(3) res (RO,(K)) ¢ RO, (H) for some H < K

In this case, Dress' hyperelementary induction theory is not helpful.
It would be interesting to study RO,(G) for Oliver groups G

(G is Oliver group &g ¢ G)



Relation between G-maps

G-Homeo

G-lso — G-Diff < / G-ht eq

s G-ht eq

s G-ht eq stands for simple G-homotopy equivalence



Standard Relations

Example Equiv. relations V. ~, W
1.V ~og Wi S(V) Zegiir S(W)
2.V~ WV ZGhomeo W
~yt topological similar  (Cappell-Shaneson)
3.V~ W S(V) ~cht S(W) (simply G-homotopy equiv)
4.V ~p W S(V) ~g.ht S(W) (G-homotopy equiv)
~pL homotopy equivalent (tom Dieck)

5. V ~gim W : dimVH = dimWH for V H <G



Associated Modules

Example Submodules RO,(G) C RO(G)

1.

ROq(G) = {[V] — [W] | S(V) =Zc.qir S(W)}
RO¢(G) = {[V] — [W] | V Zc.homeo W}  (C-S)
ROs.n(G) = {[V] — [W] | S(V) ~sc-nt S(W)}

. ROW(G) = {[V] — [W] | S(V) ~c.n S(W)} (tom Dieck)

ROgim(G) = {[V] — [W] | dimVH = dimWH, VH < G}



Classification of Rep’s 1

G finite group. V, W real G-rep. spaces (finite dim)

Fact

1. (ObViOUS) V Z2gair W< V=W

(- f:V = W diff = V = To(V) ":ﬁ Tro) (W) = W)

2. (Franz, de Rham) S(V) Zg.dir S(W) <—= V =W
RO4(G) =0
3. (lllman) S(V) ~s.ne S(W) < V = W
ROs.n(G) =0
4. (Hsiang-Pardon, Madesen-Rothenberg) G odd order:
V =G homeo W <—= V =W



Remark (Cappell-Shaneson) Case G = Cygq:
3V, W such that V =g homeo W but V 2 W



Classification of Rep’s 2

RO(G) = {[V] — [W] € RO(G) | V =¢ homeo W}
TO(G) = RO(G)/RO,(G)
Fact (Cappell-Shaneson-Steinberger-West)
G = Cyq = (t | t% = e) with q odd. Then
TO(G) = RO(G/C) ® A @® B, where
A= (t|iodd 1<i<q)z
B = (t! —t¥+29 | d|q, d # q)z,



Relations ~;, and ~gm

V, W real G modules

oV oy W EL S(V) ~gne S(W)
ROy(G) = {[V] — [W] € RO(G) | V ~, W}
JO(G) = RO(G)/ROn(G)

oV ~gim W S dimVH = dimWH for VH < G

V~y W =—V ~gn W

ROdim(G) = {[V] — [W] € RO(G) | V ~gim W}
D ROw(G)
Fact 7O(G) & RO(G)/ROgim(G) ® ROgim(G) /RO (G)



Galois group I

o I = Autg(Q(¢n)), n = |G|, Galois group
e Z[I acts on RO(G)
J = Ker[Z[l] — Z] Augmentation ldeal

Fact (G.N. Lie-Wasserman) ROgim(G) = JRO(G)
Fact (tom Dieck)

1. For arbitrary G, 3?RO(G) C ROu(G)
([V] — [W] € 3°RO(G) = VO U ~, W @ U)

2. For G abelian or of prime power order, 32RO(G) = RO, (G)



Reidemeister Torsion

Co=(t[t"=e), Q[G]=Na (%)
N = Ker[Q[C,] — Q],
Y=e+t+t2+ -+t
G = exp(2ri/n),
C(r) 1-dim complex C,-module; (t,z) — ¢ z.

V =C(r1) & C(r2) ® - - - ® C(rm) complex C,-module

Def (J. Milnor) Reidemeister torsion A(V) in N (or Q[C,]/(X))

A(V) = (" —1)(t2 —1)--- (t™ — 1)



Franz Independence Lemma

Fact (Franz)

For ¢(n)/2 unitst" — 1 € U(N), where 1 < r < n/2 with

(r,n) = 1, there can be no (non-trivial) relation of the form

[ —1)*=xu (uecCy).



Franz, de Rham Theorem

Fact (Franz, de Rham)
V=C(r)®: - BC(rm), W=C(s1) ®--- D C(sp)

free complex C,-modules
1. S(V) ~cp-hteqg S(W) <=
m=pand[[rn==x][sj modn
2. S(V) ~s Cn-ht eq S(W)
<= A(V) = £ulA(W) for some u € C,

Franz

~— V=W



Definition of Smith Equivalence

V ~gm W (Smith equivalent) L& Jht sphere X s.t.
X6 = {a,b}, To(X) XV, and Tp(X) =X W

e Such X is called Smith sphere for V. and W

Remark ~gy, is equiv relation on {V | V¢ = 0}

X Smith sphere 7= resﬁX Smith sphere



Necessary Condition

Thm (Sanchez) Suppose |G| is power of odd prime
Then
V~gm W=— V=W

Cor G finite group, p odd prime.
Then
V ~gm W =— resG VvV = resG w



G-Signature

X conn. ori. closed mfd., dim = 2k (even), with smooth G-action

Suppose each g € G preserves the orient. of X
Bilinear form HX(X; R) x H*(X;R) — R
(a,b) — (a U b)[X]

This form is (—1)*-symmetric, G-invariant.

Sign(G,X) = { P+~ P~ (k even) € RO(G)
R PR (k odd) € R(G)

For g € G, Sign(g, X) stands for Sign(G, X)(g) € C



Algebraic Number v(—)
Ch=(t|t"=¢e)
C(r) complex C,-module (forgetting the action, C(r) = C)
Ch X C(r) = C(r); (t,2) — (]2
where ¢, = exp(?)

UXC(rn)®---® C(r) (as ori. R Cy-modules) s.t. U =0

e Cn_rj - :;J
v(U) £ ] - _
- —-¢)



Atiyah-Bott’s Theorem

Fact (Atiyah-Bott)
X conn. ori. closed mfd., dim = 2k (even), with smooth G-action

Forg € G s.t. |X8| < oo, (regord(g) asn and g ast above),

Sign(g, X) = Y v(T«(X))

xEXe

Remark If H(X;R) = O then Sign(g,X) =0



Franz-Bass Independence Lemma

Fact (Franz-Bass)

Suppose bs (s € Zy) are integers such that b_s = bs and such
that for each n-th root of unity &,

[T e(€)™ = 1, where e(¢) = {1 —e, £ #1
=€t 1, &=1

Then bs = O for all s € Zn ~ {0}.



Definition of Smith Set

Def Sm(G)E{[V] — [W] € RO(G) | V ~gm W}

This set is called Smith set

We have studied certain subsets of Sm(G), because

Fact (Bredon-Petrie-Cappell-Shaneson) AN < G s.t. G/N = Cg

= Sm(G) is not additively closed



Definition of Subset RZ of RO(G)

Let R be subset of RO(G), and A, B sets of subgr's of G
RA L {x = [V] — [W] € R| (1) and (2) below}
()VE=0=W'forVL € Aand
(2) resSV = resSW for VP € B

e R = &f R%, R4 oo R64 (0 is empty set)



Definition of Primary Smith Set

P(G) & {P | P < G, |P| is prime power}

def

Sm(G)p@)={[V] — [W] € Sm(G) | resgpv & resng, Vp}

Sanchez ~
=" {[V] - [W] € Sm(G) | rengV = res&W}

This set is called primary Smith set

Fact (Bredon-Petrie-Randhall-Qi-M)
Sm(G) \ Sm(G)p(g) is finite set



Remark on res§ : RO(G) — RO(H)

Prop The ‘subfunctors’ F(—) = Sm(—), Sm(—)p) of RO(—)

are exotic.

Example G = C3¢ X C3p9. =
(i) Sm(H) = Sm(H)p(n) for any H < G.
(i) res§(Sm(G)) ¢ Sm(H) for H = Cjs.



Additivity in Smith Set

Fact (Bredon-Petrie-Cappell-Shaneson) AN 1 G s.t. G/N = Cg

=> Sm(G) is not additively closed

Thm G Oliver group s.t. G2 <G and
3 N <G with G/N = Cpqr
for some distinct odd primes p, q, r

= Sm(G)p(g) is not additively closed



Our Problem

Prob
Find relatively large subset A(G) of Sm(G)p(g) having following
properties:

1. A(G) is additively closed in RO(G).

£(G)

. If G is gap group then RO(G) C A(G).

3. For many gropus G, A(G) RO(G);:,((((;;)) # 0.

G} = (Lag L: |G/L| is power of p

L(G) = {H < G | H D G} for some p}



Gap and Weak Gap Conditions

M Gmfd, P<HZG
e M satisfies gap condition for (P, H) é
(gap) dim MP; > 2dimM"Y;  (MP; o M%)

e M satisfies weak gap condition for (P, H) LN

(w-gap) dimMP; > 2dimMY;  (MP; o MY))

Here MP; are conn. comp's of MP



Gap and Weak Gap Groups

e £(G) = {L < G| L D G} for some p}

® Real G-module V is £(G)-free Loyl =0forvVLe L(G)

G is gap group LU L(G)-free real G-module V satisfying
(gap) dimVP > 2dimVH for vV (P,H) : P € P(G), H > P

G is weak gap group N L(G)-free real G-modules A, B
satisfy resSA = res$B for V P € P(G) then
3 L(G)-free Vs.t. A® V and B @ V satisfy

(w-gap) dim WP>2dimWH for vV (P,H) : P € P(G), H > P
where W=A®dV, BV



Subsets of Smith Set

L(G
Sm(G)pg) — Sm(G)p — Sm(G)

. l l

L(G
RO(G)7g) — RO(G)p) — RO(G)

Fact (Pawatowski-Solomon) G gap Oliver group =

Sm(G)pg) = RO(G)5(e) (subgr of RO(G))

Fact (M.) G weak gap Oliver group =>
Sm(G)pg) = RO(G)5(e) (subgr of RO(G))



Remark on Oliver Groups

Fact (Smith-Lefschetz) If G € G : P <H<G st
|P| = p?, H/P cyclic, |G/H| = q°
and if G acts smoothly on disk D
then x(D®) =1 mod q (Thus D¢ # 0)

Oliver

Fact G ¢ G <= 3 smooth G-action on disk D s.t. D¢ = 0

Oliver

<= 3 smooth G-action on disk D s.t. |D¢| =2

Laitinen-M .
2™ 3 smooth G-action on sphere S s.t. IS¢| =1



One Fixed Point Action

Def Vo (G) the family of real G-modules V possessing smooth
G-actions on ht spheres S satisfying

(1) (w-gap) for (P,H): P € P(G), P < H LG,

(2)S€ ={a}, and (3) T(S) XV

dim SP; > 2 dim|SH,;



Stable Property of V5(G)

G Oliver group, R[G] regular representation

Def R[Gle(e) = (RIG] — R) — ED(RIG/GPH] — R)
p
® R[G]£(g) satisfies P(G)-weak gap condition.

Thm VEVH(G) =Vn>3, VD R[G]"L(G) € Vo (G)

e S ht sphere, a € S¢, T,(S) D R[Glﬁ(G)

= SP is connected (V P € P(G))



Primitive ldea

{one fixed pt actions on ht spheres} == {Smith spheres}

o A

—
_ Surgery
—_

U

@ U



Additive Subgroup

Def ROo(G) £ {[V] — [W] | V, W € Vo (G)}

Thm G Oliver group
(1) RO9(G)p(c) C Sm(G)p(c)
(2) ROo(G)p(g) is subgroup of RO(G)

(3) If G is weak gap group then RO(G),,L,((?) C ROo(G)p(g)

where £(G) = {L < G | L D G{P} for some p}

Remark If A, B C ROD(G)p(G) ——

(A) + (B) C RO9(G)p(c) C Sm(G)p(g)



Nontriviality of RO5(G)» () |

Prop G Oliver group
If G is nonsolvable, or nilpotent, or of odd order

then ROD(G)p(G) # 0 <— Sm(G)p(G) #0

Fact (Pawatowski-Solomon) If G is gap Oliver group and
RO(G)P(G)} # 0, where Gl =, N: N < G, G/N is
nilpotent, then Sm(G)f,(((é)) #0

Thm G Oliver group. If G"! contains two elements a and b such

that (a)* # (b)* in G then

Sm(G)5g) O ROo(G)mg) # 0



Inclusions

Suppose G is Oliver group.

L(G L£(G) &P
Sm(G)me C RO(G)pc)

n2
ROo(G)p) C Sm(G)pe C RO(G)hig)’

e £(G) = {L < G | LD G} for some p}

©G™ =), H:H<Guwith |G: H| <2

Claim If RO(G){S0} € ROo(G h
aim ( )'p((.;) - o(G)p(c) then

n2
RO5(G)p(c) = Sm(G)p) = RO(G)5rg,
(G)



Case G, < G

Thm
G Oliver group with G2 4 G and G/N = C,q for distinct odd

primes p, q, ¥

= ROo(G)p(c) # Sm(G)p(q)



Case G, AG

G2E N L: |G:L|=2
}def

= wc L: |G/L]|is power of p
o Gl & ﬂp G{P} : p prime

° G{P

Thm G Oliver group s.t. Go AG.

. If G is gap group and 3 real G-modules V, W s.t.
VG =0 = wS" and resG RpV)= resG W for V p
then ROo(G)p(g) = RO(G),P(G) = Sm(G)p(g)
T. Sumi also proved =
2. If G = G{Z} (= G™?) and 3 real G-modules V, W s.t.
V&' =0 = wS" and resg2 RaV)= 1f'esG W then

RO5(G)p(c) = RO(G)5iE) = Sm(G)p(g)



Induction RO(H) — RO(G)
Thm ind§(ROo(H)pn)) C ROo(G)p(g)

Thm G Oliver group s.t. G2 AG,

1. GMl C HC K C G, K gap group
If 9 real H-modules V, W s.t.
V&' =0 = wS" and resH RpV)= resH WYVp
then 1ndﬁ(RO(H)7,(H) ) C RO (G)p(g)
2. GM!Cc Hc G
If 3 real H-modules V, W s.t.
V&' = 0 = wS" and resn2 RpV)= resﬁZW

then ind§(RO(H)5i)) C ROo(G)p(q)



Nontriviality of RO5(G)»(q) Il
) r(G) #({(g)i | g € G not of prime power order})

Prop G perfect group # {e}. Then
G
RO5(G)p() = RO(G)5iE,
(By Laitinen-Pawatowski, rank = max(r(G) — 1,0))

Prop If G is Oliver group with N< G s.t. G/N = Cyq (p # q
odd primes) then

L(G L(G
RO5(G)pe) = RO(G)7(c) 20

Prop If G is Oliver group of odd order then
L(G L(G
RO5(G)5\g) = RO(G)5() 2o

(P-S stands for Pawatowski-Solomon)



Nontriviality of ROo(G)pc Il

Thm G Oliver group s.t. G, & Gnil

H subgroup s.t. H > G™! and H/G"! = C, (p odd prime)

If 3V, W real H-modules s.t. VH =0, V&"" = 0, W&™' =0,
and resfV = resfW for V P € P(H),

{r}
then ROo(G)p(g) ~ RO(G)Lig)? # 0



Thank You Very Much!
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